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PREFACE 


This book is designed for use as an introduction to the study of electric 
networks from the so-called pole and zero approach. The subject 
matter may be divided into four parts. (1) Chapters 1 through 3 are 
concerned with definitions and with the formulation of equilibrium 
equations. The first chapter contains a discussion of approximation as 
it relates to networks, the relationship between the network abstrac¬ 
tion and the physical system. Here the reader is given the opportunity 
to plant his feet firmly on the ground before he becomes involved in 
the myriad details of analysis. The elements are introduced, their laws 
formulated, their combination into networks discussed. Writing of 
equilibrium equations for networks is treated in Chapter 3. 

(2) Chapters 4 through 8 have to do with the solution of equilibrium 
equations, integrodifferential equations in general, by both classical 
and the Laplace transform method. Chapter 8 amplifies the relation¬ 
ship between the time domain and the frequency domain. 

These first eight chapters encompass topics classified under the 
heading of transient analysis of electric circuits. In the remaining 
chapters, this background is exploited in unifying concepts of transient 
response and sinusoidal steady-state response by the use of the poles 
and zeros of network functions. 

(3) In Chapters 9 through 11, the reader is introduced to complex 
frequency, impedance functions, transfer functions, and poles and zeros. 

(4) The remaining chapters are devoted to applications of the pole 
and zero approach to network analysis. Chapters 12 and 13 relate to 
reactive networks and include Foster’s reactance theorem and filters 
studied from the image parameter point of view. Chapter 14 is an 
introduction to stagger-tuned amplifier-networks. In the last two 
chapters, the representation of systems by block diagrams and the 
stability of feedback systems are studied. References are given at the 
end of each chapter for those interested in a more advanced or more 
detailed study. 

The literature relating to most of the contents of the book dates 
back to the 1920’s. It has not been until recent years, however, that 
the pole and zero approach has been widely taught in graduate schools 
and extensively used by electrical engineers in industry in such areas 
as circuit design, electronic circuits, and automatic control. This pole 
and zero approach is now finding its way into the undergraduate 
curriculum in many different areas of study and in many ways. 
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PREFACE 


The material of A ecwork Analysis has been developed by using it in 
the form of classroom notes for a course for junior and senior students 
at the University of Utah, which has been offered since 1949. The 
objective of this course has been to provide background material for 
the study of such subjects as communications engineering, pulse 
techniques, power system analysis, and servomechanisms. 

I am deeply indebted to my students at the University of Utah—and 
at Stanford University for some chapters—whose questions and class¬ 
room discussions have left many imprints on the book. Indebtedness 
is also acknowledged to Dr. Glen Wade of Stanford University and 
Dr. Don A. Baker and Doran Baker of the University of. Utah for 
reading parts of the manuscript and offering helpful suggestions, and 
to Dean W. L. Everitt, editor of this series. 

It was my good fortune to study network synthesis under Professor 
David F. Tuttle, Jr., at Stanford University. In preparing this book, I 
have been influenced by his method of approach and his teaching tech¬ 
niques. I also acknowledge the friendly cooperation of the electrical 
engineering staff at the University of Utah, particularly Professors 
L. Dale Harris and Philip Weinberg. 

M. E. Van Valkenburg 

Urbana, Illinois 
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CHAPTER 1 

DEVELOPMENT OF THE CIRCUIT CONCEPT 


1-1. introduction 

One of the methods of science is the continual bringing together 
of a wide variety of facts to fit into a simple, understandable theory 
that will account for as many observations as possible. The name 
conceptual scheme has been used by the American chemist and univer¬ 
sity president James Conant for the theory or picture that results.* 
Perhaps the most familiar conceptual scheme to students of science 
and engineering is that of the atomic theory from which we take our 
picture of the electron and of electric charge. Other important con¬ 
ceptual schemes are conservation of energy and conservation of charge. 

Although electricity and magnetism were recognized early in the 
history of man—the charging of amber by friction, the use of the 
lodestone in navigation—it was not until the nineteenth century that 
significant progress was made in developing a conceptual scheme. The 
discovery by Galvani and Volta about 1800 that electricity could be 
produced by chemical means greatly simplified experimentation. 
Important discoveries were made in a relatively short interval of time 
after Volta. In 1820, Oersted identified the magnetic field with cur¬ 
rent, and Ampere measured the force caused by the current. In 1831 
Faraday, and independently Henry, discovered electric induction. 
These and other experiments were brought together to form a success¬ 
ful conceptual scheme by the English physicist James Clerk Maxwell 
in 1873. In Maxwell’s equations, as the scheme has come to be known, 
all electric and magnetic phenomena are explained in terms of fields 
resulting from charge and current. The success of Maxwell’s concep¬ 
tual scheme is evidenced by the persistent agreement of results deduced 
from Maxwell’s equations with observation for a period of over 100 
years. 

In view of Maxwell’s success, why do we now embark upon a study 
of another conceptual scheme for the same phenomena, the electric cir¬ 
cuit? Equally important as a question, how are the two concepts 
related? The answer to the first of our questions is the practical utility 
of the circuit concept. As a practical matter, we are not often interested 

* James B. Conant, Science and Common Sense (Yale University Press, New 
Haven, 1951). 
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in fields so much as we are in voltages and currents. The circuit concept 
favors analysis in terms of voltage and current from which other 
quantities such as charge, fields, energy, power, etc. can be computed 
if desired. The answer to our second question will require a longer 
answer and justification. Briefly, circuit concepts arise from the same 
basic experimental facts as do Maxwell’s equations. However, the 
circuit involves approximations that are not included in the more gen¬ 
eral concept of field theory. It is important that we understand the 
nature of these approximations—the limitations of circuit theory— 
before we develop our subject. 

It will be helpful to define the function of the circuit in terms of 
two basic building blocks: charge and energy. We regard charge and 
energy as the least common denominators in describing electrical phe¬ 
nomena, the primitive quantities in terms of which we can build our 
conceptual scheme of the electric circuit. A physical circuit is a sys¬ 
tem of interconnected apparatus. Here we use the word apparatus to 
include sources of energy, connecting wires, components, loads, etc. A 
circuit functions to transfer and transform energy. Energy transfer is 
accomplished by charge transfer. In the circuit, energy is transferred 
from a point of supply (the source) to a point of transformation or con¬ 
version called the load (or sink). In the process, the energy may be 
stored. 

1-2. Electric charge 

Thales of Greece is credited with the discovery about 600 b.c. that 
amber when briskly rubbed with a piece of silk or fur becomes “elec¬ 
trified” and is capable of attracting small pieces of thread. This same 
technique for producing electricity was used centuries later by Cou¬ 
lomb in France (and independently by Cavendish in England) in 
establishing the inverse square law of attraction of charged bodies. 

Our present-day understanding of the nature of charge is based on 
the conceptual scheme of the atomic theory. We picture the atom as 
composed of a positively charged nucleus surrounded by negatively 
charged electrons. In the neutral atom, the total charge of the nucleus 
is equal to the total charge of the electrons. When electrons are 
removed from a substance, that substance becomes positively charged. 
A substance with an excess of electrons is negatively charged. 

The basic unit of charge is the charge of the electron. Because this 
charge is so small, the practical unit of the coulomb is used. The elec¬ 
tron has a charge of 1.601 X 10“ 19 coulomb. 

1-3. Electric current 

The phenomenon of transferring charge from one point in a circuit 
to another is described by the term electric current. An electric current 



Art. 1-4 


DEVELOPMENT OF THE CIRCUIT CONCEPT 


3 


may be defined as the time rate of net motion of electric charge across 
a cross-sectional boundary. A random motion of electrons in a metal 
does not constitute a current unless there is a net transfer of charge with 
time. 

In equation form, the current* is 



(1-D 


If the charge q is given in coulombs and the time t is measured in sec¬ 
onds, the current is measured in amperes (after the French physicist 
Andr6 Ampere). Since the electron has a charge of 1.601 X 10~ 19 cou¬ 
lomb, it follows that a current of 1 ampere corresponds to the motion of 
1/(1.601 X 10" 19 ) = 6.25 X 10 18 electrons past any cross section of a 
conducting path in 1 sec. 

In terms of the atomic theory conceptual scheme, all substances are 
pictured as made up of atoms. In a solid, some electrons are relatively 
free of the nucleus; the attractive 
forces on these electrons are exceed¬ 
ingly small. Such electrons are dis¬ 
tinguished by the name free elec¬ 
trons, An electric current is the time 
rate of flow of these free electrons, 
passing from one atom to the next 
as pictured in Fig. 1-1. 

In some materials, there are many free electrons, so that large cur¬ 
rents are easily attained. Such materials are known as conductors. 
Most metals and some liquids are good conductors. Materials with 
relatively few free electrons are known as insulators. Common insulat¬ 
ing materials include glass, mica, plastics, etc. There is no sharp 
dividing line between conductors and insulators. Conduction is pos¬ 
sible in other materials than solids. In vacuum tubes, for example, 
electrons pass through a partial vacuum from one metallic plate to 
another. 

There is a common misconception that since some electric waves 
propagate at approximately the speed of light the electrons in a con¬ 
ductor travel with this same velocity. The actual mean velocity of 
free electron drift is but a few millimeters per second! (See Prob. 1-2 
for a numerical example.) 

1-4. Sources of energy/ electric potential 

Another conceptual scheme upon which our thinking is based is the 
conservation of energy. By our training in the methods of science, we 

* The symbol i for current is taken from the French word intensity. 


6.24 x 10 18 electrons/sec 
Ampere of current 

- o-~>- 

Charge o~* 

Cross sectional area 
Fig . 1-L Motion of charge in a con- 
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immediately become suspicious of any scheme that creates energy. 
The law of conservation of energy states that energy cannot be created, 
nor destroyed, but that it can be converted in form. Electric energy is 
energy converted from some other form. There are relatively few ways 
that this can be accomplished. In order of economic importance, some 
of these methods are the following: 

(1) Magnetic induction. The familiar rotating generator invented by 
Faraday in 1831 produces electric energy from mechanical 
energy of rotation. Often the mechanical energy is converted 
from thermal energy by a turbine, and in turn, the thermal 
energy is converted from chemical energy by burning coal. 

(2) Voltaic methods. Electric batteries produce electric energy by 
converting chemical energy. 

(3) Electrostatic methods. The friction machines used by Coulomb 
and other early experimenters produce electric energy by con¬ 
verting mechanical energy. This method is little used at pres¬ 
ent, an exception being the Van de Graaff generator used to pro¬ 
duce x rays and used in research in nuclear physics. 

(4) Other methods. Thermal electricity is produced by heat at a 
junction of dissimilar metals such as bismuth and copper. Light 
energy can be converted into electric energy by photoelectric 
devices. 


The function of each of these different sources of electric energy is 
the same in terms of energy and charge. In one form of battery, for 
example, two metallic electrodes—one of zinc and one of copper—are 
immersed in dilute sulfuric acid. The formation of zinc and copper 


External circuit 

_ Charge flow \ 

4 ^ >, i 

- -Terminal +Terminal i i 


Device for supplying energy 
to charged bodies by 
conversion of chemical energy 


Fig. 1-2. Representation of 
battery showing electron flow. 


ions causes negative charge to accu¬ 
mulate at the electrodes. Energy is 
supplied to the charge by the differ¬ 
ence in the energy of ionization of zinc 
and copper in the chemical reaction. 
Once the battery circuit is closed by 
an external connection, as shown in 
Fig. 1-2, the chemical energy is ex¬ 
pended as work for each unit of charge 
in transporting the charge around the 
external circuit. The quantity “ energy 
per unit charge” or identically, “work 


per unit charge,” is given the name potential (or the more commonly 


used term voltage). In the form of an equation, 



(1-2) 




Art. 1-5 


DEVELOPMENT OF THE CIRCUIT CONCEPT 


5 


If w is the work (or energy) in joules and q is the charge in coulombs, 
the potential v is in volts (after Alessandro Volta). The potential of an 
energy source is sometimes described by the term electromotive force, 
abbreviated emf, in the electrical literature. We will avoid designating 
potential as a force because it is misleading and instead use the terms 
voltage or potential. 

If a differential amount of charge dq is given a differential increase 
in energy dw, the potential of the charge is increased by the amount 


dw 



If this potential is multiplied by the current, dq/dt as 


(1-3) 


dw dq _ dw __ 
dj X dt ~ It “ P 


(1-4) 


the result is seen to be a time rate of change of energy, which is power 
p. Thus power is the product of potential and current, 


p = vi 


(1-5) 


and energy is given by the integral equation 

w = J p dt — J vi dt 


d-6) 


1-5. The relationship of field and circuit concepts 

In developing the circuit conceptual scheme, we will follow the same 
three steps for each of three parameters. These steps are the following: 


(1) The physical phenomenon. We will discuss in a quantitative 
manner an electrical phenomenon which is observed by experi¬ 
ment. We will do this in terms of charge and energy. 

(2) Field interpretation. We will next discuss the interpretation of 
the phenomenon in terms of a field quantity. 

(3) Circuit interpretation. Finally, we will introduce a circuit param¬ 
eter to relate voltage and current in place of the field relationship. 

1 -6. The capacitance parameter 

(1) Physical phenomenon. The presence of charge on two spatially 

separated substances—for example,_ + + + + + + + + 

those shown in Fig. 1-3—causes + + g ..* 

an “action at a distance” in the 

form of a force between the two sub- ~ ' ti ._ ! r ._ ■ u;"! 

stances. This phenomenon we re- Fig. 1-3. Charged bodies, 

gard as a property of nature, a basic 

experimental fact. Coulomb found that this force was of such nature 
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that “like charges repel” and “unlike charges attract” and that the 
force varied according to the equation 


F . Ml 
4ir«r 2 


(1-7) 


In this equation, F is the force in newtons directed from point charge 
to point charge, r is the separation of the point charges in meters, 
c is the permittivity, having the free-space value of 8.854 X 10“ 12 farad 
per meter in the mks system, and q x and qi are the charges measured 
in coulombs. It should be understood that this equation applies 
strictly to point charges only. However, the equation may be applied 
to any geometry of known charge distribution by vectorially adding all 
forces. 

(2) Field interpretation. This phenomenon can be described in terms 
of a force on a unit charge placed between the two charged bodies. 
This force per unit charge, a vector quantity since force is a vector 
quantity, is called an electric field of value 



(1-8) 


+• + + + + + + + + + 


As a conceptual aid, this field may be represented by lines drawn in 
the direction of the force that would be exerted on the unit positive 

exploring charge at each point. Such 
lines are illustrated in Fig. 1-4. These 
lines are conceptual aids: they should 
not be thought of as actually being pres¬ 
ent. Using Eqs. 1-7 and 1-8, the electric 
field may be evaluated for a particular 
problem. 

(3) Circuit interpretation. The work necessary to move a charge 
from one plate to the other of Fig. 1-4 may be found from the equation 


Fig. 1-4. Electric field lines or 
“lines of force.” 


w = J F cos 6 dr (1-9) 

where dr is an increment of distance between the plates and 0 is the 
angle between the force and the direction of movement dr. An expres¬ 
sion for the force has been given by Coulomb’s law, Eq. 1-7, which 
may be substituted into the equation above to give 

w = J cos 0 dr (1-10) 


We are more interested in the quantity work per unit charge , which is 
the voltage between the plates. When q x ~ —qt = q (equal but oppo- 
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site charges on the plates), the expression for potential becomes 


(-/ 


cos 6 
4irer 2 


(Ml) 


The integral of this equation can be evaluated for simple geometry, or 
in any case can be measured by measuring q and v. For any fixed 
geometry, the integral is a constant which is given the name elastance, 
symbolized by the letter S. With this definition, 

v = Sq (1-12) 

The reciprocal of S is the capacitance , which is represented by the 
letter C. Equation 1-12 may be written 

q = Cv (1-13) 

in terms of capacitance. In these equations, if q is measured in cou¬ 
lombs and v in volts, then the unit of C is the farad (in honor of Michael 
Faraday), and the unit for S bears the colorful name daraf (farad 
spelled backwards). The quantity C (or the quantity S) which char¬ 
acterizes the system under study and permits the simple relationship 
between v and q to be written is known as a circuit parameter , the 
capacitance of a system.* 

To reach our objective, a relationship between voltage and current 
in a capacitive system, there remains the task of studying the relation¬ 
ship of charge and current given by the equation 

< - % d-14) 


If there is an initial charge on a system, g 0 and the charge increases 
linearly with time, the charge at any time may be written 


q Q + kt 


(1-15) 


The current is found by differentiating the charge with respect to 
time, giving the value 

i ~m = k t 1 - 16 ) 


Thus we see that the current in the system is independent of initial 
charge on that system. In going the other direction, computing charge, 


* It should be noted that the circuit parameter described by this equation holds 
only for the case of two charged bodies with equal and opposite charges. The 
capacitance concept can be extended, however, to the case of several conductors 
with any charge distribution. For example, see Fowler, Introduction to Electric 
Theory (Addison-Wesley Publishing Co., Cambridge, 1953), pp. 73 ff. 
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given the current, we rearrange Eq. 1-14 as 

dq — idt (1-17) 


which can be integrated as 


to give 



(1-18) 


The total charge on the system of plates is seen to be equal to the sum 
of the initial charge and the charge deposited by the current. 

Returning once more to the relationship, q — Cv, current and volt¬ 
age are related by the equation 

| = i = |(C») (1-19) 

If the capacitance C does not vary with time (or with charge), then 



(1-20) 


If, however, C is not constant but varies as a function of time, the cur¬ 
rent must be found from the general relationship 


d . ~ . «dv . dC 

7t^ =c dt + v li 


(1-21) 


Similarly, starting with the equation v = Sq, we find that 


v = S 


/ 


idt — 



i dt 


(1-22) 


Equations 1-19 and 1-22 relate the voltage and current in the capacitive 
system through the circuit parameter C. 


Example 1 

The sketch of Fig. 1-5 (a) shows two plates, one of which is driven 
by a constant-speed motor so that the capacitance between the two 
plates varies according to the equation 

C(t) - C 0 (l - cos o>t) (1-23) 

If the battery potential remains constant at V volts, the current as a 
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function of time may be found from Eq. 1-21 as 

i = ^ (Cv) = V ^ = aCoV sin at (1-24) 

This time variation of current is shown in Fig. l-5(c). 



Tig. 1-5. Variable capacitance system. 


From the equation q = Cv, it is seen that the product Cv cannot 
change instantaneously, since an instantaneous change in q would 
mean an infinite current, which is ruled out as a possibility in a phys¬ 
ical system. In terms of the time 
interval At — h — t h in which q or 
Cv changes a finite amount shown 
in Fig. 1-6, At cannot be zero. 

Instantaneous change of Cv shown 
as curve 1 is thus ruled out. Typical 
changes of Cv or q which are per¬ 
mitted are shown as curves 2 and 3. 

From another approach, the charge is given as 

q(t) — qo + J idt (1-25) 

by Eq. 1-18. The integral portion of this equation cannot have a finite 
value in zero time with finite i; that is, 

lim f i dt — 0, i j* <*> (1-26) 

r-*o Jo 

The integration process is illustrated in Fig. 1-7 as the summation of 
infinitesimal areas, i in height and dt in width. The interval from t = 0 
to t\ must be greater than zero for any area to be summed. 


o 

cS 


1 (ruled out) 



2 (possible) 
,-3 (possible) 


At t 2 time 

Fig. 1-6. Change of Cv with time. 






10 


DEVELOPMENT OF THE CIRCUIT CONCEPT 


Chap. 1 


These mathematical equations aid in visualizing the requirement 
that the charge in a capacitive system cannot increase or decrease 
in zero time. However, either capacitance or voltage can change in¬ 
stantaneously so long as the pro¬ 
duct of the two quantities remains 
constant, as 

CxVr = C 2 t>2 (1-27) 

where the subscripts 1 and 2 refer 
to conditions existing at times a 
vanishingly small interval apart (such as before and after a switch is 
closed). 

In most cases to be considered, the capacitance of a network does 
not change with time. Under this condition, the above discussion 
simplifies to the important conclusion that the voltage of a capacitive 
system cannot change instantaneously. 

1-7. The inductance parameter 

(1) Physical phenomenon. Oersted made the important discovery 
in 1820 that the force between two charged substances depended on 
the time rate of flow of charge (the current). In Oersted’s experiment, 
the needle of a compass was deflected by the presence of a current- 
carrying conductor, indicating that the effect was related to mag¬ 
netism. In the same year, Ampere measured the force caused by the 
current, and expressed the relationship in equation form. This mag¬ 
netic effect'is an “action at a distance” just as in the case of the force 
between charged bodies. This “action at a distance” is a basic observa¬ 
tional fact;!it is not deduced from other knowledge. 

(2) Field interpretation. The phenomenon described above can be 
interpreted in terms of the force per unit magnetic pole at all points 




Fig. 1-8. The magnetic field. 

in space. Oersted discovered that this force was directed at right 
angles to the current-carrying conductor. In terms of the geometry 
of Fig. l-8(a), Ampere described a magnetic field density B, the force 



Fig. 1-7. Integration of current. 


Art.1-7 


DEVELOPMENT OF THE CIRCUIT CONCEPT 


11 


per unit magnetic pole, of value 


dB = 


ni cos a dl 
4rr 2 


(1-28) 


where /i is the magnetic permeability, which is a function of the medium 
in which the magnetic field exists, i is the current in amperes, and other 
quantities are defined on the figure. Figure l-9(a) shows the cross sec- 




Fig. 1-9. Magnetic field and flux conventions. 

tion of a current-carrying conductor. By Eq. 1-28, the magnetic field 
density will be constant at a constant distance from the conductor. 
Continuous lines with arrows may be drawn to indicate the direction 
of B —as a conceptual aid. These are magnetic field density lines or 
“lines of force." For more complicated geometries than that shown in 
Fig. 1-9(a), the position of the lines can be found by integrating Eq. 
1-28 or by experimentally moving a “point" magnetic pole (if one 
existed) from place to place in space. A magnetic compass would give 
an approximate measure of directions. 

It is sometimes convenient to replace the lines of magnetic field 
density by lines of magnetic flux defined by the integral equation 

<f> = J*B cos 6 dS (1-29) 

where d is the angle between the surface of integration and the field 
density B. If the currents in each of N conductors, represented in 
Fig. l-9(b), are in such a direction that the fluxes add, then N<j> flux 
linkages* are said to exist. If, however, 4>i lines of flux link N i con¬ 
ductors, 4 > 2 lines link N 2 conductors and so forth, the total number of 
flux linkages is found by algebraic summation as 


n 

t ^ N 3 4> 3 (1-30) 

>« i 

* For a discussion of some of the problems encountered in the use (and misuse) 
of the concept of flux linkages, see Joseph Slepian, “Lines of force in electric and 
magnetic fields,” Am. J. Phys., 19, 87 (1951), and Keith McDonald, “Topology 
of steady current magnetic fields,” Am. J. Phys., 22, 586 (1954). 
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Assuming that all lines link all conductors, Eq. 1-29 may be modified 
to give flux linkages, as 

t = N J'B cos 9 dS (1-31) 

To Faraday goes credit for the next basic experimental discovery. 
Faraday experimented with two conducting circuits in spatial prox¬ 
imity. He found that a changing magnetic field produced by one circuit 
induced a voltage in the other circuit. The changing magnetic field 
could be caused by (1) a conductor moving in space or (2) a current 
changing with time. 

Faraday did not envision this method of inducing voltage in terms 
of “action at a distance” but in terms of changes in flux linkages. A 
conductor moving in a magnetic field (as in the case of a generator) 
is thought of as “cutting flux and hence reducing the flux linkages”; 
the voltage induced in a stationary conductor (as in a transformer) is 
thought of as caused by “changing flux linkages” with time. Such 
pictures are valuable as conceptual aids so long as we do not attach 
physical significance to flux linkages which are, after all, only a means 
for accounting for action at a distance. Faraday’s law is 

» = k ^ (1-32) 


where k is a proportionality constant. In the mks system the units are 
selected to make k have unit value: when if/ is in weber-turns, t is in 
seconds, and k = 1 , then v is in volts. 

(3) Circuit interpretation. To derive the circuit relationship between 
voltage and current in the system described in (2), we begin with 
Faraday’s law, 


v — 


dif/ 

dt 


(1-33) 


or the equivalent integral form 

if/ = fvdt (1-34) 

Note, incidentally, the similarity of this expression and the one for charge 
in terms of current, 

q = fidt (1-35) 

We see that if/ is to voltage as charge is to current, by comparing the 
two equations. Now flux linkages are related to the magnetic field by 
Eq. 1-31, and in turn, the magnetic field density is related to the cur¬ 
rent by Ampere’s law, Eq. 1-28. Making these substitutions, with the 
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assumption that i can be removed from the integral,* we have 

*“["/(/ dS ] •' (W6> 

The integral term, which may be evaluated mathematically for simple 
geometries or may be found by measuring \f/ and i, is defined as the 
inductance parameter (or the coefficient of inductance). If and i refer 
to the same physical system, the parameter is defined as self-induct¬ 
ance, symbolized by the letter L as 

* - Li (1-37) 

However, if a current i\ produces flux linkages in another circuit, 
the parameter is one of mutual inductance, and the letter symbol is 
changed to M as 

H = Mnii (1-38) 

(Again, note the similarity of these equations and the relationship 

q = Cv.) Substituting Eq. 1-37 into Faraday’s law gives an equation 
relating voltage and current in a magnetic circuit, 

v = i (Li) (1-39) 

(where M replaces L in appropriate cases). If the inductance does not 
vary with time, Eq. 1-39 becomes 

»- L a o- 40 * 

* If the magnetically coupled system is nonlinear, containing some saturating 
medium, we may say that the flux linkages in circuit is a function of the currents 
in all other linked circuits, 

** .. • An) 

By Eq. 1-32, the voltage in circuit fc is given by Faraday’s law as 

_ r t dik , , di n 

Vk dt du dt + dii dt ' ' *' "** dik dt + ^ di n dl 

Each partial derivative term is evaluated with all other currents held constant. 
These terms may be defined as coefficients of inductance so that the voltage 
becomes 

Vk = Mkl + Mk% + . ■ . + Lkk + ■•. + Mkn ^ 

where M is used for mutual inductance and L for self-inductance. When a system 
is linear, this equation reduces to one which will later be written as Eq. 1-51. 
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Equation 1-39 can be integrated to give 

> 

i = - J vdt (1-41) 

The quantity (1 /Li) is sometimes symbolized by the upper case Greek 
letter gamma. The henry (after the American scientist Joseph Henry) 
is the mks unit for inductance. 

In the case of the capacitive system, we found that charge and the 
product Cv could not change instantaneously. We might be led to 
suspect that there is a similar relationship for an inductive system in 
view of the analogies that have been pointed out. Indeed there is such 
a relationship, which may be found with the help of Eq. 1-34, in definite 
integral form. 

t = to + J q vdt (1-42) 

From arguments given in the last section about capacitance, the inte¬ 
gral in this equation has zero value for t — 0. Thus, in a system altered 
instantaneously—say by the closing of a switch—the flux linkages 
must be the same before and after the system is altered, but only for 
a very small interval of time. In terms of Eq. 1-42, 

t = = a constant (1-43) 

which is to say that the flux linkages cannot be changed instanta¬ 
neously in a given system. This conclusion is described as the prin¬ 
ciple of constant flux linkages. If we let the subscript 1 refer to the time 
just before the system is altered and 2 refer to the same system after 
it is altered, our statements can be summarized by the equations 

ti - ti or LiU = L 2 f2 (1-44) 

The principle of constant flux linkages is similar to the principle of 
conservation of momentum in mechanics. The analogy is helpful since 
it is sometimes easier to visualize changes in a mechanical system than 
in an electric circuit. Newton’s force law is 

F = j t Mv (1-45) 

where F is force, M is mass, and v is velocity. The product Mv is 
known as momentum; the momentum of a system cannot change instan¬ 
taneously. In a system such as a rocket where mass is lost as a function 
of time, velocity must change in such a way that momentum remains 
constant. We see that there are a number of analogous conservation 
laws: 
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(1) The conservation of charge: 

gi = g 2 and C x v x — C 2 v 2 

(2) The conservation of flux linkages: 

“ ^2 and Liii ~ L 2 j 2 

(3) The conservation of momentum: 

Pi = pi and MiVi — M 2 v 2 

When inductance remains constant, an important specialization of 
the principle of constant flux linkages results. In a fixed, inductive sys¬ 
tem, the current cannot change instantaneously. 

Example 2 

In a certain inductive system, the current waveform shown in Fig. 
1-10 exists. We are required to find the voltage that produces this 



Fig. 1-10. Current waveform. Fig. 1-11. Voltage waveform. 


current waveform and the associated charge, both as functions of time. 
We will assume that L remains constant. The relationship v = L(di/dt) 
indicates the voltage can be found by differentiation of the current and 
multiplication by a constant. The result is shown in Fig. 1-11. Charge 
may be found by integration of the current to 
give the result shown in Fig. 1-12. 

It is important that we be able to apply the 
concept of inductance to several systems which 
are magnetically coupled. A set of three coupled 




Fig. 1-12. Charge waveform. 


<471 

Fig. 1-13. Set of 

magnetically coupled 
coils. 


coils is shown in Fig. 1-13. To simplify the system for the moment, 
let ii and i 3 be zero and consider the effect of the current i u The cur¬ 
rent ii produces flux linkages, found from Eq. 1-37 to be 

\pi — Liii (ii — iz ~ 0 ) 


(1-46) 
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where Li is the self-inductance parameter (usually called just the 
inductance). In each other circuit, t'i will produce some number of 
flux linkages by the proportionality of the mutual inductance param¬ 
eter. For the particular system under study, 

if/ 2 — M ni\ and if/ 3 = Mziii (ii = — 0) (1-47) 

The order of subscripts for M requires some further attention. From 
the two equations, it should be clear that the first subscript refers to 
the flux linkages and the second to the current. This particular con¬ 
vention is chosen to give a desired symmetry to the general equations, 
our next topic of study. A crutch for remembering this particular con¬ 
vention is that the subscripts are in the order “effect, cause,” if we 
assume for our conceptual scheme that current produces flux. 

In the general case, there will be sources or loads connected to each 
of the coils shown in Fig. 1-13 and no current will be zero. We will 
assume for the time being that the current directions and winding 
senses of the coils are such that all flux linkages are additive , postponing 
the more general case for Chapter 2. The total flux linkages in coil 1 
will be made up of flux linkages produced by the current in coil 1 phis 
flux linkages produced by currents U and i 3 . In equation form, 

ipx — Liii -f- M 12^2 + Mnii (1-48) 

and similarly for the other two coils, 

if' 2 — Mnii + Liii + Mnii (1-49) 

\f/z — Mnii Maii + Lzi3 (1-50) 

The symmetry discussed in the preceding paragraph is now apparent. 
The mutual inductance coefficients have subscripts designating row 
and column in the above array of equations. 

We are interested in flux linkages only as a stepping stone to volt¬ 
age. The voltage induced in each coil is given by Faraday’s law as the 
time rate of change of flux linkages. If the inductance parameters are 
constant, these voltages are readily found by differentiation to be 

Cl = u lit + Mu lit + Mn Ti (1 ~ 51) 

* = W + Ll 1R + M “ IS (1_52) 

fc-Jf«§ + ir«§ + L,§ (1-53) 

In Chapters 2 and 3, we will consider the conditions under which some 
terms in these equations will be negative. 
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1-8. The resistance parameter 

(1) Physical phenomenon. The passage of electrons through a mate¬ 
rial is not accomplished without collisions of the electrons with other 
atomic particles. Moreover, these collisions are not elastic, and energy 
is lost in each collision. This loss in energy per unit charge is inter¬ 
preted as a drop in potential across the material. The amount of energy 
lost by the electrons is related to the physical properties of a particular 
substance. 

(2) Field interpretation. The German physicist Georg Simon Ohm 
found experimentally that there is a relationship between the current 
in a substance and the potential drop. In terms of the field concept, 
the change in energy per unit of charge causes a change in the force 
per unit charge—or electric field. This effect may be interpreted in 
terms of a field in the direction of current through the conducting sub¬ 
stance. Ohm’s experiment may be stated in terms of this field and the 
current per unit cross-sectional area as 


J - <tE 


(1-54) 


where, in mks units, J is the current density in amperes per square 
meter, E is the field along the conducting substance in volts per meter, 
and a is the conductivity of the substance, which is a constant for each 
particular material.* 

(3) Circuit interpretation. If the substance which carries the current 
has an idealized geometry, as that shown in Fig. l-14(b), it is possible 



Fig. 1-14. Conductors illustrating Ohm’s law. 


to reduce the field form of Ohm’s law to relate current and voltage.< 
If the cross section of the conductor is uniform, the current and current 
density are related by the equation 

i = J / cos 6 dS - JS (1-55) 

where S is the cross-sectional area. For the same simple geometry, 
the electric field is uniform and directed along the length of the wire; 

* Strictly speaking, Eq. 1*54 is a special case valid only for isotropic substances. 
Similarly c r is independent of the magnitude of E only for linear substances. 
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that is, 

v = El (1-56) 

as a special case of the more general relationship 

v = f E cos 8 dl (1-57) 

Substituting Eqs. 1-55 and 1-56 into the field form of Ohm’s law, 
Eq. 1-54, gives 

(1-58) 

The quantity ( 1/aS ), which is a constant for constant geometry of the 
conductor, is given the name the resistance parameter —or simply the 
resistance , and is symbolized by the letter R. For geometries other 
than the simple one of Fig. 1-14 (b), computation of the coefficient 
relating current and voltage for a substance will be more difficult. 
However, measurement of current and voltage can establish the value 
of the resistance parameter and by-pass the computation problem. 
Ohm’s law may be written 

v — Ri 

or, in terms of charge, 


The equation v — Ri is sometimes written in the form 

i = Gv (1-61) 

where G = l/R is known as the conductance. In the mks system, the 
unit for resistance is the ohm and for conductance is the mho. 

As well known as Ohm’s law is (school children are taught the law 
and remember it by association with “Vermont = Rhode Island”), 
Ohm was ridiculed by his fellow scientists when he first announced 
his law in 1826, and it was some 30 years before his ideas were finally 
accepted. We must remember, of course, that the concepts of current 
and voltage were not well understood in his day, the first distinction 
between the two quantities having been made by Ampere in 1820. 
Reading newspaper statements such as “ 10,000 volts passed through 
his body” can convince one that the distinction is not well understood 
by laity today. 

1 -9. Approximation of a system as a circuit 

We have discussed the manner in which three electrical phenomena 
observed experimentally can be described in terms of circuit param- 


(1-59) 

(1-60) 
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eters. A problem that we must eventually face in making use of the 
circuit concept is that of representing a physical system in terms of 
these parameters. For example, can we draw a circuit that will rep¬ 
resent an electric motor, a piezoelectric crystal, a coil of wire, a trans¬ 
mission line, or an antenna, to name but a few systems? 

Suppose we examine some arbitrary physical system, looking for 
portions of the system to be replaced by equivalent parameters. Pos¬ 
sibly the resistive effects would be most easily recognized. A part of 
the system made of material of high resistivity, with small cross- 
sectional area and appreciable length, would be recognized as equiv¬ 
alent to large resistance and could 
easily be distinguished from another 
part of the system of small resist¬ 
ance. We have found that there is a 
capacitive effect between any two 
parts of a system. If the two parts 
constitute a system capable of con¬ 
centration of charge, producing a 
high electric field—say, large area 
for charge storage and small dis¬ 
tance from part to part—the capaci¬ 
tance of that portion of the system 
is large. Finally, an inductive effect is associated with every current- 
carrying conductor, and an effect of mutual inductance between every 
pair of conductors at least one of which is carrying current. If the con¬ 
ductors are located in space in such a way that the magnetic fields 
reinforce each other, then the inductance, self or mutual, of that por¬ 
tion of the system is large. 

So much for large effects. What about smaller or secondary effects 
that can be recognized in much the same manner? Just how many 
effects must be taken into account in representing a system by equiv¬ 
alent parameters? 

We can answer our questions only by asking another: just how good 
do we expect the results to be? The accuracy of our results will be 
determined by how many separate electrical effects we can take into 
account by a parameter. We must stop somewhere. We must, at some 
point, make an approximation. 

Approximation requires engineering judgment. An approximation 
which is valid in one case will not be in another. In many practical 
cases, the resistance and inductance of connecting wires are so small 
that they may be neglected. Likewise, in most cases of commercial 
capacitors, the inductive and resistive parameters may be ignored. Much 
less frequently the resistance and capacitance of coils can be neglected. 


'R 



(a) 

Fig. 1-15. One form of equivalent 
circuit for (a) an end-excited antenna, 
and (b) a piezoelectric crystal. 
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In the discussions to follow in other chapters, we will assume that 
when a schematic of a system is given, all significant parameters have 
been taken into account. Engineering judgment has been exercised by 
the individual who made up the problem. But when the student finally 
applies the techniques of analysis to a problem that he makes up, 
these questions associated with approximation must be answered. It 
is difficult to write answers to such questions in textbooks; experience 
is usually the best teacher. 

Approximation is not unique to circuit analysis by any means. In 
solving problems by computing the electric and magnetic fields for all 
positions in space, there will assuredly be approximations, either in 
representing the physical system by mathematical equations or in 
solving the equations. Approximation and analysis are bound together. 
To ignore the problem of approximation is to lack understanding of the 
results of analysis. 

In many cases, we do not start with an unknown system to be rep¬ 
resented by a circuit, but instead with commercial components in 
combination forming a circuit. A component labeled inductor, however, 
will not behave as a pure inductance. It will, under some circum¬ 
stances, exhibit capacitive and resistive effects. Such unwanted effects 
are commonly distinguished by the name parasitic. The decision of 
which effects must be taken into account involves the same engineering 
judgment as discussed earlier. The parasitic effects can be ignored 
only as long as the approximation is useful. 

In all cases we have assumed that the magnetic and electric fields are 
isolated and that there is no interaction between the two fields. If 
there is such an interaction, part of the energy is lost by radiation. 
This will be discussed in the next section. 

1 -10. Other approximations in circuit representation 

In arriving at equations for the circuit parameters, Eqs. 1-11, 1-36, 
and 1-58, it was necessary to make simplifying approximations: (1) 
that the charge did not vary with dimensions, and (2) that the current 
varied with neither the length of the conductor nor the cross-sectional 
area. If these assumptions do not hold, the values for the parameters 
are different and difficult to compute. 

To illustrate how current and charge might vary with space, sup¬ 
pose that the current is made to flow for but a brief interval of time, 
and that this pulsed flow is repeated at a periodic rate, a very large 
number of times each second. Under such conditions, the current and 
the charge will not be uniform throughout the system. We can imagine 
some portions of the system with charge and other portions without 
charge. This being the case, the general expressions must be used in 
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evaluating the capacitance, inductance, and resistance parameters. 
These new parameter values, computed or measured, will be different 
from those found with uniform current and charge in the system. 
Must the parameters of a system be computed for every different 
current? 

The answer to this question is, again, a practical one of engineering 
judgment. Certainly, there will be conditions requiring some effective 
value of the parameters—computed for a particular time waveform— 
to be used. But in many cases, the approximation that parameter 
values are equal to those found for nonvarying or static conditions 
gives usable results This approximation is strictly valid only in the 
cases in which the variation of current and charge is slow, the so-called 
quasi-stationary state. We will assume that we are operating in this 
state in chapters to follow. We thus assume constant parameters for 
changing variations of current and charge. 

We further assume that the parameters are constant with the varia¬ 
tion of the magnitude of charge and current. This is a good approxima¬ 
tion for most elements in their nominal operating range. A system 
composed of such elements is said to be linear. We will assume that all 
systems to be considered (unless otherwise specified) are linear. We 
thereby exclude nonlinear elements and systems. Some systems con¬ 
taining dielectrics change capacitance with the quantity of charge in 
the system. When iron is used in a magnetic system, the flux produced 
is not linearly related to current because of saturation. Such resistive 
materials as the carbon filament in a lamp bulb change resistance as 
a function of magnitude of current. It should be noted, however, that 
some nonlinear systems can be considered linear under certain condi¬ 
tions. Vacuum tubes are nonlinear, but for certain analyses may be 
considered linear over a restricted range of operation. 

Besides the assumption of linearity we will include the requirement 
that ail elements in a system be bilateral. In a bilateral system, the 
same relationship between current and voltage exists for current flow¬ 
ing in either direction. In contrast, a unilateral system has different 
laws relating current and voltage for the two possible directions of 
current. Examples of unilateral elements are vacuum diodes, ger¬ 
manium diodes, crystal detectors, selenium rectifiers, etc. 

Many electric systems are physically distributed in space. A trans¬ 
mission line, for example, may extend for hundreds of miles. When a 
source of energy is connected to the transmission line, energy is trans¬ 
ported at nearly the velocity of light. Because of this finite velocity, 
all electrical effects do not take place at the same instant of time. This 
being the case, the restrictions discussed earlier apply in the computa¬ 
tion of the circuit parameters. When a system is so concentrated in 
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space that the assumption of simultaneous actions through that sys¬ 
tem is a good approximation, the system is said to be lumped. We will 
consider only lumped systems. 

Our circuit approach to the approximation of a system has obscured 
an effect usually described in terms of the interaction of electric and 
magnetic fields. As an approximation, we have assumed that the mag¬ 
netic field is associated only with an inductive system and that the 
electric field is associated only with a capacitive system. Fields can¬ 
not actually be so lumped. The consequence of interaction of the fields 
is the radiation of electromagnetic energy. Open a switch in an induc¬ 
tive system, and the effects will be observed as a noise in nearby radio 
receivers. Similarly, the ignition spark of an automobile may affect 
nearby television receivers. Under many conditions, however, the 
amount of energy lost by radiation is small, and as an approximation 
can be ignored. We will make this approximation. 

The systems we shall study will thus be lumped, linear, and bilateral 
and will have negligible radiation. 

Resistive, capacitive, and inductive elements are identified as pas¬ 
sive elements. Sources of electric energy are identified as active elements . 
The physical elements themselves are distinguished by different names 
as resistors, inductors, and capacitors. 

1-11. Enersy and power 

Energy and power are given in terms of voltage and current by 
Eqs. 1-5 and 1-6, which are 

p — vi and w — J vi dt 

In an inductive system, energy has the value (see Prob. 1-8) 

W L = lLi* = ^ joules (1-62) 

and is spoken of as “stored in the magnetic field.” In a capacitive 
system, the energy is given by the relationship (see Prob. 1-9) 

W c = iCv 8 - joules (1-63) 

which is spoken of as “stored in the electric field.” Current in a resistor 
causes energy to be transformed into heat or light. The amount of 
energy is 

Wn - Rfi'dt joules (1-64) 

The equivalence of this energy to mechanical energy was first demon¬ 
strated by Joule. The inductor and capacitor are energy storage elements, 
while the resistor is an energy sink. 
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Energy is a scalar quantity, always positive. The sum of the energy 
in a given system can be found by algebraic summation. The power 
in a system is given in terms of energy by the relationship 

dW d 

p ~ ir = Pr> + it {Wl> + Wc>) (1_65) 

where P/ is the total power of all resistive elements given as 

p - - - i *** (i -« 6) 

j »i 

and Wl is the total energy stored in all inductive elements, 



and W c ' is the total energy stored in all capacitive elements, 


(1-67) 


W c ' = i ^ W ( 1 - 68 ) 

; = i 

where n , m, and p are the total number of elements of each of the three 
kinds. 

FURTHER READING 


The student interested in further reading on the subjects of this 
chapter should consult Elementary Electric-Circuit Theory (McGraw- 
Hill Book Co., New York, 1945) by Richard H. Frazier, pp. 17-41. 
More advanced treatments of these concepts are given in Electric 
Circuits (John Wiley & Sons, Inc., New York, 1940) by the MIT 
Electrical Engineering Staff, pp. 1-8, and in Linear Transient Analysis 
(John Wiley & Sons, Inc., New York, 1954) by Ernst Weber, pp. 1-14. 
A discussion of physical systems in general is to be found in Chaps. 1 
and 2 of Response of Physical Systems (John Wiley & Sons, Inc., New 
York, 1950) by John D. Trimmer. Students interested in further 
study of electric and magnetic fields as basic concepts should read 
The Fundamentals of Electro-Magnetism (The Macmillan Company, 
New York, 1939) by Geoffrey Cullwick, starting on p. 1. Maxwell’s 
original writings are found in many libraries under the title, A Treatise 
on Electricity and Magnetism (Oxford Press, New York, 1892). 


PROBLEMS 

1-1. A solid copper sphere 10 cm in diameter is deprived of 10 IS elec¬ 
trons by a charging scheme, (a) What is the charge of the sphere in 
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the inductor? Answer: 0.23 watt, (h) At what rate is energy being 
dissipated as heat? (i) At what rate is the battery supplying energy? 

1-16. In the circuit shown below, the capacitor is charged to a volt¬ 
age of 1 volt, and at t = 0 the switch K is closed. The current in the cir¬ 
cuit is known to be of the form i(t) — e~ l amp, {t > 0). At a certain 
time the current has a value of 0.37 amp. (a) At what rate is the voltage 



Prob. 1-16. 


across the capacitor changing? (b) What is the value of the charge on 
the capacitor? (c) What is the time rate of change of the product Cv ? 
(d) What is the voltage across the capacitor? Answer: 0.37 volt, (e) 
How much energy is stored in the electric field of the capacitor? (f) 
What is the voltage across the resistor? (g) At what rate is energy 
being taken from the electric field of the capacitor? Answer: 0.137 watt, 
(h) At what rate is energy being dissipated as heat? 
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1-8. From the defining equation for energy, W = f vi dt show that, 
for the inductance, W L ~ *Li 2 and W L = ffl/L. 

1-9. From the equation for energy in Prob. 1-8, show that for the 
capacitance, Wc — ?Cv 2 and W c — ?Sq 2 . 

1-10. Assume that the inductance parameter is defined as the con¬ 
stant relating stored energy and the current squared by the equation 
Wl = ?Li 2 . Making use of the relationship p = vi, show that for 
constant inductance the voltage across the inductor is v L = L{di/dt). 

1-11. Carry out a similar derivation to the one suggested in Prob. 
1-10 starting with energy for a capacitive system, W c = ?Sq 2 to show 
that for constant S, 

v c — Sq — S J i dt 

1-12. Show that the following quantities all have the dimension of 
time: (a) RC ; (b) L/R) (c) y/LC. 

1-13. Show that (a) R 2 C has the dimension of inductance, (b) 
y/LJC has the dimension of resistance, (c) L/R 2 has the dimension of 
capacitance. 

1-14. The current in a 1-henry inductor follows the variation shown 
in the accompanying figure. The current increases from t = 0 at the 
rate of 1 amp/sec (for several seconds, at least). Find: (a) the flux 
linkages in the system after 1 sec, (b) the time rate of change of flux 



linkages in the system after 2 sec, (c) the quantity of charge having 
passed through the inductor after 1 sec. Answer: (a) 1 weber-turn, 
(b) 1 weber-turn/sec, (c) 0.5 coulomb. 

1-16. In the circuit shown above, the switch K is closed at t — 0 (the 
reference time). The current flowing in the circuit is given by the equa¬ 
tion i(t) = (1 — e~ l ) amp, t > 0. At a certain time the current has a 
value of 0.63 amp. (a) At what rate is the current changing? (b) What 
is the value of the total flux linkages? (c) What is the rate of change of 
flux linkages? (d) What is the voltage across the inductor? Answer: 
0.37 volt, (e) How much energy is stored in the magnetic field of the 
inductor? Answer: 0.20 joule, (f) What is the voltage across the resis- 
tor? (g) At what rate is energy being stored in the magnetic field of 


28 


CONVENTIONS FOR DESCRIBING NETWORKS 


Chap. 2 


The photoelectric cell and the pentode vacuum tube amplifier are 
examples of practical generators that can be approximated as ideal 
current sources with series or parallel passive elements. The current 
source is also represented by the symbol of a circle but with an asso¬ 
ciated arrow rather than polarity markings indicating the positive 
direction of current flow as shown in Fig. 2-1 (c). 

For both sources, the associated symbol of a lower case letter v or i 
infers a time-varying source, while the upper case letter V or 7 is used 
to denote a time-invariant source. The approximate time variation of 
output is sometimes sketched within the circle. For example, the sym¬ 
bol ~ placed in the circle indicates a source of sinusoidal voltage or 
current. 

2-2. Current and voltage conventions 

A voltage source causes current to flow within the source in the direc¬ 
tion from the negative to the positive terminal—or out of the positive 
terminal and into the negative terminal. This particular convention 
follows a decision made by Benjamin Franklin in 1752. Franklin’s 
choice was made before electricity was identified with the electron, 
before the electron or the nature of charge were known. Actually, 
electrons flow from the negative terminal to the positive terminal, 
which is in the opposite direction to that established by Franklin. 
To distinguish the two conventions, the flow of electrons is termed 
electron current and current assumed positive in the direction of Frank¬ 
lin’s convention is called conventional current (or simply current, since 
this is the current we will use). 

If the negative terminal is used as a reference in measuring the poten¬ 
tial of the positive terminal of a potential source, that voltage is con¬ 
sidered 'positive and is spoken of as a voltage rise. Conversely, if the 
positive terminal is considered to be the reference in measuring the 
potential of the negative terminal of the voltage source, the voltage 
is considered negative and is spoken of as a voltage drop. 



6 

c 

Voltage rise Voltage drop 

l 

7* (+ 

f EL | FI ___EL 

y — 

■T 

rSvr 

L 

*JL 

(a) lb) 

a 

d 

Fig. 8-2. Sign convention for voltage 
sources. 

Fig. 

2-8. Direction of current and 
voltage polarities. 


In terms of the simple circuit of Fig. 2-3, the voltage source causes 
current to flow from a to b and around the circuit a-b~c-d~a. Current 
flowing in the passive resistive element is identified with energy loss and 
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2-1. Active element conventions 

Active circuit elements are classified by their voltage-current char¬ 
acteristics. Most practical generators maintain approximately con¬ 
stant terminal voltage with increasing load current. Still other types 
of sources of electric energy maintain approximately constant output 
of current with increasing terminal voltage. Rather than take actual 
voltage-current relationships into account, practical energy sources are 
approximated as either ideal voltage sources or ideal current sources. 
These ideal sources are defined as having the following properties: 

The Ideal Voltage Source. The ideal voltage source generates volt¬ 
age with a given time variation. Neither voltage magnitude nor time 
variation changes with magnitude of output current. Thus the ter¬ 
minal voltage is assumed to be maintained under all conditions from 
open circuit to short circuit. If in some manner the terminal voltage 
is made equal to zero, the source behaves as a short circuit. The ideal 
voltage source has no resistive, inductive, or capacitive effects. Most 
actual generators may be approxi¬ 
mated as an ideal voltage source in 
series with a resistor, and in some 
cases, an inductor. The ideal volt¬ 
age source is represented by the 
symbol of a circle as shown in Fig. 

2-1 (a). One exception to this prac¬ 
tice is the symbol for a battery 
shown in Fig. 2-1 (b). The polarity 
marks + and — denote positive and negative terminals of the source. 

The Ideal Current Source. The ideal current source generates cur¬ 
rent with a given time variation. Neither current magnitude nor time 
variation changes with load. This output current is maintained for 
any load including zero resistance and infinite resistance.* If the out¬ 
put current of the ideal source is adjusted to be zero, the source is 
equivalent to an open circuit. As in the case of the voltage source, the 
ideal current source has no resistive, inductive, or capacitive effects. 

* Of course, this property of the ideal source to pump amperes into an open 
circuit is a poor approximation for actual sources. 
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(a) (6) (c) 

Fig. 2-1. Symbols for active circuit 
elements. 
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The junction formed by two or more elements being connected 
together is given the name node. Elements in series such that iden¬ 
tically the same current flows in them form a branch. A branch may 
include active elements. A network or circuit is formed by intercon¬ 
nection of a number of branches or by coupling a number of separate 
parts together. We will use the words network and circuit interchange¬ 
ably, except that the network is usually more complex, involving more 
elements than the circuit. A loop or mesh is a closed contour drawn on 
the schematic, around one or more window panes of the graph of Fig. 
2-4, for example. Any two nodes in a network may be considered a 
node pair . Parts of the network not directly connected by wires but 
magnetically coupled are called separate parts of the network. 

Our objective in circuit analysis is to find the currents in the different 
branches and the voltages at the different nodes. Two quantities of 
importance in this analysis are the number of independent loops and 
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6 node 
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one node 
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Fig. 2-6. Identification of nodes. 


the number of independent node pairs. The meaning inferred by the 
word independent will be discussed in the next chapter in more detail. 
Briefly, there are as many unknown currents in a system as there are 
independent loops, and as many unknown voltages as there are inde¬ 
pendent node pairs. 

Let E be the number of elements in the network (counting both 
active and passive elements, but not mutual inductance). The num¬ 
ber of branches in the network is designated B. Quantities relating to 
nodes will be identified by N t for the number of nodes, J for the num¬ 
ber of different node pairs, and N for the number of independent node 
pairs. Also, L is the number of independent loops, and finally, S is the 
number of separate parts of the network. 

The number of different node pairs is given by the topological 
equation 

J = iN,(N, - 1) (2-1) 

We are usually not interested in all combinations of nodes, but is 
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so there is a drop in potential from c to d. Voltage is a scalar quantity 
defined as the quotient of the two scalar quantities work and charge. 
Voltage drops and voltage rises are distinguished by a sign, positive 
for voltage rise and negative for voltage drop. For this polarity sign to 
have meaning, the voltage reference must be given or inferred. A 
certain point in a circuit may have a potential of +50 volts with 
respect to point a and —30 volts with respect to point b. Should the 
potential of a point be given without reference, it is assumed to be 
with respect to a point of zero potential which will be called the ground 
or the datum node. 



2-3. Network topology (or geometry) 

The two-dimensional graph shown in Fig. 2-4 is made up of circles 
with interconnecting lines. Suppose that we wish to make a study of 
such graphs, say the relationship of the number of circles and lines, 
with the following rules imposed: 

(1) all lines must terminate on cir¬ 
cles, (2) at least two lines must 
join every circle, and (3) the graph 
will be in two dimensions; lines will 
not cross lines. By definition, all 
closed contours having no lines 
within will be called window panes. 

Now in any given graph, the number of lines, circles, and window panes 
are not independent of each other. For example, if the number of cir¬ 
cles remains constant and the number of lines is increased by one, 
there will be one more window pane. Similarly, if the number of win¬ 
dow panes is maintained constant and one more circle is added, the 
number of lines must increase by one, a line having been divided in 
two by the added circle. There must exist some general law relating 
the three quantities we have studied. 

Our discussion has been a homely example of an elegant branch of 
mathematics known as topology. The general law just mentioned is 
known from studies in topology. How can we exploit these topological 
laws or facts in circuit analysis? 

By. approximating a physical system by ideal circuit elements, as 
discussed in the first chapter, we have eliminated consideration of 
three-dimensional systems in favor of a system of interconnected ele¬ 
ments usually described as a miring diagram or a schematic. The sche¬ 
matic is equivalent to the topological graph of Fig. 2-4 with elements 
replacing lines. Thus the laws of topology are directly applicable to 
network schematics. Before giving these laws, we will define terms 
used in network topology. 
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discussed in the next chapter). It is, however, not necessary that the 
loops be chosen in this manner, but there is the risk that the loops will 
not be independent.* In simple networks, the number of independent 
loops is equal to the number of “window panes” of our earlier discus¬ 
sion and so can be determined at a glance. 


Example 1 

In the network shown in Fig. 2-7, there are five nodes, seven ele¬ 
ments, and one part. Hence the number of independent loops is three, 



Fig. 2-7. Network of Example 1. 


since 


L = E-N t + S = 7-5 + 1- 3 


and the number of independent node pairs is four, since 


jV = j\T t - £ = 5-1=4 


The loops may be assigned as shown on the figure, following paths 
a-d-f-g-a, d-c-e-f-d, and a-b-c-d-a. If node g is selected as the datum 
node, a suitable choice of the independent node pairs is a-g, b-g, c-g, 
and d-g. 


Example 2 

Examination of Fig. 2-8 shows that E — 6 (M does not count, of 
course), N t — 6, and S = 2. It follows that 

L = E — JV, 4-5 = 6 — 6 + 2 = 2 independent loops 
N — N t — 5 = 6 — 2 = 4 independent node pairs 

* The test to determine independence requires that the system determinant, to 
be discussed in Chap. 3, be nonzero. It is usually better to follow the von Helm¬ 
holtz rule than to experiment. 
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the number of independent node pairs, which is equal to the number 
of unknown voltages, given as 

N = N t - S (2-2) 

or N — N t — 1 for a network with only one part. 

The number of independent loops is given in terms of the number 
of elements and number of independent node pairs as 

L = E — N (2-3) 

If we count only nodes at the ends of branches and let that number of 
branches be B', then the number of independent loops and branches 
are related as 

L = E - B' (2-4) 

Finally, if Eq. 2-2 is substituted into Eq, 2-3, there results 

L — E — N t + S (2-5) 

From these equations, we may determine for a given network which 
quantity, L or N, is smaller, enabling us to decide which of the two 
possible approaches to analysis should be taken. 

Once the number of independent node pairs is known, there remains 
the problem of selecting which N node pairs in the network will be 
used in analysis. Analysis is simplified if one node is used as one mem¬ 
ber of each of the N node pairs. It is conventional to select the node 
of zero potential as this common node and to designate it the datum 
or reference node. Usually, the negative terminal of one of the active 
sources is so selected. 

There is a similar problem of choice in the case of assigning the 
independent loops once the number of such loops is known from Eq. 



(a) (6) (c) 

Fig. 2-6. Different independent loops in the same system. 


2-5. The rule of von Helmholtz may be used to advantage in designat¬ 
ing the paths of the loops. The rule requires that the loops be succes¬ 
sively chosen such that each new loop includes at least one new branch 
not previously included in the path of a loop. If the loops of number 
required by Eq. 2-5 are so chosen, this process is sufficient to insure 
the independence of the loops (and of the voltage equations, as will be 
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of the winding is shown marked with a dot. Let us assume that the 
current flows into this dot. We will outline, step-by-step, our concep¬ 
tual scheme of what happens as a consequence of this current. 

(1) Current in winding 1-1 causes a magnetic field (“action at a 
distance”) to exist, which is concentrated along the axis of the coil. 
The magnitude of the field can be computed from Ampere’s law 

dB = a . (2-6) 


(These symbols are defined in Chapter 1 in Eq. 1-28.) 

(2) There is a magnetic flux associated with the magnetic field 
having a value 

4> = B cos d dA (2-7) 

and having a direction determined experimentally and given by the 
right-hand rule: if the thumb of the right-hand indicates the direction 
of current, the fingers wrap around the current-carrying conductor in 
the direction of flux. This flux is assumed confined to the magnetic 
core, which has the property of being a preferred path for the flux. 
Applying the right-hand rule, the flux is seen to have the direction 
indicated by the arrow (clockwise). 

(3) Since winding 2-2 is on the same magnetic core as winding 1-1, 
the flux produced in winding 1-1 links winding 2-2. This linking flux 
can be described as <f>n, where the subscripts have the order “effect, 
cause.” The number of flux linkages in winding 1-1 is 

tx = Nrfn ( 2 - 8 ) 


In terms of Faraday’s law \ki can be computed from the voltage at 
terminal 1-1 as 

ti = J dt (2-9) 

Combining Eqs. 2-8 and 2-9 gives the value of flux in terms of the volt¬ 


age Vi. 



( 2 - 10 ) 


(4) Because <f>n is changing with time, a voltage is induced in wind¬ 
ing 2-2 according to Faraday’s law. The flux linkages in winding 2-2 
are 


02 


Ni<f>n 

(2-11) 

d$ 2 
dt 

(2-12) 


and vi has the magnitude 
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rig. 2-8. Network of Example 2. 

2-4. The dot convention for coupled circuits 

When the magnetic field produced by a changing current flowing in 
one coil induces a voltage in other coils, the coils are said to be coupled, 
and the windings constitute a transformer. If the details of transformer 
construction are known, then for a current changing in one coil, it is 
possible to compute the magnitude and direction of the voltages 
induced in all other windings. The necessity for cumbersome blue¬ 
prints showing construction is eliminated by two characterizing fac¬ 
tors. The value of the coefficient of mutual inductance, M (discussed 
in Chapter I) is equivalent to details of construction in computing 
magnitude of induced voltage. Most manufacturers mark one end of 
each transformer winding with a dot (or some such symbol). The dot 
is equivalent to details of construction as far as voltage direction is con¬ 
cerned. In this section, we will discuss the meaning of dot markings, 
how they are experimentally established, and their significance in cir¬ 
cuit analysis. 

Two windings are shown on a magnetic core in Fig. 2-9. In this 
figure, the winding sense is indicated for two windings, winding 1-1 



Fig. 2-9. A two-winding magnetic circuit used to establish meaning 

of the dot convention. 

(which might be called the primary winding) and winding 2-2 (the 
secondary winding). A time-varying source of voltage, v e (t) is connected 
to winding 1-1 in series with resistor R t . At a given instant, the voltage 
source has the polarity shown, and the current ii(t) is flowing in the 
direction shown by the arrow and is increasing with time. The + end 
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minal of a battery, connecting the negative terminal to the remaining 
end of the winding. The end of winding 2-2 that momentarily goes 
positive, as measured with a voltmeter, is the terminal to be dotted in 
winding 2-2. 

Of what value are the dots, which we can now establish, in circuit 
analysis? Figure 2-11 shows the transformer of Fig. 2-9, including 



dots, with the generator and resistor load interchanged. The positive 
terminal of the voltage source is connected to the dotted end of winding 
2-2. A step-by-step analysis of this transformer will show that an 
increasing current flowing into the dotted terminal of winding 2-2 
causes the upper end of winding 1-1 to be positive and so to be the 
dotted terminal. We would expect, after all, that dots established from 
1-1 to 2-2 should agree with those established from 2-2 to 1-1. 

Now suppose that the voltage source of Fig. 2-11 has reverse polarity 
to that shown and that an increasing current flows out of the dot. 
Another step-by-step analysis or simply intuitive reasoning will show 
that the dotted terminal of winding 1-1 becomes negative under such 
conditions. 

We conclude that, for a transformer with polarity markings (dots), 
current flowing into the dot on one winding induces a voltage in the 
second winding which is positive at the dotted terminal; conversely, 
current flowing out of a dotted terminal induces a voltage in the sec¬ 
ond winding which is positive at the undotted terminal. This important 
rule will be applied in Chapter 3 in formulating circuit equations. 

Thus far our discussion has been limited to a transformer with two 
windings. In a system with several windings, the same type of anal¬ 
ysis can be carried on for each pair of windings providing some varia¬ 
tion in the form of the dots is employed (such as * ■ A ♦) to identify 
the relationship between each pair of windings. In Chapter 3*, after 
the concept of assumed positive direction of current is introduced, it 
will be shown that the information given by the pair of dots can be 
given in the sign of the coefficient of mutual inductance. For a system 
with many windings, this scheme avoids the confusion of a large num- 
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In the discussion of Chapter I, the coefficient of mutual inductance 
was introduced to relate flux linkages with current as ^ =* Mi. For 
the system under study 

^2 — Mi\%i (2-13) 

and Eq. 2-12 may be written in equivalent (but more useful) form as 

V3 = Mn l!t (2 " 14) 

if M 2 i does not vary with time. Equation 2-14 tells us that a voltage 
is induced in winding 2-2 having a magnitude of Mn volts per unit 
time rate of change of current it. There remains the problem of the 
direction of this voltage. 

(5) The direction of voltage in winding 2-2 can be found with the 
aid of a law given by the German physicist Lenz in 1834. In terms of 
the transformer, Lenz’s law states that the voltage induced in a coil 
by a change of flux establishes a current in the coil in a direction to 
oppose the change in flux that produced the voltage. The flux <£21 is 
directed upward in Fig. 2-9 and is increasing. To produce a flux fat 
to oppose this increase in fai requires (by the right-hand rule) that the 
current flow in the direction shown by the arrow (right to left). Lenz’s 
law is really an application of conservation of energy, since if i* pro¬ 
duced a flux to aid fa i, another increasing current would be induced in 

1- 1 and so on in a vicious cycle to produce infinite current. 

Now that the direction of current in winding 2-2 is established, the 
top end of the winding is seen to be positive and so is marked with a 
dot. With a time-varying voltage, the dotted terminals are positive 
at the same time (and, of course, neg¬ 
ative at the same time). This action 
is illustrated in Fig. 2-10. As shown, 
v g (t) increases from zero to a constant 
value at time t\. The current i x and so 
flux fai increase with time as shown 
in (b). Note, incidentally, that Eq. 

2- 10 does not apply directly, since it 
gives fai in terms of Vi rather than v g . 

The induced voltage t> 2 is proportional 
to the time rate of change of and 
so has the time variation shown in 
(c). This example suggests a simple 
experimental method for establishing the dotted ends of transformer 
windings. On the winding selected as 1-1, arbitrarily mark one end of 
the winding with a dot and to this terminal connect the positive ter- 



Fig. 2-10. Waveforms in the mag¬ 
netic circuit of Fig. 2-9. 
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2-2. Repeat Prob. 2-1 for the network shown in the accompanying 
figure. 



Prob. 2-2. Prob. 2-3. 


2-3. In the accompanying figure, a number of elements are arranged 
on the edges of a cube. For this network, determine L, the number of 
independent loops, and N, the number of independent node pairs. 

2-4. In the network of the figure, the paths for three loops have been 
selected as shown. Are these three loops independent? Why? (What 
are the currents in L\ and L 2 in terms of it?) 



Prob. 2-4. Prob. 2-5. 

2-6. The magnetic system shown in the figure has three windings 
marked 1-1', 2-2', and 3-3'. Using three different forms of dots, estab¬ 
lish polarity markings for these windings. 

2-6. Place three windings on the core shown for Prob. 2-5 with 
winding senses selected such that the following terminals (placed in 
the order shown in the figure for Prob. 2-5) have the same mark: (a) 1 
and 2, 2 and 3, 3 and 1, (b) 1' and 2', 2' and 3', 3' and 1'. 

2-7. The figure shows four windings on a magnetic flux-conducting 



Prob. 2-7. 
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ber of similar dots. Both schemes have advantages for particular 
problems, and both are used in electrical engineering literature. 

Example 8 / 

f/n-r''' 

In the system shown in Fig. 2-12, the winding sense of each coil of 
the transformer is indicated. The polarity markings for each set of 



Fig. 2-12. Magnetic circuit for Example 3. 

coils are shown on the figure. In each case, one of the dots for each 
winding-pair was arbitrarily selected and the position of the other 
dot was then determined. 

FURTHER READING 

The subject of network topology (or network geometry) is treated 
in detail in Guillemin’s Introductory Circuit Theory (John Wiley & 
Sons, Inc., New York, 1953) in Chap. 1. Other suggested references 
include Matrix Analysis of Electric Networks by LeCorbeiller (John 
Wiley & Sons, Inc., New York, 1950) and the article “On the founda¬ 
tions of electrical network theory" by Ingram and Cramlet which 
appears in J. Math. Phys., 23, 134-155 (1944). See also the article 
“IRE standards for network topology," Proc. IRE, 39, 27 (1951). 
On the subject of the dot convention for mutual inductance, see Prin¬ 
ciples of Electric and Magnetic Circuits by Boast (Harper & Brothers, 
New York, 1950), especially Chaps. 15 and 16. 


PROBLEMS 

2-1. For each of the circuits shown in the figure: (a) determine the 
value of the quantities E, S, N t , N, L, and J ; (b) select the N independ- 



(a) (6) (cj 

Prob. 2-1. 


ent node pairs, using one datum node; and (c) following the rule of 
von Helmholtz, draw L independent loops. 


CHAPTER 3 

NETWORK EQUATIONS 


3-1. Kirchhoff's equations 

Most network equations are formulated from two simple laws first 
given by Kirchhoff in 1845.* The first law relates to the sum of the 
instantaneous voltages of the elements in a loop. It states that in any 
loop the sum of the voltage drops must equal the sum of the voltage rises. 

This law follows from the scalar nature of voltage. To illustrate the 
concept involved, consider another scalar quantity, elevation. Suppose 
that we make a trip in an airplane, visiting a number of cities but 
eventually returning to our place of origin. At each stop, we will 
determine the elevation and record the elevation increase or decrease. 
When the trip is completed, we can be sure if we are sufficiently accu¬ 
rate that the sum of the elevation increases will just equal the sum of 
the elevation decreases. Otherwise, we would not be back at our start¬ 
ing elevation. 

Next, suppose that we make a tour around some loop in a network 
at some fixed instant of time. At each node, we will measure the volt¬ 
age with respect to the previous node and record voltage increases and 
voltage decreases. Once the loop is completely traversed, the sum of 
the voltage decreases (or drops) must equal the sum of the voltage 
increases (or rises). The fact that there are other loops in the same net¬ 
work has no effect on the sum of the drops and rises, just as the exist¬ 
ence of alternate airline routes does not affect the altitude change 
summations. 

Kirchhoff’s second law relates to the sum of instantaneous currents 
at a node. It states that the sum of currents flowing into the node equals 
the sum of currents flowing out. In an analogous hydraulic system, the 
sum of water flowing out of a junction of pipes must equal the water 
flowing in, assuming no storage capacity at the junction. If we assume 
no charge storage capacity at the nodes of a network, then, just as in 
the hydraulic system, the currents into that node must equal those out. 

* Historically, the work of Kirchhoff closely followed the pioneer works of 
Faraday in describing electric induction, of Oersted in relating magnetism and 
electricity in 1820, of Ampere in relating force and current in 1820-25 and of 
Ohm in relating voltage and current in 1826. At the time Kirchhoff published 
the work containing these laws, he was 23 years of age. He made contributions in 
several sciences—there are other Kirchhoff laws in other fields. 
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core. Using different shaped dots, establish polarity markings for the 
windings. 

2-8. The accompanying schematic shows the equivalent circuit of a 
system with polarity marks on the three coupled coils. Draw a trans¬ 
former with a core similar to that shown for Prob. 2-7 and place windings 
on the legs of the core in such a way as to be equivalent to the sche 
matic. Show connections between the elements in the same drawing. 



Prob. 2-8. 

2-9. The accompanying schematics each show two inductors with 
coupling but with different dot markings. For each of the two systems, 
determine the equivalent inductance of the system at terminals 1-1' 
by combining inductances. 

1 

r 

(a) (6) 

Prob. 2-9. 

2-10. A transformer has 100 turns on the primary (terminals 1-1') 
and 200 turns on the secondary (terminals 2-2'). A current in the pri¬ 
mary causes a magnetic flux which links all turns of both the primary 
and the secondary. The flux decreases according to the law <(> — er* 
weber, when t 2: 0. Find: (a) the flux linkages of the primary and 
secondary, (b) the voltage induced in the secondary. 





42 NETWORK EQUATIONS Chap. 3 

With the loop currents as shown in Fig. 3-3, the Kirchhoff voltage 
laws are 

Rih + Rzi.Ii ~ 1 2 ) = V (3-8) 

-Rt(h - 1 2 ) + R*h = 0 (3-9) 

The two sets of Kirchhoff equations, Eqs. 3-6 and 3-7 and Eqs. 3-8 and 
3-9, are identical if h — I a and / 2 = h- These currents are identical, 
of course, since they are the currents flowing in R\ and R 2 , respectively. 
By Eq. 3-5, we find that I e is expressed in terms of h and 1 2 as 

L - h - h (3-10) 

In analysis, we are ultimately interested in determining currents in the 
elements—the branch currents. Our example has shown that there are 
two routes to determine the branch currents: (1) write equations 
directly in terms of the branch currents, or (2) write equations in 
terms of loop currents from which the branch currents can be found by 
addition or subtraction. Since the number of branches is equal or 
greater than the number of loops, the advantage of simplicity is usually 
in the second choice. 

3-3. Positive directions for currents 

Suppose that we were assigned the problem of counting cars travel¬ 
ing each direction on a busy street in a large city. Our first step would 
be to distinguish cars traveling in the two directions. We would accom¬ 
plish this by deciding on a positive direction of flow. With this decision 
made, each car could be considered as moving in the positive direction 
or opposite to the direction considered positive (although handier 
terms such as north and south would likely be used). 

Similarly, before writing network equations based on Kirchhoffs 
voltage law, a positive direction of the loop (or branch) currents must 
be assigned for each loop (or for each branch) and identified with an 
arrow. Such a decision establishes a positive or reference direction. 
Currents in the direction opposite to that considered positive are 
marked with a negative sign. The direction to be assumed positive is 
arbitrary, of course, but for uniformity, loop currents will usually be 
assigned a clockwise positive direction. 

Once the positive direction for the loop current is assigned, the loop 
may be traversed in either direction in applying the Kirchhoff voltage 
law. If the loop is traversed in a direction opposite to that assigned 
for positive loop current, the Kirchhoff equation is not changed, since 
this is equivalent to multiplying all terms by —1. 
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Consider the series circuit shown in Fig. 3-1. We see that there are 
voltage drops across the three passive elements and a voltage rise due 
to the battery. Kirchhoff’s voltage law states that the voltage drops 
must equal the voltage rises, or 

Vi 4- V 2 + Fs = V B (3-1) 

A part of a network is shown in Fig. 3-2 with the direction of current 

b 


A a 

Fig. 3-1. The sum of voltage drops Fig. 3-2. Currents into the node 

equals the battery voltage by Kirch- equal those out of the node by Kirch¬ 
hoff’s voltage law. hoff’s current law. 

shown for each branch attached to a particular node. At that node, 
the currents flowing into the node must equal those flowing out, or 

11 I 2 = I 3 I* (3-2) 

3-2. Branch currents and loop currents 

Kirchhoff’s voltage law may be applied by using either branch cur¬ 
rents or loop currents. To show the equivalence of branch and loop 
currents, consider the network shown in Fig. 3-3. With currents as 
assigned, the Kirchhoff voltage 
equations are 

Rlla + RJc = V 

(for loop 1) (3-3) 

— Rile ”f" Rilb — 0 

(for loop 2) (3-4) 

D C 

At node B , the Kirchhoff current Fig. 3-3. Two-loop network, 

equation is 

/„ = lb -f- Ic or I e — I a — lb (3-5) 

This equation may be used to eliminate I e from the Kirchhoff voltage 
equations of Eqs. 3-3 and 3-4 as 

Rlh + Rzda ~ h) - V 
— Rz{I a — lb) + Rzlb = 0 





(3-6) 

(3-7) 
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Example 8 

A three-loop network is shown in Fig. 3-6 with loop currents i\, is, 
and t 3 assigned positive directions as shown. Traversing the three 


J?! Cz 



S’iff. 3-6. Three-loop network. 


loops in turn gives the three Kirchhoff voltage equations 

Riii + -Q- J (ii — it) dt = v(t ) (3-15) 

^ J (t’a — ii) dt + J i*2 dt + ~- J (it — u) dt — 0 (3-16) 

q- J (iz — t*) dt -f- Rziz — 0 (3-17) 

3-5. Loop analysis of circuits with coupled coils 

The rule developed in Art. 2-4 regarding polarity of induced voltage 
and current direction with respect to dots can be used to advantage 
in analysis of circuits with coupled coils. To apply the rule, (1) the 
polarity markings (dots) for each pair of coupled coils—or equivalent 
information—must be given, and (2) the positive direction of current 
flow must be assumed for each loop. A part of a circuit fulfilling these 
two requirements is shown in Fig. 3-7(a). By the rule, current ii 



(a) ib) 

Fig. 8-7. Coupled coils illustrating the relationship of assumed direc¬ 
tion of current, polarity markings, and polarity of induced voltage. 


enters the dotted terminal of winding 1-2 and so will induce a voltage 
in winding 3-4 positive at the dotted terminal, terminal 3. The cur¬ 
rent ii thus induces a voltage drop from 3 to 4, or a voltage rise from 
4 to 3. Similarly, is induces a voltage in winding 1-2 with terminal 
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Ait. 3-4 

3 . 4 . Formulating equations on the loop basis 

A number of examples will illustrate the formulation of equations 
of equilibrium using Kirchhoff’s voltage law. 

Example 1 

Figure 3-4 shows a series RLC circuit. It is quite clear by inspection 
that there is but one loop, while there are 3 independent node pairs. 
The voltage drops across the passive elements must equal the voltage 
rise due to the active element. Expressions for the voltages across the 


L 




passive elements were derived in Chapter 1. In terms of these expres¬ 
sions, Kirchhoff’s voltage law requires that 

Ri + L j t + j i dt - v(t) (3-11) 

at all times. This is an integrodifferenlial equation , which may be 
changed to a differential equation by differentiation to give 

L % + R t + r~ dJ f < 3 - 12 > 


where the derivatives have been arranged in descending order. 


Example 2 

The network of Fig. 3-5 has two independent loops, since L = E 
— N t + S = 5-~A-\-l —2, and the two loop currents, i\ and u, 
have been assigned positive directions as shown. The equilibrium 
equations of the voltages, based on Kirchhoff’s law, are 


Riii * 4 * 


5 / (il 


it) dt = v(t) 


1 

C 


/ 


(it 


ii) dt -j- L + Riiz — 0 


(3-13) 

(3-14) 



Example 4 

The winding sense of three coils on a flux-conducting material is 
shown in Fig. 3-9. We are required to write the Kirchhoff voltage 
equations, taking into account mutual inductance. With the aid of 
dots, the system of Fig. 3-9 can be replaced by the equivalent circuit 



Fig. 3-9. Magnetic circuit of Example 4. 



Fig. 3-10. Magnetic system of Fig. 3-9 showing polarity markings 
and assumed positive direction of current. 


of Fig. 3-10. If we use a double subscript notation for mutual induct¬ 
ance to indicate the two coils being considered, the Kirchhoff voltage 
equations are 


R\i\ 

+ L, d(il ~ 
+ LX dt 

ii) 

, ^ d(it - it) 

+ dt 

n/r diz 

~ M "7t 

• 








+ - 

it) - 

v(t) 

(3-21) 

Rt(it 

— ii) 4- L\ 

d(i 2 

~ii) 

dt 


dt U) + M “ 

du 

dt 




, r d(i 2 — i*) 
+ Li dt 

4* Mu ^ (fj 

. — it) 4* M 23 

d . 
dt u 

= 0 

(3-22) 

l 4 

(it — it) — 

Mn 

diz _ 
dt 

ilf 2i j t (ii - 





+ Mi 2 ~ 

(it - 

— is) ■ 

- Mn j t (ii 

— it) + ^ j 

iz dt 

= 0 

(3-23) 


In tfhiw particular problem, the equations would have had simpler form 
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1—the dotted terminal—positive, and so with a voltage drop from ter¬ 
minal 1 to 2. 

In Fig. 3-7(b), the current is has a positive direction reversed from 
that shown in Fig. 3-7(a). This cur¬ 
rent is positive when it leaves the 
dotted terminal and hence induces 
a voltage in winding 1-2 with ter¬ 
minal 2 positive, and so with a volt¬ 
age rise from terminal 1 to 2. 

Figure 3-8 shows the coupled coils 
of Fig. 3-7(b) incorporated into a 
two-loop coupled circuit. Applying 
the rules just discussed, the Kirch- 
hoff voltage law applied to the first loop gives the equilibrium equation 

Riii + U ^ - M ^ - v(t) (3-18) 

The current t'i produces a voltage drop across L h but the current u, 
when positive, with the polarity markings as shown induces a voltage 
rise across the same terminals. In the second loop, the equilibrium 
equation is 

— M + f?2ts = 0 (3-19) 

In these equations the sign before a term of the form M(du/dt) indi¬ 
cates a voltage rise if negative and a voltage drop if positive. As long 
as polarity dots are given along with the direction of positive current, 
there is no ambiguity, and the rule of Art. 2-4 can be applied succes¬ 
sively to all coupled coils. If the number of coils is large, the use of 
dots of various shapes may become cumbersome. In this case, it is 
more convenient to assign a plus or minus sign to M, to let M carry 
the sign in the equation formulation rather than letting the sign be 
specified by the nature of the induced voltage—drop or rise. These two 
systems are equivalent, and both will be used in the discussion to 
follow, just as both are used in the literature. 

Consider the circuit of Fig. 3-8, described by Eqs. 3-18 and 3-19. 
We observe in these equations that the voltages induced by means of 
the coupled coils are voltage rises of opposite polarity to the voltage 
drops of either loop. With the current directions given, the dots can 
be erased, provided a negative sign is identified with mutual inductance 
as — M. By this system, Eq. 3-18 is written 



Fig. 3-8. A two-loop coupled 
circuit illustrating the sign conven¬ 
tion for M. 


(3-20) 
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Let us now turn our attention to node c. There the current in R t is 
marked as / 4 . Kirchhoff’s current law requires that 

h = h or h - h = 0 (3-29) 

Now since I 3 = 4* (V b - V e ) and U = ^V c (3-30) 

li 3 

we have the second equilibrium equation, 


Yl4.h4.Yl 

R 3 Rz Ra 


= 0 


(3-31) 


Equations 3-28 and 3-31 must be solved simultaneously to give the 
unknown values of V b and V e . 

Have we any flexibility in choosing positive directions of current 
for the different nodes? On the network under consideration, a new 
current 1 3 is marked with an arrow such that 1 3 ~ — / 3 . In terms of 
this new current, Kirchhoff’s current law is 1 3 + It - 0. But since 
13 — —1 3 , this equation is identical with Eq. 3-29, and so with Eq. 
3-31. In other words, the positive direction of the branch currents may 
be assumed at each node independent of previous designations. We 
thus have two options: (1) Assume positive directions for branch cur¬ 
rents once and for all. (2) Assume new positive directions at each node, 
for example that currents flow out of the node for all passive elements 
and in the marked direction for active current sources. 

As a result of this discussion, we see that the steps to be followed in 
node analysis are the following: 

(1) Select a datum node and identify all unknown node voltages. 

( 2 ) Assume a positive direction for all branch currents. 

(3) Apply Kirchhoff’s current law to each node of unknown voltage, 
writing each branch current in terms of a node-to-node voltage 
and appropriate circuit parameters. 


It is sometimes convenient to change a voltage source into a math¬ 
ematically equivalent current source for analysis. In Fig. 3-12(a), let 
v(t) be the potential of the voltage source and iq(f) be the potential of 
the node located between the resistor Ri and the rest of the network. 
The current i(t) flows through the resistor Ri. Kirchhoff’s voltage law 
for the circuit of Fig. 3-12 (a) is 


v(t) = Rii(t) + Vi (t) 


Solving this equation for i(t) gives 


m 


yg) 

Ri 


vi (t) 
Rx 


(3-32) 


(3-33) 
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if the generator v(<) and Ri had been part of each of the three loops. 
(See Prob. 3-14.) 

3 -6. Formulating equations on the node basis 

The node basis for formulating the equilibrium equations for cir¬ 
cuits makes use of the Kirchhoff law that the sum of currents leaving 
a node is equal to the sum of currents entering that node. To illustrate 
the procedures used in node analysis, consider the simple resistive 
network shown in Fig. 3-11. For 
this network there are four nodes, 
marked a, b, c, and d. Following 
convention, the negative terminal of 
the active element, node d, is se¬ 
lected as the datum node. There are 
then three node-pair voltages, the 
potentials of nodes a, b, and c with 
respect to node d. However, the 
potential from node a to node d is 
known to be equal to the battery voltage. There are thus but two 
unknown voltages in the network: the voltages of node b and node c 
with respect to the datum node. 

Having identified the unknown voltages, our next task is to write 
network equations in terras of these unknown node voltages. This is 
accomplished in terms of branch currents (never loop currents). Each 
branch current must be assigned a direction considered positive and 
so marked with an arrow, just as in the case of loop analysis. At node 


b in the network of Fig. 3-11, the branch currents are 
It, and 1 3 , all directed out of the node. By Kirchhoff’ 
we know that 

/i + /a = 0 

marked as h, 
s current law, 

(3-24) 

What are these branch currents in terms of the node voltages? By 
Ohm’s law, they are 

i 

H 

(3-25) 

o 

1 

b 

ii 

cs 

(3-26) 

h = w (V b - V c ) 

it 3 

(3-27) 

Substituting these three equations into Eq. 3-24 gives 


Xi-L + Ii + h-I± = o 

Ri Ri Ri As Rt 

(3-28) 



Fig. 3-11. Network illustrating pro¬ 
cedures in node analysis. 
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of the generator is «•(#) in Fig. 3-13(a), we may write 


I 

R 


i»»i - »•(/)) + 


/' / "• 


ill + (' - 0 


CK*p 3 


(3-35) 


or 


«"• + i.j - 


ilt + f 


, dc, r(0 


,// 




which is identical with Kq. 3-31 



3 


rig.#- 14. Equivalent rimiil of three- 
loop network of Fig. H4. 

t and 2 are designated iq and i 

l/Rt — (*t, 

a, r, + r, *■' + 

and at node 2, 

r, - (»'j -»’«)■ 


, Analysis may he carried out with 
either the voltage watree or the 
equivalent current hoi tree. 

E ram pic f> 

The network shown in Fig. 3-14 
is the current source equivalent to 
the three-loop network shown in 
Fig. 3-d. Node 3 is the datum tunic, 
and the unknown voltages at nodes 
f . At male 1, setting l//d, ~ (ii and 

'■a <3 ' W) 

- 0 (3-37) 


In this example, formulation on the node basis has resulted in fewer 
differential equations than on the loop basis in Example 3. Ordinarily 
it requires less work in solving two simultaneous differential equations 
than in solving three. The choice of method of formulation, loop or 
node, also depends on the objective of analysis. In this example, if 
the voltage at node 2 is desired, the male method has the advantage 
over the loop method. But if it is the current flowing in capacitor C» 
that is to l>e found, we must weigh the relative advantages of the two 
methods. The loop currents can be assigned so that only one loop cur¬ 
rent flows in Ct, but three simultaneous equations must l>e solved. 
Using the node method, we might find the voltage at node 2 first and 
then determine the current in the capacitor from the equation 

ic, “ Ct (3-38) 


The second method appears to involve less computation in this partic 
ular example. 
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In this current equation, we will identify each separate term. The 
equation tells us that the current i(t) flowing into the network is equal 
to a current v(t)/Ri minus a current V\{t)/Ri. This equation may be 
interpreted in terms of the new network of Fig. 3-12(b) by means of 



Fig. 3-12. Interchange of sources. 


Kirchhoff’s current law. The current v(t)/Ri is from an equivalent 
current source. The current Vi(t)/Ri is the current flowing through 
the resistor Ri connected in shunt with the current source. The differ¬ 
ence of these two currents is the current flowing into the network. 
Since the two networks of Fig. 3-12 are described by the same equa-' 
tions, Eqs. 3-32 and 3-33, they are equivalent. 


Example 5 

Consider the network shown in Fig. 3-13(a). The voltage source may 
be converted into an equivalent current source by the procedure just 
described, giving the network of Fig. 3-13(b). Node 2 is designated the 



Fig. 3-13. Network for node analysis. 


datum node and all branch currents are assigned to flow out of node 1. 
The expressions for the currents in each of the elements in terms of 
the voltage were given in Chapter 1. By Kirchhoff’s current law, the 
current equation is 

^*+£/** +<7$- f (3-34) 

Of course, it is not necessary to make the conversion to the current 
source before analyzing the network. Since the voltage of the + terminal 



50 


NETWORK EQUATIONS 


Chap. 3 


of the generator is v(t) in Fig. 3-13(a), we may write 


u 


[t>i - t>(0] + r *’i dt + f- 


jj, + 


L I 


dt + ( 


' <it 
, dv , t’(0 

dt n 


(3-35) 


'R, C 3 ^ R, 


which is identical with Eq. 3-34. Analysis may he carried out with 
^ 2 either the voltage source or the 

I- 1 9 ] (-— -9 -j equivalent current source. 

JLfQ >ff, C 3 -= K S Example « 

j 5 The net work shown in Fig. 3-14 

| is the current source? equivalent to 

, the three-loop net work shown in 
rig. 3-14. Equivalent circuit of three- XT . . , , 

loop network of Fi*. 341. F '« 3 -«- N o<ie 3 ls ,hc ,laUlm node . 

and the unknown voltages at nodes 

1 and 2 are designated tq and c*. At node 1, setting \/Ii\ - G x and 

l/Ri = Gi, 

G\V X + C x -j- + Ci-jr (vi — Vt) — jK (3-36) 


(riiq "1“ ^i + Ct ^ (f| — a*) 


and at node 2, 


C, J t (v, - v,) + C, ^ + < 7 *, = 0 


(347) 


In this example, formulation on the node basis has resulted in fewer 
differential equations than on the loop basis in Example 3. Ordinarily 
it requires less work in solving two simultaneous differential equations 
than in solving three. The choice of method of formulation, loop or 
node, also depends on the objective of analysis. In this example, if 
the voltage at node 2 is desired, the node method has the advantage 
over the loop method. But if it is the current flowing in capacitor Ct 
that is to be found, we must weigh the relative advantages of the two 
methods. The loop currents can be assigned so that only one loop cur¬ 
rent flows in C 8 , but three simultaneous equations must be solved. 
Using the node method, we might find the voltage at node 2 first and 
then determine the current in the capacitor from the equation 

to, - C, (3-38) 


The second method appears to involve less computation in this partic¬ 
ular example. 



Art. 3-7 


NETWORK EQUATIONS 


51 


Example 7 

The network shown in Fig. 3-15 differs from the networks of other 
examples in that there is no series resistance with the voltage source. 
Although this network has four independent loops, there is but one 
unknown node voltage, that at node 
2. From Kirchhoff’s current law, we 
write 

C% j (i> 2 - Vi) + I f (t> 2 - Vi) dt 

at l J 

+ Gv 2 -j- C 2 — 0 (3-39) 

where as before, G = l/R. Note Fig 3 _ 16 Network of Example 7 
that C 1 does not appear in the equa¬ 
tion. This is because the voltage at node 1 is independent of the capaci¬ 
tor Ci or any other shunt element. Capacitor Ci is an extraneous ele¬ 
ment. The voltage source must maintain terminal voltage for any load 
(or it is not an ideal element), and so C\ may be removed without 
affecting the network equations. 

3-7. Duality 

Several analogous situations will have been noted in the preceding 
discussions of this chapter. The statements of the two Kirchhoff laws 
were almost word for word with voltage substituted for current, inde¬ 
pendent loop for independent node pair, etc. Likewise, the integro- 
differential equations that resulted from the application of the Kirch¬ 
hoff laws have been similar in appearance. This repeated similarity 
is only part of a larger pattern of identical behavior patterns in the 
roles played by voltage and current in network analysis. This similar¬ 
ity, with all the implications, is termed the principle of duality. 




(a) (6) 

Fig. 3-16. Dual networks. 


Consider the two networks completely different in physical appear¬ 
ance shown in Fig. 3-16. Inspection shows that the first might be ana¬ 
lyzed to advantage on the loop basis and the other on the node basis. 
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The resulting equations are 

L -f~ Ri J i dt — v(t) (3-40) 

0 _ Qy _j_ — J v dt — i(t) (3-41) 


These two equations specify identical mathematical operations, the 
only difference being in letter symbols. The solution of one equation 
is also the solution of the other. The two networks are duals. The roles 
of current and voltage in the two networks have been interchanged. 
As a word of caution, one network is not the equivalent of the other 
in the sense that one can replace the other. 

An inspection of the terms of Eqs. 3-40 and 3-41 shows that the 
following are analogous quantities. 


Ri and Gv 


L 


di 

dt 


and C 

dt 


1 

C 



and 



v dt 


Evidently the following pairs are dual quantities. 


R and 
L and 
loop current, i and 


Q or 
J i dt 

loop 
short circuit 


and 

and 

and 


G 

C 

v , node-pair voltage 

1 $ or 
J v dt 
node pair 
open circuit 


A simple graphical construction* may be followed in finding the dual 
of a network. 


(1) Inside each loop place a node, giving it a number for conven¬ 
ience. Place an extra node, the datum node, external to the 
network. Arrange the same numbered nodes on a separate space 
on the paper for construction of the dual. 

• Gardner and Barnes, Transients in Linear Systems (John Wiley A Sons, Inc., 
New York, 1942), pp. 46ff. 
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(2) Draw lines from node to node through the elements in the orig¬ 
inal network, traversing only one element at a time. For each 
element traversed in the original network, connect the dual ele¬ 
ment—from the chart above—on the dual network being 
constructed. 

(3) Continue this process until the number of possible paths through 
single elements is exhausted. (Should you slip and go through 
a connecting wire which is assumed to be a short circuit, the 
dual element is an open circuit.) 

(4) The network constructed in this manner is the dual network. 
This construction may be checked by writing the differential 
equations for the two systems, one on the loop basis and the 
other on the node basis. 

This graphical construction is illustrated in Fig. 3-17. Networks that 
are not planar (that is, cannot be shown schematically in one plane 
with no wires crossing) do not have duals. 




Fig. 3-17. Graphical procedures for finding dual of network: (a) origi¬ 
nal; (b) dual. 


3 -8. Genera! network equations 

Thus far we have progressed from analysis of very simple networks 
to successively more complex network configurations. To systematize 
our approach to the analysis of networks, consider an L-loop network, 
where L is any number. A representation of such a network is shown 
in Fig. 3-18. In this diagram, the circuit elements in each branch have 
been replaced by a straight line for simplicity. The effects of mutual 
inductance are not indicated but are assumed to be present. 

Consider loop 1. This loop may contain resistance, inductance, and 
capacitance in any one or all of the branches that make up the loop 
Let 

Rn be the total resistance in loop 1. 

Ljx be the total inductance in loop 1. 

Sn be the total elastance of loop 1. 
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We use elastance instead of capacitance here because elastance terms 
add directly for a series circuit, while capacitance terms combine as 


1 

Cn 




+ i+...+ 


1 

C n 


There will be voltage drops in loop 1 produced by current flow in loop 2, 
in loop 3, loop 4—in fact, all loops in the general case. Rather than 
specialize on loop 1, consider the effect of currents in the jth loop on 


G) 

G) 

G) 


& 

G) 

G) 

G) 

; o 

<R 

G) 

G) 

G) 


G) 


Fig. 3-18. L-loop network. 


voltage in loop k, where j and k are any integers from 1 to L. For 
these two loops, let Rkj — the total resistance common to loops k and 
j; Lkj = the total inductance (including mutual) common to loops k 
and j; Skj = the total elastance common to loops k and j. The voltage 
drop in loop k produced by current ij is 

Rkjij 4* Lkj + Skj J ij dt (3-42) 

At this point, we will adopt a special notation for equations of this form 
by letting the following equation be the equivalent of Eq. 3-42. 

Uts + Us | + Sts j dt) is - atjis (3-43) 

This symbolism implies that the variable ij is operated upon by mul¬ 
tiplication by Rkj, multiplication by L k j and differentiation, and finally, 
multiplication by Skj and integration. All three operations are sum¬ 
marized in the symbol a*,-. 

The total voltage drop in loop k will be found by successively con¬ 
sidering loop k and the currents flowing in every other loop. Math¬ 
ematically this is done by letting j have all values from 1 to L. This 
total voltage drop must be equal to the total voltage rise from active 
sources within loop k, which we write as v k . Then by Kirchhoff's volt- 
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age law, we have 



(3-44) 


There remains only to repeat this process for all loops, by letting k 
have all values from 1 to L. Thus the most general form for Kirchhoff’s 
voltage law for an L-loop network is 


L 


l 

y-i 


dkjij 


Vk, 


1,2, ...,L 


(3-45) 


The expansion of this concise equation is the following set of equations. 


anii + anii + <*13*3 + ... + a\tih = t>i 

anil -f" <122*2 <*23*3 “f* . . . 4" <*2i*'i " t>2 


anii -f- az, 2*2 4* <*i3*3 + ... + au.it — v L 


(3-46) 


It is helpful to arrange these equations given above in the form of a 
chart (or schedule) in which the a-coefficients are emphasized. Such a 
chart is shown below. 


Eq. 

1 

2 

L 


Voltage 


£i 

Vz 


v L 


Coefficient of 

ii i>2 ib • • • 


<*11 

<*12 

<*13 

<*14 

016 


01 L 

<*21 

02 2 

<*23 

<*24 

026 


021. 

. . . 

. . . 

. , . 

... 

4 . . 


. . . 

Cl L\ 

0 L 2 

0£3 

<* L 4 

at 6 


(Ill 


If the loop currents are all assumed positive in the same path direc¬ 
tion, clockwise for example, then all a# terms are positive and ail 
ajkti ^ k) terms are negative. In actual problems, of course, many 
of the a-coefficients are zero. 


Example 8 

A two-loop network is shown in Fig. 3-19. In this network there are 
two sources of voltage and no mutual inductance. The Kirchhoff volt¬ 
age law is 


n 

) a kj ij = v k 

i = i 


k - 1, 2 
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Fig. 3-19. Two-ioop network. 


or in expanded form, 

dliil -f- dliii — V\ , dull 4- ® 22 t *2 — Vi 

The a-coefficients are found by inspection of the network as follows. 


du — (Ri + Ri) 4- ( Li -f- Lz) ^ -+• (Si 4~ Sz) I dt 


da — (Ri 4- ^ 3 ) 4" (Li 4~ Lz) ^ 4~ (Si 4~ £> 3 ) / dt 


1 

/ 


/ 


du — an = —Ri — Li ^ — Si I dt 
Similarly, the voltage terms are recognized to be 




"a, 


Vi 


V b 


node k 


The general equations for node analysis will be similar to those 
found for loop analysis, as might be expected from the principle of 
duality. Consider a network with N t nodes and only one part such 

that there are N — N t — 1 independ¬ 
ent node pairs. Now each of the N 
equations is written from KirchhofFs 
current law in terms of current 
directed into and out of the node. 
Currents into the node, in turn, are 
written in terms of node-to-node po¬ 
tentials and the parameters of the ele¬ 
ments connected between the nodes 
being considered. For elements con¬ 
nected as shown in Fig. 3-20, the ele¬ 
ments may be replaced by an equiva¬ 
lent system made up as follows: ( 1 ) all 



Fig. 3-20. Elements appearing 
between two nodes, j and k. The 
C’s, G’b, and V s may be combined 
to give an equivalent system. 


parallel capacitances replaced by an equivalent capacitance of value 
Chi — Ci 4 " C 2 4 - ...; ( 2 ) an equivalent resistance found by adding 
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conductances as (?*/ — 1/Rkj = Gi -f (?a + ...; and (3) an equivalent 
inductance of value Lkj, where 1/Ly — 1 /L\ + 1/La + .. .. Applying 
this network simplification to the circuits from node k to all other nodes 
from j — 1 to j — N, we have the equation 

if 

^ (o v + C v % + ^j *) V, = i„, k = 1, 2,. N (3-47) 

J- 1 

which may be written concisely as 

N 

^ bkM = 4, /c = 1, 2, ..N (3-48) 

i-i 

by letting 6*, summarize the operations 

(On + Cy + dtj = by (3-49) 

The expansion of Eq. 3-48 has the same form as the expansion for the 
loop case, Eq. 3-46, with o’s replaced by 6’s, i’s by v’s, and v’s by t’s. 

In applying this equation to networks, it is not necessary to simplify 
the network by combining elements. At node j, the capacitance C* is 
the sum of the capacitance connected to node j. The value of C*y is the 
sum of the capacitances connected between node j and node k. Similar 
instructions hold for inverse inductance 1/L and for conductance 
G = l/R. Coefficients can thus be found by inspection by simply 
noting which elements are “hanging on” or “hanging between” the 
various nodes. 

If the same convention for positive current is maintained in formu¬ 
lating all node equations for a network, the sign of by will be positive 
when k = j, and negative when k j. 

Example 9 

A network with two independent node pairs is shown in Fig. 3-21. 
For this network, Kirchhoff’s current law is 

Ci 


“t 

-=fcr Datum node 
Fig. 3-21. Two-node network. 
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2 

bkjVj — iky k 8=8 1 , 2 

i=i 

or bnVi -f bnV 2 — ii f b 2 iV\ -j- 622^2 = it 

Values for the 6 -coefficients and the t *s may be summarized in chart 
form as follows. 

Coefficient of 

Eq. Current Vi v 2 

1 i a 


2 k 


3-9. The solution of equations by determinants 

Determinants are the mathematical tools we will use for systematic 
solution of simultaneous equations of the type derived in the last sec¬ 
tion. The array of quantities with straight line brackets on either side, 

Oil UlS <*13 • • • ®ln 
®21 a 22 <*23 • • • din 


&n2 • • • &nn I (3"50) 

is known as a determinant of order n. Quantities in horizontal lines form 
rows, and quantities in vertical lines form columns. Such a deter¬ 
minant is square, having n rows and n columns. Each of the n 2 quan¬ 
tities in the determinant is known as an element. Element position in 
the determinant is identified by a double subscript, the first subscript 
indicating row and the second indicating column (numbered from the 
upper left-hand corner). Elements along the sloping line extending 
from a n to a„„ form the principal diagonal of the determinant. 

A determinant has a value which is a function of the values of its 
elements. In finding this value, we must make use of rules for expan¬ 
sion of the determinant in terms of the elements. Second- and third- 
order determinants have expansions that are familiar from studies in 
elementary algebra. Expansions for determinants of order higher than 
the third are conveniently made in terms of minors. 

The minor of any element of a determinant a# is the determinant 
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which remains when the column and row containing are deleted. 
In terms of the third-order determinant, 

a u a n an 

A — O 21 O 22 023 

flsi 032 033 ( 3 - 51 ) 

the minor for a n , for example, is 

^ _ O22 023 

O32 O33 ( 3 - 52 ) 

A minor of the element a# multiplied by (~1) ,+ * is given the name 
cofactor. The cofactor sign is thus found by raising (—1) to the power 
found by adding the row and the column, j + k as 

(cofactor) = (•—1)* + *( minor) (3-53) 

Since, according to this rule, the cofactor signs alternate along any row 
or column, the proper cofactor sign can be determined by “counting” 
(plus, minus, plus, etc.) from a positive a u position to any element, 
proceeding along any horizontal or vertical path. 

Expansion of a determinant in terms of minors (or cofactors) con¬ 
sists of successive reduction of determinant order. A determinant of 
order n is equal to the sum of the product of the elements of any row 
or column multiplied by their corresponding (n — 1) order cofactors. 
Applying this rule to the expansion of the determinant of Eq. 3-51 
along the first column gives 

A — dnAu — (I 21 A 21 4* fl3iA$i (3-54) 


«22 

a 23 

an 

— an 

®13 

, „ an 
4 - an 

an 

032 

a 33 

a 3 2 

033 

an 

O23 


There are 2n equivalent expansions of the determinant about the n 
rows or n columns. The minor determinants can, in turn, be expanded 
by the same rule and the process continued until the value of A is given 
as the sum of n! product factors. 

The facts about determinants that we have just reviewed are essen¬ 
tial in solving simultaneous equations of the form 

anii •+• anfi + aniz 4* . •. + aujiL = V\ 


a^iii 4" 0 l2*2 4" atii% 4- ... 4* a^iii, — vl 

that have resulted from application of KirchhofTs voltage law (and 
similar equations from the Kirchhoff current law). The solution to 
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• • • lL 


(3-55) 


where A is the system determinant given as 


G\1 

®12 

Gil 

«21 

a 22 ... 

G$l 

Gli 

ar,2 ■ • • 

Gll 


| a r,2 • • • Qll j (3-56) 

which must be different from zero for the solutions *i, * 2 , ...,*» to be 
unique, and Z), is the determinant formed by replacing the jth column 
of a-coefficients by the column v lt t> 2 , . .., v n . 

With Cramer’s rule and the method of expansion by minors, simulta¬ 
neous equations of the form of Eq. 3-46 can be solved. For a third- 
order equation, the solution for *\ is 


ti = 


or 

Similarly, 


Dj ViA n — ViLn -f- t^gAsi 


AnA 2 i , A 3 i 

T Vl ~ T + ~K 


A21 4 _ ^ 22 „ 

T », + — 


(3-57) 

(3-58) 

(3-59) 


and so on. The form of these equations is greatly simplified if all v’s 
except one are zero, corresponding to only one driving voltage source. 

Example 10 

For a certain three-loop network, the following equations are given. 

5 it - - 3*a - 10 

—2*i -f- 4*2 — 1*3 ”0 
-3*, - 1*2 4- 6*3 - 0 


From Cramer’s rule we write the solution for i x as 
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_ 150. „• _ ~3 -1 _ 140 

43’ U A 43 

3-10. Resistive network analysis 

For networks restricted to contain only resistive elements, the 
a-coefficients in Eq. 3-46 become resistance terms as 

Oy —> R k j 

and the 6-coefficients become conductance terms as 

bkj —+ Gkj 



Under this restriction, we can postpone our questions relating to the 
manipulation of a-coefficients and 6-coefficients which include the 
operations of integration and differentiation. The general form of 
Kirchhoff’s voltage law equations for the resistive case is 



(3-60) 


where Rjj is the total resistance in loop j, and Rkj is the total resistance 
in common to loop j and loop k. If the loops are all drawn in the same 



Fig. 3-22. Resistive network analyzed in example: values of resistance 

in ohms. 


direction (say clockwise), then R,j is positive and Rk, is negative. As 
an example, consider the network of Fig. 3-22. For this example, the 
Kirchhoff voltage equations are summarized in the following chart, 
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where the first row is the equivalent of the equation 

0 — 4tj — ij Ota — •+• Qii Ote ■(* 0t7 ■(■ Ots -f- Ot# 


Eq. Voltage Coefficient of 







*s 

*4 

n 

*6 

«7 

*8 

Is 

1 

0 

— 

4 

-1 

0 

-1 

0 

0 

0 

0 1 

0 

2 

1 


-1 

5 

-1 

0 

-1 

0 

0 

0 

0 

3 

0 

= 

0 

-1 

4 

0 

0 

-1 

0 

0 


4 

-1 

a 

-1 



5 

-1 

0 

— 1 



5 

0 

= 

0 

-1 

0 

-1 

4 

-1 




6 

0 

=s 



-1 

0 

— 1 

5 


0 

-1 

7 

1 


0 

o 

0 

-1 



4 

-1 

0 

8 

0 

— 

0 

0 

0 

0 

-1 

o 

— 1 

5 

.-1 

9 

0 


0 

0 

0 

0 

0 

-1 

0 

-1 

4 


Several observations of importance can be made from this chart. 
(1) The elements of the chart are the elements of the system deter¬ 
minant. (2) The elements of the princi¬ 
pal diagonal are positive; all others are 
negative or zero. (3) There is a symme¬ 
try about the principal diagonal. This 
symmetry and the sign rule always 
apply when loops are drawn in a com¬ 
mon direction. This characteristic is 
of value in checking equations. 

The second example will illustrate 
formation of node equations for resis¬ 
tive networks. A network to be ana¬ 
lyzed on the node basis is shown in 



Fig. 3-23. Resistive network 
analysed on node basis in example: 
values of resistance in ohms. 


Fig. 3-23. The chart equivalent of the six node-pair voltage equations 
is shown below. 


Eq. for Coefficient of 

node: Current v m r» v c v d c. v f 


a 

HQjl 

5/2 

-l 

0 

0 


-1/2 

b 

0 

-1 

2 

-1 

0 

1 

fi9 

c 

0 

0 

-1 

5/2 

-1 

1 

■ 

d 


0 


-1 

2 

-1 

mm 

e 

l 

0 

■^Qjjj| 

0 

-1 

5/2 

-1/2 

s 

0 

— 1/2 

moii 

-1/2 

0 

-1/2 

3/2 
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FURTHER READING 

For discussions of the formulation of equilibrium equations for net¬ 
works, see Johnson’s Mathematical and Physical Principles of Engi¬ 
neering Analysis (McGraw-Hill Book Co., Inc., New York, 1944), 
pp. 45-67, or Electric Circuits by the Electrical Engineering Staff at 
MIT (John Wiley & Sons, Inc., New York, 1940), pp. 112-138. More 
advanced treatments are contained in Gardner and Barnes, Transients 
in Linear Systems (John Wiley & Sons, Inc., New York, 1942), pp. 
25-49, and in Weber’s Linear Transient Analysis (John Wiley & Sons, 
Inc., New York, 1954), Chap. 2. The principle of duality is discussed 
in many texts, for example those by Johnson and by Gardner and 
Barnes cited above. 

On the subject of writing circuit equations for magnetically coupled 
circuits, see Kerchner and Corcoran, Alternating-Current Circuits 
(John Wiley & Sons, Inc., New York, 1951), pp. 222-230, or LePage 
and Seely, General Network Analysis (McGraw-Hill Book Co., Inc., 
New York, 1952), pp. 102-110. Further discussion of determinants 
may be found in many texts in mathematics, for example in Pipes’ 
Applied Mathematics for Engineers and Physicists (McGraw-Hill Book 
Co., Inc., New York, 1946), pp. 69-76, in Wylie’s Advanced Engineer¬ 
ing Mathematics (McGraw-Hill Book Co., Inc., New York, 1951), 
pp. 573-579, and in Guilleman’s The Mathematics of Circuit Analysis 
(John Wiley & Sons, Inc., New York, 1949), Chap. 1. 
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PROBLEMS 


3-1. For the four networks shown in the figures, formulate the 
Kirchhoff voltage equations. For parts a, b, and c, use the loops indi¬ 
cated; for part d, select four appropriate loops. 


Rz 



3-2. In the network shown, we are to write equations that will per¬ 
mit the currents in the inductors to be found. How many simultaneous 
differential equations are required to describe the system? Write the 
equilibrium equations on the loop basis. Discuss. 


Lz Z>3 




Prob. 8-3. 


3-3. In the network shown, the problem is to find the current 
through the capacitors. How many simultaneous differential equations 
are required to describe the system? Write the equilibrium equations 
on the loop basis. Compare conclusions with those found for Prob. 3-2. 
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3-4. Formulate a set of node equa¬ 
tions to describe the network shown 
in the figure. 

3-5. The network shown in the 
figure is known as a ladder network 
(because of its physical appearance). 
Formulate a set of differential equa¬ 
tions on the loop basis. Suppose that 
the ladder is extended indefinitely 
by alternately adding inductors and 
capacitors. Compare the number of 
loops and nodes for each addition to 



h 



the ladder. 


1—'V’VV— 

r—nsi ny^-i 

-1 

♦ *1 

L 

i 

< 

6 -i 

- c 2 = 

r R t< 
_1 


Prob. 3-6. 


3-6. When the values of the parameters are properly selected, the 
network shown above is called a Butterworth low-pass filter. For¬ 
mulate a set of differential equations on the basis (loop or node) that 
results in the smaller number of simultaneous differential equations. 

3-7. The network shown in the figure is of a type designed by the 
Darlington insertion-loss method. Repeat Prob. 3-6 for this network. 


1—WV 


"wO 


HTTO1T 1 —i 
L\ 


:c 3 


Hf- 

Ci 


i——i 

t'Z 


:C 4 


C 2 


-C 5 


Prob. 3-7. 



3-8. The network shown in the figure represents the interstage net¬ 
work of some vacuum tube amplifiers. Repeat Prob. 3-6 for this 
network. 



Prob. 8-8. 
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3-9. The network shown in the figure represents the equivalent net¬ 
work of a two-stage vacuum tube amplifier. Repeat Prob. 3-6 for this 
network. 



3-10. The network of this problem represents a bridged-T filter net¬ 
work (the inductor forms the bridge across the T). Repeat Prob. 3-6 
for this network. 




3-11. For the double-T network shown in the figure, repeat Prob. 3-6. 
3-12. The network shown in the figure is a symmetrical lattice filter. 
Repeat Prob. 3-6 for this network. 

L a 



3-13. Consider two magnetically coupled coils with current in each 
coil. Show that if the currents are in such a direction that the two 
fluxes aid , the sign of M is positive, while if the fluxes oppose , the sign 
of M is negative. 
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3-14. The circuit shown below is identical to that used in Example 
4, Fig. 3-10, but the loops are chosen differently than in the example. 
For this network formulate the differential equations on the loop basis. 
Compare the number of terms in the equations that result with those 
found in Example 4. 


^>3 

:C 


3-15. A network with mutual inductance is shown below, with the 
coil winding sense indicated by dots. Write the Kirchhoff voltage 
equations for this network. Note that M u — 0. 


U, L, L, 



Prob. 3-15. 


3-16. Write the loop basis network equations for the system shown 
in the accompanying figure. 



Ri 



Prob. 3-14. 


Prob. 3-16. 
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3-17. For the network shown, (a) find the dual and (b) give element 
values on the schematic to make the network equations for the duals 
have identical coefficients. 



Prob. 3-17. 


3-18. Find the dual of the network of Prob. 3-5. 

3-19. Find the dual of the network of Prob. 3-8. 

3-20. Find the dual of the network of Prob. 3-9. 

3-21. Find the dual of the network of Prob. 3-10. 

3-22. The network of Prob. 3-12 appears to be nonplanar (in which 
ease it does not have a dual). For this particular network, however, 
the crossover point can be removed so that the network is planar, 
(a) Draw the equivalent planar network, (b) Find the dual of the 
planar network. 

3-23. Solve the following system of equations for i\, i 2 , and i,, using 
determinants. 

Zi x - 2 u + 0i, = 5 
-2 \i t + 9i 2 - 4tj = 0 
Oil - 4i 2 + 9i 3 - 10 

Answers. i x = 405/159, i s = 210/159, i, - 270/159. 

3-24. Solve the following system of equations for the three un¬ 
knowns, %i, i 2 , and ij by determinants. 

8ii - 3i 2 - 5 it = 5 

—3ii + 7 it - Oi, = -10 
—5ij -I- 0i 2 + Hi, = -10 

Answers. i x « -295/342, it » -615/342, i, = -445/342. 

3 - 25 . Evaluate the following determinants by minors. 


2 

-1 

0 

0 

(b) 

1 

-2 

0 

3 

4 

-1 

3 

—2 

0 


-1 

4 

-1 

1 

0 

0 

-2 

3 

-1 


2 

0 

1 

1 

3 

0 

O 

-1 

2 


4 

-2 

4 

2 

-1 





3 

1 

3 

-2 

1 


Answers, (a) -f9, (b) +133. 
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3-26. Consider the equations 

3® — y — 3z — 1 
x — Zy + 2 = 1 
4x + Oy — 52 — 1 

(a) Is (4, 2, 3) a solution? Is ( — 1, —1, — 1) a solution? (b) Can these 
equations be solved by determinants? Why? (c) What can you con¬ 
clude regarding the geometry represented by these equations? 

3-27. By inspecting the networks in the accompanying figure 
(without writing the circuit equations), write the loop basis system 
determinant. Element values are in ohms and volts. 



Answer. 

6 -3 

Answer. 

7 -4 -3 


-3 6 


-4 11 -3 




-3 -3 8 


3-28. Repeat Prob. 3-27 for the networks shown in the figure. 
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3-29. By inspecting the network shown (without writing the circuit 
equations), write the node basis system determinant. 

node 1 node 2 



Prob. 3-29. 


Answer. 9 — 1 

20 T 

__1 17 

5 10 

3-30. In the network graph shown in the figure, each branch con¬ 
tains a 1-ohm resistor. Four branches, as shown, contain a 1-voit 
voltage source. Analyze this network on the loop basis to obtain a set 
of equations. Simplify by combining like terms in any one equation. 
The number inside each square is the loop number. 



Prob. 3-30. Prob. 3-31. 

3-31. In the network graph shown in the figure, each interior branch 
contains an inductor of 1 henry and each exterior branch an inductor 
of 2 henrys. A 1-volt source is located in one branch as shown. The 
number inside each square is the loop number. Analyze the network 
on the loop basis to obtain a set of equations. Simplify by combining 
like terms in any one equation. 
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3-32. In the network graph shown, R — R t = 1 ohm, and one 
branch contains a current source of 1 amp. Analyze the network on the 
node basis to obtain a set of equations. Simplify by combining like 
terms in any one equation. 



3-33. Repeat Prob. 3-32 with external branch resistors of R — 2 
ohms and interior branch resistors of Ri — 1 ohm. 



CHAPTER 4 

FIRST-ORDER DIFFERENTIAL EQUATIONS 


4-1. Definitions for differential equations 

In this chapter, we will study a number of techniques for the solu¬ 
tion of the simplest differential equations, those of first order such as 


a o 


di 

Jt 


+ di i — 0 


(4-1) 


This equation is of first order because the highest-ordered derivative 
is the first. Thus differential equations are classified by the highest- 
ordered derivative they contain. An nth order differential equation 
may be written 


d n i 

““3F 


+ 


dt n ~ 


di 

+ • • • + CLn-l ^ + dni ~ 


(4-2) 


for equations of the first degree. The degree of an equation is the power 
to which the highest-ordered derivative appears after all possible 
algebraic reduction. 

In Eq. 4-2, i is the dependent variable and t is the independent var¬ 
iable. When v(t) represents an energy source, it is known as the forcing 
function. The dependent variable i, which is to be found, is called the 
response or solution. The differential equation is linear if the dependent 
variable and all its derivatives are of first degree. All other equations 
are nonlinear. A differential equation is said to be ordinary if it con¬ 
tains only total (and not partial) derivatives. For the type of circuits 
assumed in Chapter 1, the differential equations that describe net¬ 
works will all be ordinary, linear differential equations with constant 
coefficients. It should be remembered that the techniques we will 
discuss will not, in general, apply to nonlinear differential equations. 

Equation 4-2 is said to be homogeneous when v(0 — 0; if t>(<) is not 
zero the equation is nonhomogeneous. 


4-2. General and particular solutions 

In electrical problems, the network is assumed to be initially in a 
known state with all voltages and currents fixed. At an instant of 
time designated t — 0, the system is altered in a manner that can be 
represented by the opening or closing of one or more switches. The 
objective of analysis is to obtain mathematical equations for current, 
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voltage, charge, etc. in terms of time measured from the instant equi¬ 
librium was altered by the switching. 

In the network shown in Fig. 4-1, the switch K is changed from posi¬ 
tion 1 to position 2 at the reference time t = 0.* After the switching 
has taken place, the Kirchhoff volt¬ 
age equation is 


L t + m 


(4-3) 



This is a first-order linear differen¬ 
tial equation with constant coeffi¬ 
cients. It can be solved if the vari¬ 
ables can be separated. This may be accomplished by rearranging Eq. 
4-3 in the form 

di R 


dt 


(4-4) 


With the variables separated, the equation can be integrated to give 


In i - - j^t + K 


(4-5) 


where In designates that the logarithm is to the base e — 2.718 .... To 
simplify the form of this equation, the constant K is redefined in terms 
of the logarithm of another constant as 

K = In k (4-6) 

Equation 4-5 may then be written 

In i — In e~ Rt/L + In k (4-7) 

since, by the definition of a logarithm, In e* = x, or log 10 10* = x. 

Also, from logarithms we know that 

In y -f In z — In yz (4-8) 

so that Eq. 4-7 may be written 

In i — In ( ke ~* t/L ) (4-9) 

With the equation in this form, the antilogarithm may be taken to 
give, 

i = ke~* t/L (4-10) 

• It is assumed that the switch is a “make-before-break” type and that the 

transition from position 1 to position 2 does not cause an interruption of the cun- 
rent *. 
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Redefining the constant K as the logarithm of another constant has 
simplified the form of the solution. Equation 4-10 is the network 
response or solution. This solution is free of derivatives and expresses 
the relationship between the dependent and independent variables. 
That it is the solution can be verified by substituting Eq. 4-10 into 
Eq. 4-3. 

In the form of Eq. 4-10, the solution is known as the general solution. 
If the constant of integration is evaluated, the solution is a 'particular 
solution. The general solution applies to any number of situations. A 
particular solution fits the specifications of a particular problem. 

To evaluate the constant k, we must know something new about the 
problem, such as any pair of values of i and t. In this particular prob¬ 
lem, we know that the current after switching has taken place must be 
just the same as before switching because of the inductor in the cir¬ 
cuit.* Thus at t = 0, we know that the current has the value 

»(0) - ^ (4-11) 


This value is known as the initial condition of the circuit. Substituting 
this required condition into Eq. 4-10 gives 

^ = ke° = k (4-12) 

Jti 

The particular solution of this example becomes 


R 


p—Rt/L 


(4-13) 


4-3. The integrating factor 

Consider a nonhomogeneous equation written 

d i + Pi - « 

where P is a constant and Q may be a function of the independent 
variable t or a constant. The equation is not altered if every term is 
multiplied by the same factor. Suppose that we multiply Eq. 4-14 by 
the quantity e pt , which will be known as an integrating factor.] There 
results 

rN 

e pt j t + Pie pt = Qe pt (4-15) 

* This ia an application of the principle of constant flux linkages discussed in 
Art. 1-7. 

f If P is a function of time, the proper integrating factor is e$ Pd *. See Prob. 4-5. 
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That this multiplication by a factor “pulled out of the hat” has made 
possible the solution of Eq. 4-14 can be recognized by recalling the 
equation for the derivative of a product: 


d(xy) = xdy + y dx 

(4-16) 

By letting x = i and y — e pt , we have 


| (*")-«" a+ *"** 

(4-17) 

which is the left-hand side of Eq. 4-15; thus we have 


g(«") = Qe r ‘ 

(4-18) 

This equation may be integrated to give 


ie pt = J Qe pt dt + K 

(4-19) 

or i = e~ pt f Qe pt dt + Ke~ pt 

(4-20) 


The first term in Eq, 4-20 is known as the particular integral; the 
second is known as the complementary function. Note that the partic¬ 
ular integral does not contain the arbitrary constant, and the comple¬ 
mentary function does not depend on the forcing function Q. 

For any network problem, P will be a positive constant determined 
by the network parameters, and Q will be either the forcing function 
or a derivative of the forcing function. In the limit, the complemen¬ 
tary function must approach zero, because P is a positive constant; 
that is 

lim Ke~ pt = 0 (4-21) 

t—> * 

Thus the value of i as time approaches infinity is 

i(*>) = lim i(t) - lim <r* j Qe pt dt (4-22) 

oo t —* oo 

When the particular integral does not approach zero in the limit, its 
value at t — oo is spoken of as the steady-state value. For this case, the 
particular integral must contain no exponential factor or otherwise it 
would reduce to zero. In electrical engineering, the steady-state values 
most frequently encountered have the forms 

i — A sin (cot + <f>) and i — a constant (4-23) 

Let the general solution of Eq. 4-20 be written as the sum of the two 
parts of the solution, letting i P be the particular integral and i c be the 
complementary function; thus 

i — ip ic 


(4-24) 
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If i P has either of the forms of Eq. 4-23, it may be written as a steady- 
state value, designated i„. A convention has been established for call¬ 
ing the remaining term i c the transient portion of the solution. By 
this convention, the response is made up of two separate parts: 

t — i tt -f- it (4-25) 

The steady-state value is regarded as having been established at / = 0 , 
and the transient must adjust itself, mathematically, to account for 
the response at t — 0 and all other times. This is an arbitrary division 
of the solution which nevertheless has utility as a conceptual aid. The 
division of solution is made purely by convention; the individual elec¬ 
tron in a current has no way of knowing whether it is in the transient 
or the steady-state division of the current. 

Example 1 

To illustrate the transient and steady-state portions of the solution 
to a problem, consider the network of Fig. 4-1 with the switch moved 
from position 2 to position 1 at t — 0. The Kirchhoff voltage equation 
is, after division by L, 

M R . V 

dt + L l L 

Comparing this equation to Eq. 4-14, we see that 

P = ~ and Q = ~ 


The solution to this equation is given as Eq. 4-20 which becomes for 
this problem, 


i = e~ Rt/L j 


V 


e m/L dt -j- jK e~ Rt/L 


Evaluating the integral, we obtain 


i = -5 + Ke~ Rt/L 
K 


as the general solution. If the current in the network being considered 
is zero before the switching action, it must be zero afterward because 
of the inductor. The requirement that t(0) = 0 leads to the particular 
solution 

i - ~ (1 - e~ Rt/L ) (4-26) 

The steady-state and transient divisions of this current are shown in 
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Fig. 4-2 along with their sum or the 
portion (V/R) is established at 
t - 0, and the transient term is 
adjusted such that there is zero cur¬ 
rent at t «= 0. 

44. Time constants 
The particular solution of Eq. 4-3 
given by Eq. 4-13 may be written in 
a nondimensional form as 



actual current. The steady-state 



Fig. 4-2. Transient and steady- 
state parts of the solution of 
Example 1. 


where Jo is the initial value of current at t *= 0 and T - ( L/R) is the 
time constant of the system. The form of Eq. 4-27 is the solution of all 
homogeneous first-order differential equations, where Jo and T have 
different values for different problems. The physical significance 
attached to the time constant is of great importance in electrical 
engineering. When t = T, by Eq. 4-27, 

l$P = e- 1 » 0.37 (4-28) 

i 0 

or i(T) = 0.37 J 0 (4-29) 

In other words, the current decreases to 37 % of its initial value in one 
time constant. By a similar computation, it can be shown that the 
current decreases to approximately 2 % of its initial value in four time 
constants. A plot of i/I o against t/T is shown in Fig. 4-3. 



Fig. 4-3. Normalized exponential curve for e~»/r 
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The solution of the first-order nonhomogeneous differential equation 
with a constant forcing function is of the form of Eq. 4-26, which may 
be written in nondimensional form as 

~ = 1 - e- t/r (4-30) 

i0 

This function is plotted in Fig. 4-4. When t « T, 

i{T) = (1 - 0.37) 7 0 = 0.637o (4-31) 

or the current has reached 63% of its steady-state value in one time 
constant. Similarly, the current will increase to approximately 98% 
of its final value in four time constants. 



Fig. 4-4. Normalized exponential curve for (1 — e ,/T ). 

The time constant is useful in comparing the behavior of one system 
with that of another. It is not possible to compare times at which the 
transient disappears (or reaches its steady state) since, mathematically 
at least, this requires infinite time. However, the time interval for an 
exponential function to decrease to 37 % of its initial value (or increase 
to 63% of its final value) is conveniently measured and used as a 
standard for comparison. As an example, consider a series RC circuit 
which has a general solution, 

i « Ioe~ t/RC 

The time constant for the circuit is T — RC. Suppose that R has the 
value of 100 ohms and C is 1000 w*f; then T - 100 X 1000 X 10~ u 
- 0.1 Msec. However, if R - 1000 megohms and C - 1 4, then 
T ■*“ 1000 sec > or 17 min. For one combination of R and C, the current 
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would decrease to 37 % of the initial value in the small time of 0.1 Msec; 
for the other, the current would require about 17 min to decrease to 
37 % of the initial value. 

In experimentally recording a transient, the accuracy of measure¬ 
ment is often of the order of 1 or 2%. For this reason, a transient is 
sometimes assumed to have disappeared when it reaches 2% of the 
final value (as accurately as can 
be determined). Since the time to 
reach 2% of the final value (or 98% 
in the case of an increasing expo¬ 
nential) is four time constants , it is 
often assumed that a transient dis¬ 
appears in four time constants. 

This basis is sometimes used to meas¬ 
ure the time constant of a system. 

4*5. The principle of superposition 

A series RL circuit with n series 
voltage sources is shown in Fig. 4-5. 

To simplify the form of the differ¬ 
ential equation, L is taken to be 1 henry. By the Kirchhoff voltage 
law, we have 

An 

^ -T Ri — Vi(t ) + v%(t) + v n {t) (4-32) 

In terms of the general solution of a first-order nonhomogeneous 
differential equation, given by Eq. 4-20, P = R, a constant, Q — v i 
-f v% + ... -f- v n and the solution is 

i = e~ M J (v x + v 2 + ... -{- v n )e Rt dt + Ke~ Rt (4-33) 

As we have observed before, the particular integral depends on the 
nature of the forcing function voltages and, for this reason, is given the 
name forced response. On the other hand, the complementary function 
does not depend on the forcing function (except that K is fixed by the 
magnitude of the forcing function at t — 0 and circuit conditions exist¬ 
ing at that time). The complementary function is given the name 
free response. The total response can be thought of as made up of two 
parts—forced and free. We now have three sets of terms defining the 
two parts of the solution of the differential equation. 

particular integral and complementary function 
steady-state solution and transient solution 
forced response and free response 



Fig. 4-6. RL series circuit with n 
voltage sources illustrating the super¬ 
position theorem. 
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All three sets are used in electrical engineering literature, and will be 
used throughout the text although our preference will be for the last 
set. 

Next, assume that all voltage sources except Vj(£), are removed and 
replaced by short circuits. The response under this condition is 

i 1 — e~ Kl J Vie Hl dt + kie~ Rt (4-34) 

If this experiment is repeated for each generator of the circuit of 
Fig. 4-5, the response will be similar to that given in Eq. 4-34. Suppose 
that the currents found in this manner are added together. This sum 
may be written 


*x + t,+ ... + in = e~ Rt [ J v#*' dt + J v 2 e Rt dt 

+ ... + J v n e*‘ dt] + (Jfej + k t + ... + K)e~ Rt (4-35) 

Since each k is so far an arbitrary constant, we may set 

K = fci + k 2 4* • • • + fcn (4-36) 

Because R is a constant, the integral terms in Eq. 4-35 may be combined 
to give 


*i + *»+•■ ■ + in — e Rt J (t»x + Vz + ... + v n )e Rt dt + Ke Rt 

This equation is identical with Eq. 4-33 which was found for the 
combined forcing functions. In summary, the total response of a linear 
network is identical to that found by considering each voltage source 
alone with all other sources removed and replaced by short circuits 
and then summing the individual responses. This is the application of 
a general rule known as the 'principle of superposition . This principle 
holds for voltage sources arbitrarily located in more complex networks 
and is of great importance in linear network theory. The fact that it 
does not hold for nonlinear systems is the root of the great difficulty in 
analyzing such systems. 

FURTHER READING 

First-order differential equations are discussed by Fich in Transient 
Analysis in Electrical Engineering (Prentice-Hall, Inc., New York, 
1951) under the heading of “Classical Solution of Single-Energy 
Transients,” pp. 36-66. See also Kurtz and Corcoran’s Introduction 
to Electric Transients (John Wiley & Sons, Inc., New York, 1945), 
pp. 15-30. 
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PROBLEMS 

4-1. In the circuit shown in the figure, the switch is changed from 
position 1 to position 2 at t = 0, a steady-state current having pre¬ 
viously been established in the RL circuit. Find the particular solution 
for the current in the circuit. Answer, i — (F/i2 1 )e~ (Bl+8 * )1/I ' 



Prob. 4-1. Prob. 4-2. 


4-2. Replace the inductor in Fig. 4-1 with a capacitor, (a) Write 
the integral equation for the current in the system after the switch 
is in position 2, assuming that the capacitor was charged to a voltage 
equal to that of the source while the switch was in position 1. (b) Write 
the differential equation for the charge under the same conditions as 
(a), (c) Solve for the charge as a function of time and evaluate the 
arbitrary constant. Answer to (c). q = CVe~ t/RC 
4-3. In the circuit shown, the capacitor C i is charged to a voltage 
Vo and at t — 0 the switch is closed. Solve for the charge as a func¬ 
tion of time. 



Prob. 4-3. 


4-4. In the circuit of Prob. 4-2, suppose that the switch is changed 
from position 2 to position 1 at / «= 0 and that while in position 2 there 
was no charge on the capacitor. Find the charge as a function of time. 
4-6. We wish to multiply the differential equation 

j t + P(t)« = Q(t) 

by an “integrating factor” R such that the left-hand side of the equa¬ 
tion equals the derivative d{Ri)/dt. (a) Show that the required inte¬ 
grating factor is R = e! pdt . (b) Using this integrating factor, find the 
solution to the differential equation that corresponds to Eq. 4-20. 
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4-6. In the circuit shown in the accompanying figure, the switch 
K is closed at t — 0, a steady-state having previously been attained. 
Solve for the current in the circuit as a function of time. 



4-7. In the circuit shown, the voltage source follows the law v(t) 
— ye-at, where a is a constant. The switch is closed at t = 0. (a) 
Solve for the current assuming that a R/L. (b) Solve for the cur¬ 
rent when a — R/L. Suggestion: Make use of l’Hospital’s rule for 
indeterminant forms. 



Prob. 4-7. 


4-8. In the circuit shown, the switch is closed at t — 0 connecting 
a voltage source v(t) — V sin wt to a series RL circuit. For this sys¬ 
tem, solve for the response i(t). 



Prob. 4-8. 


4-9. Show that the tangent to the curve i — I oe~ i/T at t - 0 
intersects the time axis at t = T. This will show that if the current 
decreased at the initial rate, it would be reduced to zero value in one 
time constant. Similarly, show that the tangent to the curve i = 
7o(l — e~* /T ) at t ~ 0 intersects that line i — h at time t ~ T. 
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4-10. In the network shown, the switch K is closed at t — 0. The 
current waveform is observed with a cathode ray oscillograph. The 
initial value of the current is measured to be 10 ma. The transient 
disappears in 0.1 sec. Find (a) the value of R, (b) the value 
of C, and (c) the equation of i(t). Answers, (a) R — 10 4 ohms, (b) 
C = 2.5 /if, (c) i « 10-V 40 ‘. 



4-11. The circuit shown in the accompanying figure consists of a 
resistor and a relay with inductance L. The relay is adjusted so that 
it is actuated when the current through the coil is 0.008 amp. The 
switch K is closed at t — 0, and it is observed that the relay is actuated 
when t = 0.1 sec. Find: (a) the inductance L of the coil, (b) the equa¬ 
tion of i{t) with all coefficients evaluated. Answers, (a) L = 620 
henrys, (b) i = 0.01(1 — e~ lit ) amp. 

4-12. A switch is closed at t = 0, connecting a battery of voltage 
V with a series RC circuit, (a) Determine the ratio of energy delivered 
to the capacitor to the total energy supplied by the source as a function 
of time, (b) Show that this ratio approaches 0.50 as t —> «. 
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5-1. Initial conditions in individual elements 

In the last chapter, we found that the general solution of a first- 
order differential equation contained an unknown designated an arbi¬ 
trary constant. For differential equations of higher order, the pattern 
will develop that the number of arbitrary constants equals the equation 
order. If the unknown arbitrary constants are to be evaluated for 
particular solutions, other things must be known about the network 
described by the differential equation. We must form a set of simulta¬ 
neous equations, one of which is the general solution, with additional 
equations to total the number of unknowns. The additional equations 
are conveniently given as values of voltage, current, charge, etc., or 
derivatives of these quantities at the instant network equilibrium is 
altered by switching action, t — 0. Conditions existing at this instant 
are known as initial conditions. 

Before the switching action that alters network equilibrium, the 
elements of the network might have voltages across their terminals or 
currents through them as a consequence of past history of the driving 
forces in the network. To evaluate initial voltages or currents, we 
must determine how each voltage and current changes when the net¬ 
work is altered. 

In many problems, conditions assumed to exist before switching 
action takes place were, in turn, established by switching action at 
some remote time in the past. Such voltages and currents in the net¬ 
work are said to be in the steady state. 

We assume that switches act in zero time. To differentiate between 
the time immediately before and immediately after the closing of a 
switch, we will use — and -f- signs. Thus conditions existing just 
before the switch is operated will be designated as i‘(0—), t>(0—) etc., 
conditions after as i'(0+), t>(0+), etc. 

Before analyzing initial conditions in networks, we will study the 
action of each different element at the instant equilibrium is altered. 

The Resistor. In the ideal resistor, current and voltage are related 
by Ohm’s law, v — Ri. If a step input of voltage, shown in Fig. 5-1, 
is applied to a resistor network, the current will have the same wave¬ 
form, altered by the scale factor (l/R). The current through a resistor 

84 
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may change instantaneously if the voltage changes instantaneously. 
Similarly, voltage may change instantaneously if current changes 
instantaneously. 

The Inductor. It was concluded in Art. 1-7, that the current cannot 
change instantaneously in a system of constant inductance. Thus 
closing a switch to connect an inductor to a source of energy will not 
cause current to flow at the initial instant, and the inductor will act 
as if it were an open circuit independent of the voltage at the terminals. 
If a current of value Io flows in the inductor at the instant switching 
takes place, that current will continue to flow. For the initial instant, 
the inductor can be thought of as a current source of J 0 amp. 



Pig. 6-1. Current and voltage relationships in a purely resistive 

element. 

The Capacitor . In Art. 1-6, proof was offered that the voltage can¬ 
not change instantaneously in a system of fixed capacitance. If an 
uncharged capacitor is connected to an energy source, a current will 
flow instantaneously, since the capacitor will be equivalent to a short 
circuit. This follows because voltage and charge are proportional in a 
capacitive system, v — q/C, so that zero charge corresponds to zero 
voltage (or a short circuit). With an initial charge in the system, the 
capacitor is equivalent to a voltage source of value Vo — qo/C, where 
go is the initial charge. 

These conclusions are summarized in Fig. 5-2. A similar chart of 
final conditions for the special case of constant voltage sources is 
shown in Fig. 5-3. These equivalent circuits are derived from the 
relationships 

T di , „dv 

Vl, — L -y and i c — C -y. 
di dt 

the derivatives having zero value in each case for invariant voltage 
sources. The equivalent circuits for final conditions for L and C are 
opposite to those for the initial conditions for these elements. 

It is not always possible to interrupt a current instantaneously in 
a network by opening a switch. If an attempt is made to open a switch 
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to disconnect an inductor from a voltage source, an arc will be estab¬ 
lished across the switch to permit the current to flow until the energy 
of the magnetic field is spent. 


Element Equivalent circuit 

land initial condition ) at ('0+ 

R R 



Element 


Equivalent 
circuit at t-oo 
(for voltage sources 
of constant potential) 



R 


O' " . o o- 


sc 


C 

ne 


—O o~ 


oc 


Tig. 5-2. Initial condition equivalent 
circuits for the elements. 


Fig. 6-8. Final condition equivalent 
circuits for the elements for voltage 
sources of constant potential. 


5-2. Geometrical interpretation ol derivatives 

Consider the differential equation that describes an RL circuit con¬ 
nected to a constant voltage source: 


L%- + Ri=V 
at 


This equation may be arranged in the form 


di 

dt 



iR) 


(5-D 


(5-2) 


to show the relationship that must exist between current and the time 
derivative of current. If the switch connecting the voltage source to 
the circuit is closed at t = 0, the current in the system at t — 0 must 
be zero. From Eq. 5-2, the initial value of the derivative is 

m (0+) - x (M) 


Now the quantity di/dt is the slope of the required plot of current as a 
function of time. Equation 5-3 tells us that this slope is positive and 
has a magnitude V/L. For some small interval of time, this slope must 
approximate the actual curve found by solving Eq. 5-1. Assume that 
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the current increases linearly at the rate V/L to a new value i x at time 
h. A second approximation to the curve of current as a function of 
time may be made at this point by 
using Eq. 5-2 as 

% «i) = l (v - UR) (5-4) , 

Continuation of this process, illus¬ 
trated in Fig. 5-4, provides a graph¬ 
ical interpretation of the solution 
of a differential equation. The 6-4. Approximation of an actual 

smaller the time intervals are chosen, curve b * tangents to the curve - 

the more closely will the approximate curve approach the actual curve. 

Just as the first derivative represents slope so the second derivative 
represents curvature or the rate of change of the slope with time. Fig- 






Id (d) 

Fig. 5-5. Curves corresponding to typical initial conditions: (a) 
i(0+) = 0, di/dt(0+) = 0, dH/dt*( 0+) « K ; (b) t’(0+) = 0, 
di/dt(0+) = + K, dH/dt*( 0+) = 0; (c) i(0+) = K, di/dt(0+) 

= 0, dH/dt\ 0+) - 0; (d) i(0+) = 0, di/dt( 0+) = +K lt 

dH/dt*(0+) = -K 2 . 

ure 5-5 shows several combinations of initial conditions, with the corre¬ 
sponding initial slope and curvature. 

5-3. A procedure for evaluating initial conditions 

There is no unique procedure that must be followed in solving for 
initial conditions. However, it is usually wise practice to solve first 
for the initial values of the variables—currents or voltages—and then 
solve for derivatives. The first step is essentially routine and based 
on the equivalent circuits for t — 0+ given in Fig. 5-2. In the second, 
the details and order of manipulation will be different for each different 
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network. A successful approach will not be obvious at all, a fact that 
adds interest and offers a challenge in the solution of initial value 
problems. 

Initial values of current or voltage may be found directly from a 
study of the network schematic. For each element in the network, we 
must determine just what will happen when the switching action takes 
place. From this analysis, a new schematic of an equivalent network 
for t = 0+ may be constructed according to these rules: 

(1) Replace all inductors by open circuits or by current generators 
having the value of current flowing at t — 0+- 

(2) Replace all capacitors by short circuits or by a voltage source of 
value Vo — q 0 /C if there is an initial charge. 

(3) Resistors are left in the network without change. 

Consider the two-loop network shown in Fig. 5-6(a). Suppose that 
the switch is closed at t = 0, no voltage having been applied to the 



Fig. 6-6. Network illustrating solution for initial conditions: (a) two- 
loop network; (b) equivalent network at t — 0-f. 


passive network prior to that time. Since there is no initial voltage 
on the capacitor, it may be replaced by a short circuit; similarly, the 
inductor may be replaced by an open circuit, there being no initial 
value of current. The resulting equivalent network is shown as (b) in 
the figure. In this particular case, there is no need to write equations 
for the resistor network. By inspection the initial values of the currents 
are t‘i(0+) — V/R\ and tj(0+) = 0 because the second loop is open. 

The first step in solving initial values of derivatives is to write the 
integrodifferential equations from Kirchhoff’s laws, employing either 
the loop or node basis as will give the required quantities more directly. 
In terms of the network of Fig. 5-6(a), the Kirchhoff voltage equations 
are 

i j H dt + «,(», - h) = V (W) 

«,(»> - it) + R,i, + L ~ = 0 (M) 
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Since these equations hold in general, they hold at t = 0~f. Now the 
values of and i 2 are known at t — 0-K Also the term (1/C) f ^ 
has a known value at t — 0+, since this term is the voltage across the 
capacitor, which is known to be zero since the capacitor acts as a short 
circuit. (On the node basis, (1/L) f v dt similarly represents current 
through the inductor.) 

We observe that Eq. 5-6 contains a derivative term in addition to 
terms involving only i x and t 2 , which are known at t — 0-K Algebra¬ 
ically solving for (dii/dt) gives 


dt% 

It 


dU 

dt 

( 0 +) 


I 

L 

1 

L 


R\ii — (R i + -^2)^2 J 

Ri w 1 ~ (** + B ») 0 ] 


(general) 


V 

~ K ^ ~ 0+) 


(5-7) 

(5-8) 


The precaution of marking equations as (general) or (t - 0+) is 
suggested as a safeguard against differentiating equations that hold 
only for t — 0+. 

Neither Eq. 5-5 nor Eq. 5-6 contain a (dii/dt) term. However, if 
Eq. 5-5, which holds in general, is differentiated and manipulated 
algebraically, there results 


v + Ri is ~ Ri w = 0 < general) 


di\ _ di2 i 1 
dt dt R X C 


(general) 


(5-9) 

(5-10) 


Both diz/dt and are known for t = 0+, so that (dii/dt) may be 
evaluated as 

W (0+) = Z ~wc (t “ 0+) (5_11) 


Suppose that it is required to evaluate (dHi/dt 2 ) at t — 0+. From 
a practical point of view, second- and higher-order derivatives are less 
frequently required than the first derivative in the solution of differ¬ 
ential equations. However, the procedure of continued differentiation 
and algebraic manipulation can be applied in solving for all derivatives. 
Differentiation of Eq. 5-7, gives 


dH 2 1 

dt 2 L 



<** + *•> f. 


dHi 


(0 -j-) — ■ V 




(general) 


(5-12) 


{t = 0+) 


(5-13) 
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In each case, the initial conditions have been given in terms of con¬ 
stants (network and driving force parameters); solutions to problems 
should not be given in terms of integral or derivative expressions. 


Example 1 

In the circuit shown in Fig. 5-7, V = 10 volts, R — 10 ohms, L — 1 
henry, and C = 10 n(. Let it be required to find i{ 0-f), di/dt{ 0*f), 

and dH/dt 2 ( 0-f)- From the Kirch- 
hoff voltage law, 

V - L j t -f Ri + ~ J idt 

(general) (5-14) 

Analyzing the circuit in terms of 
equivalent element values for t — 0 shows that because of the open 
circuit, 

i(0-f) =0 (t = 0-|-) 

The last term in Eq. 5-14, (1/C) / i dt, represents the voltage across 
the capacitor, which is zero at t — 0. The general expression in Eq. 
5-14 becomes the following for t — 0+. 

V = h j t (0+) + R 0 + 0 (t - 0+) 

from which 



Rg. 5-7. Network of Example 1. 


To find the second derivative, Eq. 5-14 must be differentiated as 

+ = 0 (general) (5-15) 


In Eq. 5-15, values for the second and third terms are known at 
t — 0+; thus 


dH 
dt 2 


( 0 +) « 


Rdi 
L dt 


(0-f) 


—-100 


amp 

sec 2 


Example 2 

In the network shown in Figure 5-8, a steady state is reached with 
the switch K open , and at t = 0 the switch is closed . Let it be required 
to find the initial value of all three loop currents. We must first find 
the various currents and voltages in the network at t — 0—, before 
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the switch is closed. The current flowing through R 2 , R h and Lwill be 


4,(0-) - **(° ) R t + Rt 

(t = 0-) 

The total voltage across the capaci¬ 
tors will be the same as the drop 
across Ri‘, that is, 

V Cl + V* = # 74 ^ V ( 5 " 16 ) 



Fig. 6-8. Network of Example 2. 


Since the charge on the capacitors must be equal when connected in 
series we have 51 = 92 or = CzV Ci . Hence the voltage across 

the capacitors will divide as 

V Cl __C 2 _ St . „ 

Vc t Cl Si (general) (5-17) 

and 


Ri 

Si 

V; 

v _ 

S2 

Rt + Ri 

S% + 

Cl Ri + Ri\ 

Si -j- Si _ 


(5-18) 


To find it at t — 0 -f-, apply Kirchhoff's voltage law around the outside 
loop (not drawn on the diagram). Traversing this loop, we write 



*.R» -r-Yc,- Vc, = Ri R _^ Ri v 

(5-19) 

so that 

i.(0+) = R V , R (t = 0+) 

lt\ “j“ Jttz 

(5-20) 

Now, «].(()+) 

— * 3 ( 0 +) = * 1 ,( 0 +) — 4 (^ 0 +) 

(5-21) 


since the current n cannot change instantaneously. Comparing the 
last two equations shows that 

»,(0+) = 0 (5-22) 

Next, consider the current flowing in the resistor R\. Since the voltage 
across the capacitor cannot change instantaneously, 


»i(0+) 

— «2(0-f-) 

11 

^ 10 

(t = 

- 0+) 

(5-23) 

^2(0+) 

= h(o+) 

Vcr 

Rl 

(t- 

= 0+) 

(5-24) 


or 
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so that 


*2(0+) 


V _ Si V 

Ri 4- J?2 Si *4" S 2 Ri 4- Ri 


(t = 0+) (5-25) 


Finally, 


f 2 (0+) = 


V Si 
Ri “j- R i Si 4“ Si 


(t = 0+) 


(5-26) 


FURTHER READING 

A good discussion of the method of evaluating initial conditions is 
to be found in Weber’s Linear Transient Analysis (John Wiley & 
Sons, Inc., New York, 1954), pp. 42-45, and in Gardner and Barnes, 
Transients in Linear Systems (John Wiley & Sons, Inc., New York, 
1942), pp. 26-34. 

PROBLEMS 

5-1. In the circuit shown, the switch K is closed at t — 0. Find the 
values of i, di/dt, and dH/dt 2 at t = 0+, when V — 100 volts, R - 
1000 ohms, and C — 1 yf. Answers. 0.1, —100, 100,000. 



Prob. 5-1. Prob. 6-2. 


5-2. In the circuit of the figure, the switch K is closed at t - 0. 
Find the values of i, di/dt, dH/dt 2 at t — 0+, when R = 10 ohms, 
L = 1 henry, and V = 100 volts. Answers. 0, 100, —1000. 

5-3. In the circuit shown, the switch K is changed from position 0 
to position b at t — 0, having already established a steady state in 
position a. Find i, di/dt, dH/dt 2 , and dH/dt 3 at t — 0+, when L = 1 
henry, C — 10^f, and V — 100 volts. Answers. 0, —100, 0, 10 7 . 



5-4. In the circuit of the accompanying figure, the switch K is 
changed from position a to position b at t — 0. Solve for i, di/dt, and 
dH/dt 1 at t — 0+, when R = 1000 ohms, L ~ 1 henry, C — l yi, and 
V — 100 volts. Answers. 0.1, —100, 0. 
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' 5 - 5 . In the circuit shown, the switch K is opened at t = 0. At 
l m o-f, solve for v } dv/dt, and dh/dt 1 , when 7 — 10 amp, R ~ looo 
ohms, and C « M- Answers. 0, 10 7 , —10 10 . 



Prob. 5-8. Prob. 5-6. 


6-6. In the circuit of the figure, the switch K is opened at t — 0. 
Solve for v, dv/dt , and dH/dt 2 at t — 0+, when 7=1 amp, R = 100 
ohms, and L - 1 henry. Answers. 100, —10 4 , 10®. 

5-7. In the circuit shown, the switch K is closed at t — 0. Solve for: 
(a) wi and at t = 0+. (b) Vi and v t at t — «>. (c) dvi/dt and 
dvt/dt at t — 0+. (d) dhj 2 /dt 2 at t — 0+. Answers, (a) 0, 0. (b) 
0, R*V/(Ri + R/). (c) dv x /di = V/CR h dv 2 /dt = 0. (d) d^/dt* = 
R 2 V/RiLC. 



Prob. 5-7. 


6 - 8 . In the network shown in the accompanying figure, the switch 
K is changed from a to b at t = 0 (a steady state having been estab¬ 
lished at position a). Show that at t — 0+, 



Prob. 5-8. 
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5-9. In the given network, the capacitor Ci is charged to voltage Fo 
and the switch K is closed at t — 0. When#! — 2 megohms, Fo = 1000 
volts, R 2 = 1 megohm, C\ — 10 /xf, and C 2 = 20/xf, solve for dH 2 /dt 2 at 
t — 0+. Answer. 1.41 X 10 -5 amp/sec 2 . 



6-10. In the circuit shown in the figure, the switch K is closed at 
t = 0 connecting an alternating voltage, F 0 sin c ct, to the parallel 
RL-RC circuit. Find (a) dii/dt and (b) di 2 /dt at t = 0+. 

5-11. In the network shown, a steady state is reached with the 
switch K open with F = 100 volts, JBi — 10 ohms, R 2 = 20 ohms, 

Rz — 20 ohms, L — 1 henry, and 
C — 1 ni. At time t — 0, the switch 
is closed, (a) Write the integrodiffer- 
ential equations for the network after 
the switch is closed, (b) What is the 
voltage Fo across C before the switch 
is closed? What is its polarity? 
Answer. 66.7 volts, (c) Solve for the 
initial value of i\ and i 2 ( t ~ 0+). 
Answer. 3.33 amp, 1.67 amp. (d) 
Solve for the values of dii/dt and 
di 2 /dt at t — 0+. Answer. 33.3, —83,300. (e) What is the value of 
dii/dt at t = oo ? 

5-12. The network shown in the figure has two independent node 
pairs. If the switch K is opened at t ~ 0, find the following quantities 
at t ~ 0+: (a) v h (b) v 2 , (c) dvi/dt, (d) dv 2 /dt. 




Prob. 5-12. 
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5-13. In the network shown, the switch K is closed at t «* 0. Find 
dvt/dt at t = 0+. 



Prob. 6-13. 

6-14. In the network shown in the accompanying figure, an equilib¬ 
rium is reached, and at t = 0, switch K is opened. Find the initial 



Prob. 6-14. 


voltage across the switch and the initial time derivative of the voltage 
across the switch. 



Prob. 6-16. 


6-16. In the network shown in the figure, the switch K is closed at 
the instant t — 0, connecting an unenergized system to a voltage 
source. Let M 12 = 0. Determine the values of 

l , (°+) and £<»+> 

Answer. 

dii /•/% 1 \ __ F(L 2 4- Lz -f- 2 .M 23 ) _ 

dt (L\ ~f* Lz -f" 2ilf 13 )(L 2 + Lz "f - 2Af 23 ) — (Liz -b M\z AL 2 O 2 

di 2 /ain _ F(L 3 -f- Miz H~ Mjz) __ 

dt (Li + Lz + 2 M l3 )(L 2 + Lz -+■ 2ilf 23 ) — (L 3 + Mu + M%z)* 
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6-16. The given network consists of two coupled coils and a capac¬ 
itor. At t = 0, the switch K is closed connecting a generator of voltage, 
v(t) — V sin ( t/\/MC ). Determine the values of 

».(0+), ~(0+), and ^(0+) 

Answer. v o (0+) = 0, dvjdt (0+) = ( V/L) \/M/C, d 2 v a /dt 2 ( 04) 
= 0 . 


v 


Prob. 6-16. Prob. 5-17. 

6-17. In the network of the figure, the switch K is opened at t - 0 
after the network has attained a steady state with the switch closed. 

(a) Find an expression for the voltage across the switch at t = 04. 

(b) If the parameters are adjusted such that t(0+) = 1 and di/dt (0+) 
= — 1, what is the value of the derivative of the voltage across the 
switch, dv K /dt (0+)? Answers, (a) VR 1 /R 2 , (b) 1/C — R u 

6-18. In the network shown in the figure, the switch K is closed at 
t — 0 connecting the battery with an unenergized system, (a) Find 
the voltage at point a, V a at t — 04*. (b) Find the voltage across 
capacitor C x at t = °o, F Cl (<»). 







Prob. 6-! 8. Prob - 5"1®. 


6-19. For the network of the figure, show that 


d% 
dt 2 


(0+) = 


1 I -1 r v(t) dv(t) 1 , dMQ ) 



CHAPTER 6 

DIFFERENTIAL EQUATIONS, CONTINUED 


Differential equations studied in Chapter 4 were limited to linear 
equations of the first order with constant coefficients. In this chapter, 
we will continue our study of differential equations with the same 
restrictions as to linearity and constant coefficients but of higher order. 
The mathematical procedures given in these two chapters are included 
under the heading of the classical method of solution. As we will see, 
the classical method affords a better insight into the interpretation of 
differential equations and the requirements of a solution. Aside from 
conceptual advantages, the operational method using the Laplace 
transformation is better suited to our use. For this reason, our treat¬ 
ment will be brief. Topics ordinarily covered using the classical 
method but more easily developed with the aid of the Laplace trans¬ 
formation will be reserved for the next chapter. 

6-1. Solution of a second-order homogeneous differential equation 

A second-order differential equation with constant coefficients may 
be written in the general form 

3F + “■ It + aii = 0 (®- 1) 

The solution of this differential equation must be of such form that the 
solution itself, its first derivative, and its second derivative, each mul¬ 
tiplied by a constant coefficient, add to zero. To satisfy this require¬ 
ment, the three terms must be of the same form, differing only in their 
coefficients. Is there such a function? By whatever method we search, 
perhaps trying possible functions, the search always leads to the 
exponential* 

i(t) = he”* (6-2) 

where- k and m are constants. Substituting the exponential solution 
into Eq. 6-1 gives 

aom 2 ke mt -j- aimke mi -f- a 2 ke mt — 0 (6-3) 

* Taken two at a time, the sine and the cosine or the hyperbolic sine and the 
hyperbolic cosine satisfy the requirement; however, the exponential solution will 
be shown to simplify to these forms. 
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or, since ke mt can never be zero for finite t, 

a 0 m 2 + a x m -f- a 2 — 0 (6-4) 

as the requirement for ke mt to be the solution. This equation is known 
as the characteristic (or auxiliary) equation. It is satisfied by the two 
roots given by the quadratic formula 

m h ra 2 = — ~ ± =— 2 — 4a 0 a 2 (6-5) 

ZCLq Zd o 

We now have discovered that there are two forms of the exponential 
solution ke mt ; they are 

ii — kie mit and i% = fc 2 e mji (6-6) 

Now, if ii and i 2 are each solutions of the differential equation of Eq. 
6-1, the sum of these solutions, 

iz — i\ + it (6-7) 

is also a solution. This may be shown by direct substitution of Eq. 6-7 
into Eq. 6-1, giving 

d 2 d 

a ° dt? 0,1 dt a ' 2 ^ 1 = ® (6-8) 

a “ IP + ai It + a,H ) + V°» IF + 01 di + ttit2 ) = 0 (6_9) 

or 0 + 0 — 0. The general solution of the differential equation is thus 

i(t) = ktf” 1 ' 1 + k 2 e mtt (6-10) 

The magnitude of the coefficients in Eq. 6-1 determines the form 
of the roots of the characteristic equation. In Eq. 6-5, the radical 
± -\Ai 2 — 4a 0 a 2 may be real, zero, or imaginary depending on the 
value of ai 2 compared with 4a 0 a 2 . The forms of the solutions for these 
three cases will be given by three simple examples. 



Fig. 6-1. Circuit for Examples 
1 and 3. 


Example 1 

The differential equation for the cur¬ 
rent in the circuit of Fig. 6-1 is given by 
Kirchhoff’s law as 

L - + Ri + ~ J idt = V (6-11) 


Differentiating and using numerical values for R, L , and C shown in 
Fig. 6-1 gives 


dH 
di 1 


+ 3 


di 

dt 


+ 2i = 0 


( 6 - 12 ) 
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The characteristic equation can be found by substituting the trial 
solution i — e mt or by the equivalent of substituting m 2 for (< dH/dt 2 ), 
and m for ( di/dt ); thus 

m 2 + 3m + 2 - 0 (6-13) 

This equation has the roots = — 1 and w 2 = —2, so that the gen¬ 
eral solution is 

i(t) = ktf- 1 + h 2 e~ 2t (6-14) 

The arbitrary constants ki and k 2 can be evaluated for a specific prob¬ 
lem by a knowledge of the initial conditions. If the switch K is closed 
at t — 0, then f(0+) = 0, because current cannot change instanta¬ 
neously in the inductor. In Eq. 6-11, the second and third voltage 
terms are zero at the instant of switching, /fo'(O-j-) being zero because 
i(O-j-) = 0 and (1/C) f i dt being zero because it is the initial voltage 
across the capacitor. Hence 

^ (0+) = j- ~ 1 amp/sec 

The two initial conditions, substituted into the general solution, Eq. 
6-14, gives the equations, 

k\ -f- k 2 — 0, — k\ — 2 h = 1 (6-15) 

The solution of these equations is A: x = -f-1 and k 2 — —1; hence the 
particular solution to Eq. 6-12 is 

i{t) = - e~ 2t (6-16) 

A plot of the separate parts and their combination is shown in Fig. 6-2. 
As discussed in Chapter 4, the total current may be thought of as made 

+1.0 


+0.5 


i 0 


-0.5 


- 1.0 

Fig. 6-2. Current as a function of time for the circuit of Example 1. 




100 DIFFERENTIAL EQUATIONS, CONTINUED Chap. 6 

up of two components which exist from t — 0 and combine in such a 
way as to satisfy the initial conditions. 

Example 2 

The equilibrium equation for the network shown in Fig. 6-3 for¬ 
mulated on the node basis is 

c Jt + Gv + lf vdt ~ 1 (6 ' 17) 

or, by differentiation, 

C W +G J t + V L = ° < 6 - 18) 

Substituting numerical values into this equation as given in Fig. 6-3 

v a 

1 amp 


Fig. 6-3. Circuit for Example 2. 

gives 

2 ® + 8 l + 8 * = ° ^ 

The corresponding characteristic equation is 

2m 2 + 8m + 8 = 0 (6-20) 

which has as roots m x = — 2 and m 2 = —2, or repeated roots. Sub¬ 
stituting into the general form of the solution, Eq. 6-10, gives 

v(t) = fc ie - 2 ‘ + k 2 e~ 2t = Ke~ u (6-21) 

where K = ki + fc 2 . This is not a complete form of the solution, since 
the general solution to a second-order differential equation must con¬ 
tain two arbitrary constants. The solution v — ke~ 2t must be modified 
in some manner for the condition of repeated roots. If we assume the 
new solution to be v — ye~ 2t , where y is a factor to be determined, and 
substitute into Eq. 6-19, we arrive at the requirement that y satisfy 
the differential equation 

% = ° ( 6 - 22 ) 

Two successive integrations of the equation lead to the solution 

y — ki + fa* 



(6-23) 
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Thus the solution to our problem with repeated roots becomes 

v(t) — k t e~ u + k%te~ il (6-24) 

To obtain a particular solution for this problem will require knowledge 
of two initial conditions. From the network of Fig. 6-3, t>(0-f) must 
equal zero, since the capacitor acts as a short circuit at the initial 
instant. In Eq. 6-17, the second and third terms are equal to zero, the 
first because t>( 0 +) = 0 and the second because there is not current 
in the inductor at the initial instant. Then, by Eq. 6-17, dv/dt (04-) = 
I/C — -y volt/sec for this network. Substituting these initial condi¬ 
tions into Eq. 6-24 leads to the result that ki — 0 and — 7 . The 
desired particular solution is 

v(t) = frr* (6-25) 

A plot of this solution is shown in Fig. 6-4. 



Example 3 

For this example, we will use the network of Fig. 6-1 with the follow¬ 
ing network parameter values: V = 1 volt, L = 1 henry, R = 2 ohms, 
and C = 4- farad. The characteristic equation becomes 


m 2 + 2m + 2=0 (6-26) 

with roots* 

m h m 2 — —1 ± jl 

The general solution, Eq. 6-10, with these values for m, becomes 

i(t) — fc 1 e ( ~ 1+J ' I)< 4 - fc 2 e ( "~ wi)t = e~ i {k- i e it + k 2 e~ jt ) 

This particular form of the solution is not convenient for interpreta¬ 
tion. An equivalent form may be found starting with Euler's equation 

e ±it — cos t ± j sin t (6-27) 

* We will use the letter j for the operator s/ —i to reserve the letter i for current 
Xhe letter j in textbooks of electrical engineering is equivalent to i = j n 

textbooks of mathematics and physics. 
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which reduces our solution to the form 

i(t) = cos / + ki sin /) 

where A:* * fci -f A'jand A*« = ./(Aci — k t ). The initial conditions are the 
same as in Example 1: t(O-f-) = 0 and di/dl (0+) = 1 amp/sec. Sub¬ 
stituting into the solution, we have 

»(0+) = 0 = e~°(A:, cos 0 + A:« sin 0) = k% 

With kt equal to zero, 

^ (0-f) * ki(e~° cos 0 — sin 0 c~°) = 1 

whence A: 4 = 1. The particular solution is 

i(t) — e“‘ sin t (6-28) 

A plot of the two factors in this solution and their product is shown in 
Fig. 6-5. 



ng. e-6. Current as a function of time for the circuit of Example 3: 
(a) e~‘; (b) sin t; (c) e~ i sin t. 


6-2. The standard form of the solution of second-order differential equations 

Consider the Kirchhoff voltage equation that describes a series RLC 
circuit on the loop basis 


Art. 6-2 
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L Ri -f- ~q J i dt = v(f) (6-29) 

If v(t) is either zero or a constant, differentiation reduces this equation 
to a homogeneous equation of second order; thus 


dH , Rdi 4 _1 . _ 

dT 2 + TJt + LC' l ~ 


(6-30) 


The two roots of the corresponding characteristic equation may be 
found by the quadratic formula to be 


wii, m 2 


R 
2L 


± 'J(& 


1 

LC 


(6-31) 


To begin converting Eq. 6-30 to a standard form, we will define the 
value of resistance that causes the radical term in the above equation 
to vanish as the critical resistance, R cr . This value is found by solving 
the equation 

y v a 

1 (6-32) 


(RcrV _ 

V 2 L) LC 

= 2 VlJC 


or Rcr — 2 vL/C (6-33) 

We will next introduce two definitions; we define the quantity 


A 

Rcr 


R jC 
2 


(6-34) 


as the dimensionless damping ratio, (f is the lower-case Greek letter 
zeta.) The damping ratio is the ratio of the actual resistance to the 
critical value of resistance. The other definition is 


1 

“ Vlc 


(6-35) 


The quantity is the undamped natural angular frequency. The 
reason for giving w„ such a name will be discussed under the heading 
of Case 3 in this section. For the time being, we note that the dimen¬ 
sions of u n are (time) -1 so that it does not seem unreasonable to define 
it as a frequency. 

Now the product 2f« n has the value 


and 


2£"6>n — 2 


R jC 1 

2 i# 


Ur, 


1 

LC 


R 

L 


(6-36) 

(6-37) 
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Substituting these relationships into Eq. 6-30 gives 

AA 

55 + 2^.* +".’> = <) (6-38) 

This form of the second-order differential equation is called the stand¬ 
ard form. The corresponding characteristic equation is 

w 2 + 2{oo n m + u„ 2 = 0 (6-39) 

and the roots of the characteristic equation are 

fill, m 2 = — ± co„ s/t 2 — 1 (6-40) 

The general solution may now be written 

i = Ki + iC 2 eS-r«»-«-«%/( ir*— 1 )]« (6-41) 


Before simplifying this solution, let us examine the behavior of the 
roots of the characteristic equation as the dimensionless damping ratio 
f varies from zero (corresponding to R — 0) to infinity (corresponding 
to R — oo). There are evidently three different forms for the roots: 

Case 1: f > 1, the roots are real. 

Case 2: ( = 1, the roots are real and repeated. 

Case 3: f < 1, the roots are complex and conjugates. 

If we follow the form of the roots for a variation of f from 0 to °o t we 
will recognize a locus of roots in the complex plane. To start with, 
for f = 0, 

m h m 2 = ±ja>n (6-42) 

that is, the roots are purely imaginary. For f < 1, the roots are com¬ 
plex conjugates as 

m h ra 2 = — ± jo> n \A “ f 2 (6-43) 

Since the roots are complex numbers for f < 1, let us define the real 

and imaginary parts of m as 

m — a + ju> (6-44) 

(er is the lower-case Greek letter sigma). The roots of the equation may 
be plotted in the complex m plane as shown in Fig. 6-6. The real part is 

a = — (6-45) 

and the imaginary part is 


w = ±w» y/l — Y* 


(6-46) 
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two roots become 

m h m t = (—f ± y/? 1 - 1) w« (6-52) 

Both of these roots are real. As f becomes large such that 1 is small 
compared with f' 2 , the roots approach — and 0. The locus of roots 
shown in Fig. 6-7 illustrates this separation of the real roots as f 
increases. 

This discussion has illustrated the three possibilities for the values 
of f. The damping ratio f is determined by circuit parameters. With 
the RLC circuit that served as an example in deriving the relation¬ 
ships, a simple adjustment of the resistance R will vary the roots in 
the complex m plane for the three cases. This general solution, Eq. 
6-41, reduces to different forms for each of the three cases. We will 
next investigate this algebraic reduction for each of the three cases. 

Case 1, f > 1. For this case, the solution in exponential form is as 
given in Eq. 6-41. If is factored from this equation, there results 

i = eHw(# ie a,„V + (6-53) 

where Ki and A 2 are arbitrary constants of integration. This equation 
is sometimes more convenient to evaluate in terms of hyperbolic func¬ 
tions. The hyperbolic cosine of x is defined as 

cosh x — ^(e x -f- e~ x ) (6-54) 

and the hyperbolic sine of x is defined as 

sinh x — ^(e x — er*) (6-55) 

An equivalent relationship can be obtained by successively adding or 
subtracting these two equations; that is, 

e* = sinh x + cosh x (6-56) 

and e - * = cosh x — sinh x (6-57) 

These two identities may be used to convert Eq. 6-53 to terms involv¬ 
ing hyperbolic functions; thus 


i = e~ 

5w{ A'dcosh ( <Wn \/f 2 — 

1 t) + 

sinh (co„ Vr 2 — 

10] 



+ jPC 2 [cosh (oj„ y/ r 2 

- It) 

— sinh (o)„ y/f 

2 - 1 011 

(6-58) 

or i 

~ e -r«r,<^ 3 cos h (o) n Vr ! 

1 ~ It) + Ki sinh («» 

r-H 

1 

> 

m 






(6-59) 

where 

K 3 

= Ki 

+ Kt 


(6-60) 

and 

K 4 

= Ki 

— K. 2 


(6-61) 


This equation is the equivalent of Eq. 6-53. Each has two arbitrary 
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constants, which are usually evaluated to find a particular solution in 
terms of the initial conditions. 

Case 2, f = 1. For this case, we have shown that the two roots 
become identical. With repeated roots, the solution of the equation 
is given by Eq. 6-24, giving 

i - (Ki + Ktt)e~*'' (6-62) 

The limit of the quantity te~ Wnt may be investigated by 1’Hospital’s 
rule. If this quantity is written as 


t 


(6-63) 


differentiation of numerator and denominator with respect to t shows 
that 

lim te~ aut — 0 (6-64) 

t —> «o 

Case 3, f < 1. For Case 3, the roots become complex, and Eq. 6-41 
may be written 

i = (6-65) 

This equation may be written in terms of sine and cosine quantities 

by making use of Euler’s equation, Eq. 6-27. 

= cos x ± j sin x (6-66) 

Using Euler’s equation, the solution for Case 3 reduces to 

i — e- lUnt [K h cos (w B \/l “ T 2 1) + sin («„ \/l — f 2 0] (6-67) 

where K h = K, + K 2 and K 6 = j{K x - K 2 ) (6-68) 

which are, again, arbitrary constants of integration. This equation 
may be written in different form by defining 

K 6 — K sin <t> (6-69) 

Kt, = K cos <*> (6-70) 

Using the trigonometric identity 

sin (x + y) = sin x cos y + sin y cos x (6-71) 

Eq. 6-67 becomes 

i = Ke~ iant sin («„ -\/1 — { 2 1 + <f>) (6-72) 

These algebraic manipulations have resulted in an equation of one 
sinusoid equivalent to Eq. 6-67, which contains two sinusoids of the 
same frequency. In the revised form, the two arbitrary constants are 



108 


DIFFERENTIAL EQUATIONS, CONTINUED 


Chap. 6 


K and 0, which may be related to K 6 and K* by means of Eqs. 6-69 
and 6-70. Summing the squares of K& and K 6 gives the relationship 

K = VK?+~K? (6-73) 

Dividing Eq. 6-69 by Eq. 6-70 gives an equation for 0 in terms of 
and Kt\ 

0 = tan" 1 ™ (6-74) 

As 

Several terms that have appeared in these solutions are given names. 
The expression is given the name damping factor. The product 

is called the decrement factor or attenuation factor. The three cases 
are given the names, 

Case 1. the overdamped case 

Case 2. the critically damped case 

Case 3. the underdamped (or oscillatory) case 

In the underdamped case, expressions of the following form appear: 

sin (o n \A “ f 2 1) 

where o> n y/l — f 2 is an angular frequency. When f = 0, correspond¬ 
ing to R = 0, or no damping, the radical term in the angular frequency 
reduces to unity. On this basis, the following definitions are made: 

o>„ -\/l — f 2 — the actual angular frequency 

= the undamped natural angular frequency 

To illustrate these definitions, let us return to the series RLC circuit 

which is described by the original 
differential equation of this section. 
Let the capacitor of Fig. 6-9 be 
charged to a voltage F 0 , and at time 
t — 0 let the switch K be closed. 
The value of the resistance R with 
respect to the critical resistance R„ 
will determine whether the system 
is overdamped, critically damped, or underdamped. Consider these 
three possibilities in turn. 

With R > R cr , the system is overdamped. The general solution can 
be reduced to particular solution for a given set of initial conditions. 
For the circuit shown in Fig. 6-9, t(0+) = 0 because of the inductance. 
The term (1 /C) j idt — —Fo at t ~ 0 (the initial voltage on the 



Fig. 6-9. RLC circuit. 
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capacitor) such that 

S (0+) = + T 

The requirement that i(t) — 0 at t — 0, means that K 3 in Eq. 6-59 has 
zero value; that is, 

i — Kte~ {ant sinh w n \/f 2 ~ 1 * (6-75) 

Constant K « can be evaluated from the second initial condition as 


~ = Kile-**'' cosh (oinVf 2 - 1 t) • Vf 2 - 1 
at 

+ sinh (oj„ Vr 2 — 1 T^n)] (6-76) 


The hyperbolic cosine term approaches unity as t —* 0, and the hyper¬ 
bolic sine term approaches zero as t —» 0. Hence 


and 


di 

dt 


(o+) - Km « Vr 2 


T-Z? 

L 


K* 


UnL Vr 2 - 1 


(6-77) 

(6-78) 


The particular solution for the overdamped case thus becomes 


Fo 

O>„L Vf 2 ~ 1 


e -IW sinh (co„ V^ 2 — 1 t) 


(6-79) 


The general shape of the current against time curve for this equation is 
shown in Fig. 6-10(a). 





Fig. 6-10. Network response corresponding to the three cases: 

(a) overdamped; (b) critically damped; and (c) underdamped or 
oscillatory. 

For the critically damped case, R — R cr and the solution in general is 

i = (Kx + K 2 t)e~^ (6-80) 


subject to the same initial conditions as the overdamped case. The 
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initial current condition implies that K x — 0, since otherwise this 
equation does not reduce to zero at t — 0. To apply the derivative 
condition, Eq. 6-80 is differentiated as 

j t = K 2 [fe-“-‘(-<*>») + 

Hence 

S (0+) - *• " T 

and the particular solution for the critically damped case is 

i = L° te-ont (6-83) 

This curve is shown in Fig. 6-10(b) and has much the same appearance 
as that of Fig. 6-10(a). 

For the underdamped, or oscillatory case, R < R cr , and the solution 
is given by Eq. 6-67. The initial condition for the current requires that 
Kb be zero, so that the solution can be written 

i = K 6 e -F“-‘ sin (« B \/l f*t) (6-84) 

The constant K 6 is evaluated by using the initial condition of the deriv¬ 
ative of the current; thus 

j t = K,e ~Vl “ f 2 cos (« n VT^T 2 1) 

- sin (a>„ Vl - r 01 (6-85) 

such that J (0+) - KtMn Vl ~ r 2 = (6-86) 

The particular solution for the oscillatory case is 

i »- .= sin («* Vl - f 2 0 (6-87) 

Vl - f 2 

The variation of current with time for the oscillatory case is shown in 
Fig. 6-10(c). Since the current is the product of the damping factor 
and the oscillatory term, the damping factor represents an envelope or 
boundary curve for the oscillations. The attenuation factor determines 
how rapidly the oscillations are damped. As R approaches zero, the 
oscillations become undamped, and sustained oscillations result. 

The physical meaning of this mathematical result might be inter¬ 
preted in terms of an interchange of energy between the electric energy 
storage element (C) and the magnetic energy storage element (L). 
After the switch is closed, the energy which is stored in the electric 


(6-81) 

(6-82) 
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field is transferred to the inductor as magnetic energy. When the cur¬ 
rent begins to decrease, energy is being returned to the electric field 
from the magnetic field. This interchange continues as long as any 
energy remains. If the resistance has zero value, the oscillatory cur¬ 
rent will be sustained indefinitely. However, if there is resistance pres¬ 
ent (and there always is in any practical circuit) the current flow 
through the resistor will cause energy to be dissipated, and the total 
energy will decrease with each cycle. Eventually all the energy will be 
dissipated and the current will be reduced to zero. If a scheme can be 
devised to supply the energy that is lost in each cycle, the oscillations 
can be sustained. This is accomplished in the vacuum-tube oscillator 
to produce audio frequency or radio frequency power. 

6-3. Higher-order homogeneous differential equations 

The method of solution discussed for first- and second-order differ¬ 
ential equations may be followed in the solution of higher-order equa¬ 
tions. For an nth order differential equation, the characteristic equa¬ 
tion will be 

a 0 m n + Gqm”"" 1 -f- ... -f- a n ~im + a n = 0 (6-88) 

A fundamental theorem of algebra states that an equation of order n 
has n roots. These roots can be found by factoring Eq. (6-88). 

ao(m — m 1 )(m — m 2 ).. . (m — m„) = 0 (6-89) 

Each root gives rise to a factor of the form kie mit in the solution. The 
sum of all such factors constitutes the solution of the differential equa¬ 
tion. Thus, solution of higher-order homogeneous differential equa¬ 
tions is primarily a matter of finding the roots of the characteristic 
equation. 

Fortunately, there is some simplification in finding these roots 
because the coefficients of Eq. 6-88 are positive and real coefficients. 
This follows because these coefficients are made up of the system 
parameters, R , L, and C. And since R, L, and C must be positive and 
real (the only way they appear in nature), so must the a-coefficients. 

There are three possible forms for the roots: (1) real roots, (2) imag¬ 
inary roots, and (3) complex roots. For the first-order characteristic 
equation 

aoTn ai — 0 (6-90) 

the root is m = which is negative and real because a 0 and di 

are always positive and real. I or a second-order characteristic equation 


a 0 m 2 -f aim + a 2 = 0 


(6-91) 
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m h m 2 = 7 ^ ± \/ai 2 — 4o 0 a 2 (6-92) 

With the positive real restrictions on the a-coefficients, these roots 
may have any of the three possible forms- real, imaginary, or complex. 
But if the roots are complex, they occur in conjugate pairs, since this 
is the only way complex roots can combine to give positive real coeffi¬ 
cients. Thus, for characteristic equation roots to be complex, they 
must occur in conjugate pairs. 

Consider next a third-order characteristic equation. In this case, 
because of the rule just given for complex roots, at least one root must 
be real. The other two may be both real or a conjugate pair of complex 
roots.* For a fourth-order characteristic equation, there are more pos¬ 
sibilities: four real roots, two real roots and a conjugate complex pair, 
or two sets of conjugate complex roots. The general pattern is thus 
established and the following rules may be given: 

( 1 ) If the roots are complex, they occur in conjugate pairs. 

( 2 ) If the characteristic equation is of odd order, at least one root is 
real. The remaining roots may be real or occur in conjugate 
complex pairs. 

( 3 ) If the characteristic equation is of even order, the roots may be 
real or occur in conjugate complex pairs. 

Summarizing this discussion, an equation of any order can be factored 
into its roots, and the roots determine the solution of the homogeneous 
differential equation as the sum of first-order (or second-order) solu¬ 
tions which have already been considered. 

An example will illustrate the method of solution of higher order 
homogeneous differential equations. The differential equation 

^ + 6 3? + 17 5? + 28 5F + 24 5 + 8i = 0 (6 - 93) 

has a characteristic equation which may be factored as 

(m + 1 ){m + l)(m + 2)(m 2 -f 2m -f 4) =0 (6-94) 

In this equation, there are two repeated real roots, one nonrepeated 
real root, and one conjugate complex pair with = 2 and f = 0.5. 
Using the equations already derived for first-order and second-order 
systems, we see that the solution is 

% - (Ki + KtDe-' + Kie~ 2t + e-‘(K 4 sin y/Z t + K t cos y/Z t) 

(6-95) 

* In this discussion, imaginary roots are considered as a special case of complex 
roots. 



Art. 6-4 DIFFERENTIAL EQUATIONS, CONTINUED 113 

6-4. Solution of nonhomogeneous differential equations 

In the nonhomogeneous differential equation, the right-hand side of 
the equation is not zero, but equal to the forcing function or some 
derivative of the forcing function, v(t). In studying such equations, we 
first observe that the solution to the corresponding homogeneous dif¬ 
ferential equation is a part of the solution of the nonhomogeneous 
equation. To illustrate by a simple example, consider the equation 

W' + 5 7t +(d = m (6_96) 

This equation has as roots of its characteristic equation, m x — —2 and 
mi ~ —3. Thus the complete solution for the case v(t) — 0 is 

ic = k x e~ %l + k 2 e~ st (6-97) 

Suppose that some function i P , which we will presently find, satisfies 
the nonhomogeneous equation, Eq. 6-96. Then i P plus i c given above 
is also a solution, since substituting either k x e~ 2t or k 2 e~ 3t into Eq. 6-96 
would add nothing to the right-hand side of the equation. In other 
words, part of the solution of a nonhomogeneous differential equation 
is the solution to the homogeneous differential equation. That part, 
by analogy to the discussion in Art. 4-3, is termed the complementary 
function. The remaining part of the solution—needed to make the 
operations of the differential equation add to v(t )—is the particular 
integral. Thus we write the total solution as the sum of two parts of the 
solution 

i = i P + ic (6-98) 

Since we can find i c for any equation, as discussed in the last section, 
there remains to be found only the particular integral i P . 

6-5. The particular integral by the method of undetermined coefficients 

In the analysis of electric circuits, the term v(t) in the differential 
equation is the driving force or a derivative of the driving force. As 
a practical matter, driving forces are represented by only a few math¬ 
ematical forms like V (a constant), sin u>t, kt , e~ at , or products of these 
terms (or linear combinations to give square waves, pulses, etc.). We 
do not ordinarily encounter physical generators of such functions as 
the tangent. Several mathematical methods are available for deter¬ 
mining the particular integral. If only driving forces of the practical 
forms mentioned are considered, the method of undetermined coefficients 
is particularly suited to our use. 

Ordinarily, the method of undetermined coefficients is applied by 
selecting trial functions of all possible forms that might satisfy the 
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differential equation. Each trial function is assigned an undetermined 
coefficient. The sum of the trial functions is substituted into the differ¬ 
ential equation, and a set of linear algebraic equations is formed by 
equating coefficients of like functions in the equation resulting from 
this substitution. The undetermined coefficients are thus determined 
by solution of this set of equations. If any trial function is not a solu¬ 
tion, its coefficient will be zero. 

It is not necessary to study rules for selecting trial functions for the 
forms of driving force function v(t) we are considering. The required 
form of the trial functions is given in Table 6-L In using this table, the 
following procedure is suggested: 

(1) Determine the complementary function i c . Compare each part 
of the complementary function with the form of v(t). The rules 
given in Table 6-1 are modified if these two functions have terms 
of the same mathematical form. 


TABLE 6-1 


Factor in 
v(t)* 

Necessary choice for the 
particular integralf 

1 . V (a constant) 

A 

2. cut" 

B 0 t n + Bit”- 1 + ... + B n -it + B n 

3. a 2 e rl 

Ce rt 

4. a 3 cos at 

D cos at + E sin at 

5. «4 sin cd 

6 . ait n e Tl cos c rf 

(Fit” 4- ... + Fn-it + F n )e rl cos at 

-f- ( Git” -f- ... -{- G n )& rt sin ad 

7. a4 n e Tl sin at 


* When v(t) consists of a sum of several terms, the appropriate particular inte¬ 
gral is the sum of the particular integrals corresponding to these terms individually. 

t Whenever a term in any of the trial integrals listed in this column is already a 
part of the complementary function of the given equation, it is necessary to modify 
the indicated choice by multiplying it by t before using it. If such a term appears 
r times in the complementary function, the indicated choice should be multiplied 
by < r * 

(By permission from Advanced Engineering Mathematics by Wylie. Copyright, 
1951. McGraw-Hill Book Co., Inc.) 

(2) Write the trial form of the particular integral, using Table 6-1. 
Each different trial solution should be assigned a different letter 
coefficient, and all similar functions should be combined. 
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(3) Substitute the trial solution into the differential equation. By 
equating coefficients of all like terms, form a set of algebraic 
equations in the undetermined coefficients. 

(4) Solve for the undetermined coefficients and so find the particular 
integral. These coefficients must be in terms of circuit and driv¬ 
ing force parameters. There are no arbitrary constants in the 
particular integral. 

Having determined the particular integral, the total solution may be 
found by adding the complementary function to the particular integral. 
If a particular solution is required, the arbitrary constants of ic can be 
evaluated from a knowledge of the initial conditions. As a precaution, 
the initial conditions must always be applied to the total solution— 
never to the complementary function alone unless i P = 0 [when v(t) 

= 03 . 


Example 4 

Consider a series RL circuit with the driving force voltage of the form 
r(£) = Ve~ at , where V and a are constants. By Kirchhoff’s voltage 
law, the differential equation is, after division by L, 


di . R . 
dt + L l 



(6-99) 


The characteristic equation is m + (R/L) =0, so that the comple¬ 
mentary function is 

ic = ke~ Rt/L (6-100) 

From Table 6 - 1 , the trial solution should be 

i P = Ae~ at (6-101) 

if a R/L, where A is the undetermined coefficient. Substituting 
this trial solution into the differential equation gives 

— otAe~ at + ^ Ae~ at = jre~ at (6-102) 

or A = W^V (6 - 103) 

The solution is the sum of i P and i c , or 

i = Z e ~ at + Ke~* t/L , a * ^ (6-104) 


The arbitrary constant can be evaluated from knowledge of the initial 
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conditions. If a — R/L, the form of the trial solution should be 

i P = Ater at (6-105) 

Substituting this solution into the differential equation gives 

A(-ate + e~ at ) + aAte~ at = ~ e~ at (6-106) 

/ j 

or A = Z (6-107) 

The solution for this ease is thus 

i = ^ fe—‘ + Ke~ Rt/L , a = ™ (6-108) 

Example 5 

As a second example, consider a series RC circuit with a sinusoidal 
driving force voltage v(t ) — V sin oot. The Kirchhoff voltage equation 
is 

Ri -f- ^ J i dt ~ V sin iot (6-109) 

or, differentiating and dividing by R, 

l&C * ~ ~W COS (6-110) 

From Table 6-1, the assumed i P should be the sum of a sine and a 

cosine term, as 

i P — A cos iot + B sin <ot (6-111) 

If this assumed solution is substituted into the differential equation 
and coefficients of like functions are equated, the following system of 
linear equations results. 

A + A - aA = 0 ( 6 - 112 ) 


Solving for A and B yields 


<oCV 

i + « 2 /e 2 c 2 ’ 


io*RC*V 
1 + w^C 2 


(6-113) 


Substituting these values into the assumed solution, there results, 
after some simplification, 
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This equation can be reduced to a single sinusoid by defining 1/wC =* 
K cos (ft and R — K sin (ft, and making use of the trigonometric iden¬ 
tity for the cosine of the difference of two angles. Finally, 


tp 


where 


V # 2 + i A> 2 C 2 

(ft — tan -1 (*)RC 


cos {(at — 4>) 


(6-115) 

(6-116) 


To this value of i P must be added i c = Ke~ ,/RC for the complete 
solution. 

Example 6 

Knowledge of the response of systems with sinusoidal driving force 
voltages is important in studies of power generation and distribution 
systems. Consider the circuit equiv¬ 
alent of such a system shown in 
Fig. 6-11. The Kirchhoff voltage 
equation for this system is 

L % + Ri = V sin (oit + e) 
at 

(6-117) Pig. 6-11. RL series circuit. 

The method for finding the particular integral is like that illustrated 
in the last example. The result is 



tp — 


( 


sin { cot + 9 — tan~ 


, “'A 
r) 


VR' + m (6_118) 

To this result must be added the complementary function, which from 
Example 4 is 

ic = Ke~ Rt/L (6-119) 

The total solution thus becomes 
V 


y/R 2 + « 2 £ 2 


sin ^ 


sin ( at -f 0 — tan 


r) 


+ Ke~ Rt/L (6-120) 


£{ow if the switch is closed at t — 0, the initial current has zero value 
because of the inductor, requiring that 


or 


y/R 2 -f~ <u 2 L 2 


sin ^0 — tan -1 + Ke° 


0 


( n . 

sin f 0 — tan -1 1 


(6-121) 

( 6 - 122 ) 


y/R 2 + u 2 L 2 

jf the angle 0, which represents the angle of the sinusoid at the time the 
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switch is closed, has the value 

6 = tan~ l ^ (6-123) 

it 

the constant K will have zero value, and the transient term i c will 
vanish. In other words, if the switch is closed at the proper instant, 
there will be no transient. The same conclusion can be reached for the 
RC series network but not for an RLC network. 


6-6. Capacitor charge in an RLC series circuit 

The circuit shown in Fig. 6-12 is energized by closing the switch K 
at t = 0. It is desired to find charge on the capacitor as a function of 

time, q(t). By Kirchhoff's voltage law, 
the differential equation for the charge 
is, after division by L, 



d*q Rdq 1 
d? + Ldi + LC q 


V 

L 


(6-124) 


Fig. 6-12. RLC series circuit. This is a nonhomogeneous differential 
equation, and the solution will be composed of two parts. The particu¬ 
lar integral or steady-state solution will be 

q sa — A (a constant) (6-125) 

Substituting this solution into the differential equation gives 

1 


0 + 0 + fc A =X or 


cv 


(6-126) 


For the three cases previously studied, corresponding to overdamped, 
critically damped or underdamped, the solutions are: 

Case 1, f > 1. 

q — q t + q* t = CV + e~ iani [Ki cosh («„ Vt 2 — 1 1 ) 

+ K 2 ( sinh 0 >„ Vr 2 - 1 <)] (6-127) 

Case 2, f = 1. 

q = CV + ( Ki + K 2 t)e^ (6-128) 

Case S, f < 1. 

q — CV + cos (co n y/T^T* t) + sin (a> n y/T^ 2 01 

(6-129) 

Each solution has two arbitrary constants, K i and K 2 . These constants 
will not be the same for the three cases, but they can be evaluated from 
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the initial conditions. As initial conditions, we will assume that at 
t - 0, qc = 0 (no initial charge on the capacitor) and i c — 0, so 
dqc/dt — 0 (no initial current because of the inductor). We will carry 
out the evaluation of the constants in some detail for Case 3. The two 
other cases follow a similar (and easier) pattern. Using the initial value 
of q condition gives 

0 = CV + e\K x + Kr 0) 

or -CV (6-130) 

The derivative of q with respect to time is 


dq _ 

dt _ 

Kxe-^i-o)* VT^T 2 sin (w„ y/\ - $H) - fa„ cos («, VT 

+ K 2 e-”" t [a) n \/l — r 2 cos (co„. Vl “ r 2 i) — fan sin (o>„ y/l 
At t = 0, dq/dt — 0, so 

0 = K\{ — fan) + K 2 fan Vr^T*) 

Hence K 2 = K x = -CV 


- r 2 01 


- r 2 03 

(6-131) 


(6-132) 

(6-133) 


The particular solution is 


q(t) - CV 


e ~*"■* 


Vi - 


[VI — f 2 COS (o)„ Vl - f 2 0 


+ f sin («. Vl - f 1 <)]j (6-134) 


This equation may also be written in the form 


«(() = er 


Vi 


sin («„ \/l — f 2 £ -{- C) 


where 9 = tan -1 \/l — ^ 2 /f. 

For Case 2, the particular solution will be found to be 

q(t) = CV[ 1 - (1 + co„Oe~" n ‘] 
and for Case 1, the particular solution is 


(6-135) 


(6-136; 


q(t) = CV 1 - e-f-‘ 


cosh («„ \/f 2 - U) 


+ i sinh Vf 2 - 1 0 J 


(6-137) 
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These three equations give q(t) for the three conditions of damping. 
Since the damping ratio is determined as the ratio of actual resistance 
to critical resistance, the three conditions could be obtained merely 
by an adjustment of the resistor R. Figure 6-13 shows the behavior 



Wig. 6 -13. System response for three values of f illustrating the 
underdamped (f = 0.2), critically damped (f = 1.0), and overdamped 
(f = 1.4) cases. 


of the charge in the circuit as the damping ratio changes. These solu¬ 
tions are valid for any second-order system with these particular 
initial conditions, not only in electric networks but also in mechanical 
and electromechanical systems (for example, in servomechanisms). 

FURTHER READING 

Solution of differential equations of the type discussed in this chapter 
is concisely treated by Wylie in Advanced Engineering Mathematics 
(McGraw-Hill Book Co., Inc., New York, 1951), pp. 1-45. See also 
Chap. 4, titled “Classical Analysis of Double-Energy Transients” 
in Fich, Transient Analysis in Electrical Engineering (Prentice-Hall, 
Inc., New York, 1951). Other texts recommended for supplementary 
reading include: Skilling, Transient Electric Currents (McGraw-Hill 
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Book Co Inc New York 1952), Chaps. 3 and 4; Johnson, Maths- 

Principles of Engineering Analysis (McGraw-Hill 

^ * ” V 6W X ork > 1944 >. Chap. 6; Salvadori and Schwarz, 

Differential m Engineering Problems (Prentice-Hall, Inc., 

New York, 1954), Chaps. 3 and 4. 


PROBLEMS 

6-1. Show that i = ke~ 2t and i = ke~ l are solutions of the differential 
equation 

dH , 0 di 
df 2 " f3 di + 2t = 0 

6-2. Show that i — ke~ l and i = are solutions of the differ¬ 
ential equation 


o^‘ , , 
+ 2 + 1 


0 


6-3. Find the general solution each of the following equations: 


(a) 

^ + 3 s + 2i = ° 


= 0 

(b) 

« + 8 * + «_ 0 

(/) 3 % + Tx + 2v 

- 0 

(c) 

i + 7 l+ 12 ‘ = ° 

(s) w +2 Tt +i 

= 0 

(d) 

SU S- 

+ 

Or 

li 

O 

(h) W + i Jt + Ai 

= 0 


6-4. Find the particular solution of the differential equation of 
Prob. 6-3(a) and Prob. 6-3(b) subject to the initial conditions: 


i(°+) = 1, | (0+) = 0 


Answers . i = 2e~‘ — e~ 2t , i — 3e~ 2t — 2e~ 3 ‘. 

6-6. Repeat Prob. 6-4 for the differential equations of Prob. 6-3, 
parts (c) through (h) subject to the initial conditions 

variable (0+) = 2, ^ [variable (04-)] = 1 

6-6. Write the general solution of the differential equations with the 
following characteristic equations: 

(a) (m -f l)(m 4- 2)(ra 2 + m + 1) = 0 

(b) (m + l) 2 (m + 5) = 0 

(c) (m + a)(m 4- b)(m — c)(m — d) — 0 
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6-7. Plot the roots of the characteristic equation in the m-plane 
(m — cr + i<*>) for L — 1 henry, C = 1 ni, and (a) R — 500 ohms, 
(b) R — 1000 ohms, (c) R = 2000 ohms, (d) = 3000 ohms, (e) R - 
4000 ohms. 

6-8. For the system described in Prob. 6-7 and for (a) R = 500 
ohms, (b) R = 2000 ohms, and (c) R = 4000 ohms, find the general 
solution to the differential equation. Evaluate all coefficients but not 
the arbitrary constants. 

6-9. In a certain network, it is found that the current is given by the 
expression 

i = Kie~ ait — Ki,e~ ait , t > 0, ai > a 2 
Show that i{t) reaches a maximum value at time 



In 


CtxKx 

oitKt 


6-10. The graph shown is a record of the current as a function of 
time resulting when a switch is closed at t — 0, connecting a battery 
to a network. Only slightly more than a cycle is shown in the record, 
but the current eventually reaches zero value, (a) Determine the 
values of f and co n for the current waveform, (b) Write the equation 
of current as a function of time with all coefficients evaluated. 



Prob. 6-10. 

6-11. In the network shown in the accompanying figure, the switch 
K is opened at t — 0 with equilibrium conditions existing before the 
the switch is opened. Find the current through the inductor as a func¬ 
tion of time. Answer. u(£) — 10 cos 316L 


10 Mf 



Prob. 6-11. 
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6-12. Show that Eq. 6-67 can be written in the form 

i = cos (oj„ y/l — Y 2 1 + 4) 

Give the values for K and <f> in terms of K b and K f of Eq. 6-67. 

6-13. Solve the following nonhomogeneous differential equations. 

< b > S+ 3 1 + 2i = 51 

Answer, i — \t — ^ + kie~* + k?p~ 2t . 

<•> w + z t + 

< d) 3P + 5 S + 6? = fe ~‘ 

Answer. q — --e“‘ + fcie~ 2 * + k#r u 

(e) ^ + 5 ^ + 6t> = e~ 2t + 5e~ 3t 

Answer, t> = (K x + + (i ^2 — 5 t)e~ 3t . 

6-14. A special generator has a voltage variation given by the equa¬ 
tion v(t ) = t volts, where t is the time in seconds. This generator is 
connected to an RL series circuit, where R — 2 ohms and L — 1 
henry, at time t — 0 by the closing of a switch. Find the equation for 
the current as a function of time i(t). Answer. i{t) = %t — 4 + 

6-16. A bolt of lightning having a waveform which is approximated 
as v(t ) = te~ l strikes a transmission line having resistance 72 — 0.1 ohm 
and inductance L — 0.1 henry (the line-to-line capacitance is assumed 
negligible). An equivalent network is shown in the accompanying 
diagram. What is the form of the current as a function of time? (This 
current will be in amperes per unit volt of the lightning; likewise the 
time base is normalized.) Answer. i(t) = 5t 2 e~‘. 


6-16. In the circuit shown in the figure, solve for i{t) if K is closed 
at t — 0. Answer, i = 10~ 4 e~‘ (cos t — sin t) — 10~ 4 e~ 104 ‘. 



Prob. 6-16. 
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6-17. In the network shown, the switch K is closed at t — 0, with a 
steady state having been established previous to this time. For the 

parameter values shown in the dia¬ 
gram, find the current as a function 
of time i(t). Answer, i = (20.3 
cos 377 1 - 0.8 cos 1414* + 1485 
sin 14140 X 10 -3 amp. 

6-18. On page 118, the statement 
is made that the transient term 
in the solution cannot vanish in the 
RLC series circuit with a sinusoidal 
driving force merely by closing a switch at an appropriate time. Prove 
that this statement is correct. 

6-19. Starting with Eq. 6-127, verify that Eq. 6-137 is the partic¬ 
ular solution with the initial conditions given for Case 3. 

6-20. A switch is closed at t — 0 connecting a battery of voltage V 
with a series RL circuit, (a) Show that the energy in the resistor as a 
function of time is 


0i 


J2-10 3 Q 


K 


'100 sin 377 1 


2>lh 


as,,: 

“V 


Prob. 6-17. 


Wr 


V 2 ( 
R V 


, ,2L 
t+ R e 


Rt/L 


2 R 


-•iRt/L 


3 L\ 

2 R) 


(b) Find an expression for the energy in the magnetic field as a 
function of time, (c) Sketch w R and w L as a function of time. Show the 
steady-state asymptotes, that is, the values that w R and w L approach 
as t —> oo. (d) Find the total energy supplied by the voltage source in 
the steady state. 

6-21. In the series RLC circuit shown in the accompanying diagram, 
the frequency of the driving force voltage is 


( 1 ) 

( 2 ) 


fa) 


fa) 


w n (the undamped natural angular frequency) 
con \/l “ f 2 (the natural angular frequency) 


These frequencies are applied in two separate experiments. In each 
experiment we measure (a) the peak 
value of the transient current when 
the switch is closed at t — 0, and (b) 
the maximum value of the steady- 
state current, (a) In which case (that 
is, which frequency) is the maximum 
value of the transient greater? (b) In 
which case (that is, which frequency) 
is the maximum value of the steady-state current greater? 




CHAPTER 7 

THE LAPLACE TRANSFORMATION 


7-1. Introduction 

The forerunner of the Laplace transformation method of solving dif¬ 
ferential equations, the operational calculus, was invented by the bril¬ 
liant English engineer Oliver Heaviside (1850-1925). Heaviside was 
a practical man and his interest was in the practical solution of electric 
circuit problems rather than careful justification of his methods. He 
was gifted with an insight into physical problems that enabled him to 
pick the correct solution from a number of alternatives. This heuristic 
point of view drew bitter and perpetual criticism from the leading 
mathematicians of his time. In the years that followed publication of 
Heaviside's work, the rigor was supplied by such men as Bromwich, 
Giorgi, Carson, and others. The basis for substantiating the work of 
Heaviside was found in the writings of Laplace in 1780. As the years 
have passed, the structural members of the framework of Heaviside's 
operational calculus have been replaced, piece by piece, by new mem¬ 
bers derived by the Laplace transformation. This transformation has 
provided rigorous substantiation of the operational methods; no impor¬ 
tant errors have been discovered in Heaviside's results. 

The Laplace transformation method for solving differential equa¬ 
tions offers a number of advantages over the classical methods that 
were discussed in Chapters 4 and 6. For example: 

(1) The solution of differential equations is routine and progresses 
systematically. 

(2) The method gives the total solution—the particular integral and 
the complementary function—in one operation. 

(3) Initial conditions are automatically specified in the transformed 
equations. Further, the initial conditions are incorporated into 
the problem as one of the first steps rather than as the last step. 

What is a transformation? The logarithm is an example of a trans¬ 
formation that we have used in the past. Logarithms greatly simplify 
such operations as multiplication, division, extracting roots, and rais¬ 
ing quantities to powers. Suppose that we have two numbers, given 
to seven-place accuracy, and we are required to find the product, 
maintaining the accuracy of the given numbers. Rather than just mul- 
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tiplying the two numbers together, we transform these numbers by 
taking their logarithm. These logarithms are added (or subtracted in 
the case of division). The resulting sum itself has little meaning. How¬ 
ever, if we perform an inverse transformation, if we find the antilog¬ 
arithm, then we have the desired numerical result. The direct division 
looks more straightforward, but our experience has been that the use 
of the logarithm often saves time. If the simple problem of multiply¬ 
ing two numbers is not convincing, consider evaluating (1437) 01 ® 28 
without logarithms! 

Logarithm 


Direct 

multiplication 
or division 

I 

Antilogarithm 
la) 

I 

Laplace 
transformation 

Classical 
solution 

I 

Inverse Laplace 
transformation 

Time domain-► -+ -Frequency domain 

ib) 

Tig. 7-1. Comparison of logarithms and the Laplace transformation. 

A flow sheet of the operation of using logarithms to find a product 
of a quotient is shown in Fig. 7-1. The individual steps are: (1) find 
the logarithm of the separate numbers, (2) add or subtract the num¬ 
bers to obtain the sum of logarithms, and (3) take the antilogarithm 
to obtain the product or quotient. This is roundabout compared with 
direct multiplication or division, yet we use logarithms to advantage, 
particularly when a good table of logarithms is available. 

The flow sheet idea may be used to illustrate what we will do in using 
the Laplace transformation to solve a differential equation. The flow 
sheet for the Laplace transformation is also shown in Fig. 7-1 with a 



Integra- 

differential 

equation 


Product 
or quotient 
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block corresponding to every block of the logarithm flow sheet con¬ 
sidered above. The steps will be as follows. (1) Start with an integro- 
differential equation and find the corresponding Laplace transform. 
This is a mathematical process, but there are tables of transforms just 
as there are tables of logarithms (and one is included in this chapter). 
(2) The transform is manipulated algebraically after the initial con¬ 
ditions are inserted. The result is a revised transform. As step (3), we 
perform an inverse Laplace transformation to give us the solution. In 
this step, we also can use a table of transforms, just as we use the table 
of logarithms in the corresponding step for logarithms. The flow sheet 
reminds us that there is another way: the classical solution. It looks 
more direct (and sometimes it is for simple problems). For complicated 
problems, an advantage will be found for the Laplace transformation, 
just as an advantage was found for the use of logarithms. 

7-2. The Laplace transformation 

To construct a Laplace transform for a given function of time f(t), 
we first multiply f(t) by e~* % , where s is a complex number, s - a + ju>. 
This product is integrated with respect to time from zero to infinity. 
The result is the Laplace transform of f(t), which is designated F(s). 
Denoting the Laplace transformation by the script letter £ (in order 
to reserve L for inductance), the Laplace transformation is given by 
the mathematical expression 

JStrtfl] - F (».) - ff f(t)e-‘dt (7-1) 

The letter £ can be replaced by the words “the Laplace transform of” 
in the above expression. 

Although this equation is a rather formidable appearing integral, 
the actual evaluation of F(s) for a given f{t) is usually not difficult. 
Furthermore, once the transform of a function is found, it need not be 
found again for a new problem but can be tabulated. The time func¬ 
tion f(t) and the transform F(s) of this function are called transform 
pairs. A table of transform pairs is given on page 146. 

The operation which changes a function of s back to a function of 
time is called the inverse Laplace transformation. This operation is 
symbolized as £~ l . Then by definition, 

£“M£f/(0]} - Z-'Wis)} = m ( 7 - 2 ) 

-phe inverse Laplace transformation is given by the complex inversion 
integral, 



(7-3) 
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where c is a constant. This integral is seldom used because of the 
uniqueness property of the Laplace transformation that there is a one- 
to-one correspondence between the direct and inverse transforms. In 
other words, a table can be used to find th ef(t) corresponding to a given 
F(s) as well as an F(s) for a given f(t). 

Not all functions can be integrated to find the Laplace transforms. 
The usual requirements for an f(t) are that it be (1) piecewise contin¬ 
uous and (2) of exponential order. These requirements are discussed 
in detail in references cited at the end of this chapter. Suffice to say 
that all functions of engineering interest have the properties required 
for the existence of the transform. 

As an example of the evaluation of Eq. 7-1, let f(t) — 1; then 


£[ 1 ] 


-I. 


e~“ dt 


-St 


Jo 


1 

s 


(7-4) 


Because of the lower limit of the integral, the value of f(t) for t <0 
does not enter into the final solution. Thus the Laplace transform for 
f(t) — 1 is the same as that of a special function having zero value for 
t < 0 and unit value for t > 0. Such a function was called a unit step 

function by Heaviside. We will 
use the symbol u(t) for a function 
described mathematically as 


m 


-t 


u(t) 


+t 


u{t) 


t < 0 
t > 0 


(7-5) 


Pig. 7-2. Unit step function. 


and shown as a function of time 
in Fig. 7-2. Such a function is the mathematical equivalent of physically 
closing a switch at t = 0. If a battery of voltage V is connected to a 
network at t — 0 by closing a switch, that voltage can be described as 
Vu(t) ; that is, V times unity for t > 0 and V times zero for t < 0. The 
Laplace transform for Vu(t) is 


£[F«(0] = - (7-6) 

s 

As a second example of the calculation of a transform, let f(t) — 
where a is a constant. Substituting into Eq. 7-1, we have 

£[e°‘] = / dt — [ e~ u ~ a)t dt = —-—> a > a (7-7) 

Jo Jo s — a 


Thus e°‘ and 1/ (s — a) constitute a transform pair. 

For one further example, let f(t) — sin <at. Substituting into the 
defining equation, we have 
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_ f • •! / * , p ~*i(—p gjn ml — (a cos wO * 

£[sin c d] = / sin . UL-LSL_- l 

JO 8* “T W JO 




« 2 -+• « 2 


(7-8) 


These two computations can form the beginning of a table of transform 
pairs as shown below. 


Table of Transform Pairs 


m 

F(s) 

u(t) 

l/s 

e°‘ 

1 

s — a 

sin cot 

CO 

s 2 + 


More pairs can be added as they are computed. Exhaustive tables are 
to be found in reference books cited at the end of the chapter. 

7-3. Basic theorems for the Laplace transformation 

(1) Transforms of Linear Combinations . If fi(t) and f 2 (t) are two 
functions of time and a and b are constants, then 

£[afi(t) + 6 / 2 ( 0 ] - aFi («) + bF 2 (s) (7-9) 

This theorem is established with Eq. 7-1. It follows from the fact 
that the integral of a sum of terms is equal to the sum of the integrals 
of the terms; that is, 

£[afi(t) + 6 / 2 ( 01 = J q [o/i (0 + 6 / 2 ( 0 Je-*' dt 

= o J f\{t)e~ tl dt -j- 6 J fi{t)e~ H dt 

= aFx(s) + bFt(s) (7-10) 

We will make use of this theorem in taking the Laplace transformation 
of the sum of derivative terms appearing in a differential equation. 

(2) Transforms of Derivatives. From the defining equation for the 
Laplace transformation, we write 

£ [P (t) } = L' dt (7 ' u) 

This equation may be integrated by parts by letting 


u = e~*‘ and dv = df(t) 
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Then 


u dv — uv 
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(7-12) 


du — —se-^dt and v = fit) 


so that the transform of a derivative becomes 

Z \li m -«'“/(<) 1 * + /(««-'<" = -/(°+) P-13) 

provided lim f(t)e~ at = 0, which follows from lTiospital’s rule, pro- 

t —► 00 

vided that f(t) and all its derivatives are not infinite at i — «. 

To find the transform of the second derivative, we follow a similar 
procedure but make use of the result of Eq. 7-13. Since 


d 2 d d 


(7-14) 


then 




s[sF(s) — /(OH-)] 


( 0 +) 


(7-15) 


= s 2 F(s) - «/(0+) 


( 0 +) 


In this expression, the quantity df/dt (0+) is the derivative of fit) 
evaluated at t — 0+ (the time immediately after switching action is 
initiated). The general expression for an nth order derivative is 


£ WS1 = s»F( s ) _ 8"~ 1 /(0+) - s»- 2 ^ (0+) 


®^< 0+) 

(7-16) 


( S) Transforms of Integrals . The transform for an integral expres¬ 
sion, is found by starting with the equation 


fit)e~ u dt = Fis ) 


(7-17) 


and integrating by parts to give 


Fis) — e * ( J fit) dt +s /;[/ fit) dt j e~ tl dt (7-18) 


fit) dt 


The quantity 
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becomes zero at the upper limit, and at the lower limit has the value 
of the integral evaluated at t — 0, usually written by the notation 


/ 


fit) dt 


r-o+ 




(7-19) 


where / (-1) indicates integration. The last term of Eq. 7-18 is recog¬ 
nized as s times the Laplace transform of J f(t) dt. Rearranging Eq. 
7-18, there results 


J f mdt } = m+r-"(o+) 

J $ $ 


(7-20) 


Similarly, it is found that 


£ 



fit) dt 2 


Fis) /<“*> (0-4-) /<- 2 >(0+) 

e 2 ' o2 ' » 


(7-21) 


In the analysis of networks on the loop basis, fit) is often a current iit) 
and the integral of the current is the charge qit). Equation 20 then has 
the form 


£ 



m g(o+) 

$ s 


(7-22) 


where $(0+) is the charge (say on the plates of a capacitor) at the time 
t — 0-j-. 

If fit) is a voltage, then 


£ 


f m J = m + m±i 

J J $ $ 


(7-23) 


since the integral of voltage is flux linkage 


7-4. Examples of the solution of problems with the Laplace transformation 

With the short table of transforms that has been given on page 129 
and the three basic theorems that have been derived in the previous 
section, we are now equipped to solve a network problem (elementary 
as yet, to be sure) using the Laplace 
transformation. 

Example 1 

For this example, we will write 
the Kirchhoff voltage law for a series 
RC network shown in Fig. 7-3. It 
will be assumed that the switch K 
is closed at t — 0. This information will be included in the formation 
of the network equations by writing the voltage expression as Vuit). 



Fig. 7-3. RC series circuit. 
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| J idt + Ri = Vu(t) (7-24) 

This is the integral equation we wish to solve. Using Eq. 7-20 for the 
first term, we take the transforms of the linear combination of terms as 


~ + RI( S ) - V • - 

0 5 5 ^ 8 


(7-25) 


In terms of the flow chart of Fig. 7-1, we have taken the Laplace trans¬ 
formation of the integral equation and there has resulted a transform 
expression. The required initial conditions are automatically specified 
and may be inserted as the second step (rather than as the final step 
as in differential equations solved by classical methods). Now ?(0+) 
is the charge on the capacitor at t — 0+. If the capacitor is initially 
uncharged, g(O-f) — 0 and the last equation reduces to the form 


m 


fe + R ) 


V 

s 


(7-26) 


The next step, again according to the flow chart, is algebraic manipula¬ 
tion. The objective of this manipulation is to solve for I(s). This is 
accomplished by multiplying by s and dividing by R to give 

V/R 


1 ( 8 ) - 


s -j- 1 /RC 


(7-27) 


which is a “revised transform" expression. The next step on our flow 
chart is to perform the inverse Laplace transformation and obtain the 
solution. That is, 


£-*[/(«)] 


V* + 1 IRC) 


m 


\S “b 1/ RC t 

Using the second transform pair of our short table, the solution is 

V 


(7-28) 


i(t) 


R 


n~~t/RC 


(7-29) 


This is the complete solution (the steady state in this case being of 
zero value). The arbitrary constant emerges evaluated (and has the 
magnitude V/R). 


Example 2 

As our second example, consider the RL series circuit shown in Fig. 
7-4. As in Example 1, the switch is closed at t = 0. The differential 
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equation for the circuit is, by Kirchhoff's law, 

L ~ + Ri - Vu(t) 
at 

The corresponding transform equation is 

L[«/(s) - t(0+)] + Rl(s) - \ 

o 


(7-30) 


(7-31) 


The initial condition specified by the last equation is t'(0+), the cur¬ 
rent after the switch is closed. Because of the inductance, t(0+) — 0. 
Our equation may now be manipulated to solve for I(s ); thus 


I(s) = 


V 1 
L s(s + R/L) 


(7-32) 


This transform, however, is not in o 
new (or a larger table). Notice thal 
uct of the term (1/s) and the term 
[l/(s + R/L)]. We know the in¬ 
verse Laplace transformation of 
each of these individual terms. 
This suggests that the inverse oper¬ 
ation could be performed if there 
were some way to break the trans¬ 
form terms into several parts. As an 
let us try the following expansion: 


r short table. We need something 
this term is made up of the prod- 



rig. 7-4. RL series circuit, 
attempt to perform this operation, 


YJL K. Ki 
s(s + R/L) s + s + R/L 


(7-33) 


In this equation Ka and K x are unknown coefficients. As the first 
step, let us simplify the equation by putting all terms over a common 
denominator. Then 

E = ( s + e) + K ' s 

By equating coefficients of like functions, we obtain a set of linear 
algebraic equations: 

R V 

Ko * j~ = Kq -f- K i = 0 


From these two equations, we find the required values for K<> and K\\ 


K* 


V 

R 


and 


K, 


V 

R 
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This algebraic manipulation has permitted Eq. 7-32 to be written 


m 


V 1 VI 1 

L s(s + R/L) /e Ls * + R/L 


(7-34) 


We have transform pairs corresponding to each of these expressions. 
The current as a function of time is found by taking the inverse Laplace 
transformation of the individual expressions; thus 

(M6) 

or i(t) = ^(1 - e~ Rt/L ) (7-36) 


This is the final (time-domain) solution. The method we used to 
expand a transform into the sum of several separate parts is known 
under the heading of partial fraction expansion. It is this subject that 
we study next. 


7-5. Partial fraction expansion 

The examples of the last section have suggested the general pro¬ 
cedure in applying the Laplace transformation to the solution of 
integrodifferential equations. A differential equation of the general 
form 

d n i , d n ~H . . di , ... 

a ° dp ai dtr- 1 + • • • + a »-i ^ + a n i ~ v(t ) (7-37) 


becomes, as a result of the Laplace transformation, an algebraic equa¬ 
tion which may be solved for the unknown as 


m - 


£[t>(Q] + initial condition terms 
a 0 s n -f ais n_1 + .. . + + a„ 


(7-38) 


The general form of this equation is a quotient of polynomials in s. 
Let the numerator and denominator polynomials be designated P(s) 
and Q(s), respectively, as 

= m (M9) 

If the transform term P(s)/Q(s) can now be found in a table of trans¬ 
form pairs, the solution i(t) can be written directly. In general, how¬ 
ever, the transform expression for I(s ) must be broken into simpler 
terms before any practical transform table can be used. To simplify 
the expression by partial fraction expansion, we find the roots of the 
denominator polynomial 

Q(s) - a 0 s n 4- ais n ~ 1 4- ... 4* o« “ a 0 (s 4- «i)... (s 4- s n ) (7-40) 
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Because the coefficients a 0 , a if ..., a» are positive and real (being 
functions of network parameters R, L, and C), the roots of Q(s) are 
restricted to be: (1) simple and real, (2) conjugate complex pairs, or 
(3) repeated (or nonsimple) as discussed in Art. 6-3. 

The rules for expanding /(«) by partial fractions are given in terms 
of the three possibilities just mentioned: 

(1) If all the roots are simple (that is, not repeated), then the partial 
fraction expansion is 


Pis) 


K i 


+ 


K t 


(s + Si)(s + S2) • • • (s + Sn) & + Si 8 + Si 


“f* 


Kn 

8 -f- S» 


(7-41) 


(2) If a root is repeated r times, the partial fraction expansion corre¬ 
sponding to this one (repeated) root is 


Pis) _ Kn ^ Kit 1 1 /'? /<o\ 

(» + «,)' " » + s, + (9 + »,)> + • • ■ + (a + a,) r (7-42) 

and there will be similar terms for every other repeated root. 

(3) An important special rule may be given for two roots which form 
a complex conjugate pair. For this case, the partial fraction expansion 
is 


_ Pis )_ 

Qi(s)(s + a + jo>)(s + a — joj) 

Kj 

(s + a + jdi) 




iCx* 

(s + a — joi) 


+ .. • (7-43) 


where K 1 * is the complex conjugate of K x . In other words, when the 
roots are conjugates, so are the partial fraction expansion coefficients. 
An expansion of the type shown above is necessary for each pair of 
complex conjugate roots. 

Although the above three rules are sufficient to expand any quotient 
of polynomials, it is sometimes more convenient to expand second- 
order denominator terms as 


Pis) 


As B 


Qi(s)is 2 + as -f b)is 2 + cs + d) 

As + B 


+ 


Cs -f* Z) 


s 2 + as -j- b s 2 + cs + d 
Cs -f- jD 


+ 


(s H- ai ) 2 -j- wi 2 (s -j- at ) 2 + t*>2 2 


+ 




(7-44) 


In an expansion of a quotient of polynomials by partial fractions, 
it may be necessary to use a combination of the three rules given above. 
Several examples will illustrate the expansion and the determination 
of the K’ s. 
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Example S 
Consider the quotient of polynomials, 

J( ^ 2s 4" 3 
1{i) = ?T 3s + 2 

The first step is to factor the denominator polynomial and then expand 
by the appropriate rule. For this example, the expansion is 

2s -f 3 _ K\ , K 2 

(s + l)(s + 2) s -j- 1 s + 2 

since the roots are real and not repeated. Placing each factor over the 
common denominator of the equation gives 

2s -+• 3 = (s *4" 2)Ki -f* (s ~f“ 1) 
or 2s -(- 3 — ( K\ ~|“ Ki)s *4* (2K\ K^) 

Equating coefficients of like functions, we obtain the following set of 
linear equations: 2 = K x + K 2 , 3 — 2Ki -f K 2 . From these two equa¬ 
tions, we find that K x = 1 and K t = 1. The result of the partial frac¬ 
tion expansion is thus 

2s + 3 _ 1 1 

s 2 -j- 3s 4- 2 s 4* 1 s -f 2 

The expansion may be checked by combining the two terms of the 
partial fraction expansion. 

Example 4 

For this example, consider a quotient of polynomials with repeated 
denominator roots: 

s 4" 2 __ Kii . Ka 

(«41)‘ _ 841 t (s4 l) 2 

This form is required by rule (2). Multiplying the equation by (s 4 l) 2 
gives 

s 4 2 = (s 4 l)Ku 4* Kn 

The resulting set of linear algebraic equations is K n = 1, K u 4 Kn 
— 2, or Kn — 1. The resulting partial fraction expansion is 

s + 2 1 . 1 

(s 4- l) 2 = 8 4- 1 + (s 4- l) 2 

Again, this expansion can be checked, in this case by multiplying the 
first term in the expansion by (s 4- 1)/(s 4- 1). 
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Example 5 

This example will illustrate the expansion of a quotient of polyno¬ 
mials where the denominator roots are a complex conjugate pair. Con¬ 
sider the quotient 

1 _ K x K x * 

s 2 + 2s + 5 (s + 1 + j2) ^ (s + 1 - j2 ) 

If each term is multiplied by a factor to put all terms over a common 
denominator, the following equation results: 

1 - Ki(s + 1 - j2) + K x *(s + 1 +j2) 

Equating the coefficients of like terms, 

(1 - j2)K x + (1 + j2)K x * - 1 and K x + K x * = 0 

These two equations may be solved simultaneously for K x and K x *. 
This gives 

and X >* = ^4=->i 

In this development, we did not make use of the conjugate relationship 
between K x and K x *. If K x is found by any method, it is not necessary 
to solve for K x *. If the values for K x and K x * are substituted into the 
first equation of this example, there results 

1 _ Jr , -Jt 

s* +2s+ 5 (s + 1 + j2) " r (s + 1 - j2) 

To use some transform tables, such terms should be revised by com¬ 
pleting the square. In this example, 

(s 2 + 2s + 5) - (s 2 + 2s + 1) + 4 - (s + 1)* + 2* 

90 that + 2s + 5 = (s + l) 2 + 2 2 

In the general form [(s + a) 2 + 6 2 ], a is the real part of the root, and 
b is the imaginary part. 

The three rules just given for partial fraction expansion are restricted 
to the cases in which the order of the numerator polynomial is less than 
the denominator polynomial. If this condition is not fulfilled, it is 
necessary to first divide the denominator into the numerator to obtain 
an expansion of the form 

88 - + b '° ++•••+ 


(7-45) 
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where n is the order of the numerator, d is the order of the denominator, 
and Pi(s)/Q(s) is a new quotient of polynomials with the order of the 
numerator less than that of the denominator such that the usual rules 
apply. 

As an example, let 

P(s) ^ s 2 4- 2s + 2 
Q(s) s + 1 

By direct division, 

s 4- 1) s 2 + 2s + 2 (s -f 1 
s 2 4- s 

s 4* 2 
s + 1 
1 


or 


s* + 2s + 2 

s + 1 


= 1 + s + 


1 

5 + 1 


so that in Eq. 7-45, B 0 = 1, B x - 1, and P x (s)/<?(s) - l/(s + 1). 


7-6. Heaviside’s expansion theorem 

Let us return to the problem of Example 3 which was written 


2s 4- 3 _ Ki , Ki 

(s + l)(s + 2) " (s + 1) (s -f 2) 

As the first step, multiply the equation by (s + 1) as 

(2s 4* 3)(s + 1) _ p. s+1 

(s 4- l)(s 4- 2) Al s + l tA! s + 2 


or, canceling common factors, 


2s 4- 3 
s 4" 2 


Kr + K* 


s+ 1 

s 4- 2 


(7-46) 


(7-47) 


(7-48) 


In this equation, the coefficient K x is not multiplied by any function 
of s. Now s is merely an algebraic factor that can have any value. If 
s — — 1, the coefficient of K 2 reduces to zero and we can solve for Ki as 


2s -{- 
s 4- 2 |*- -i 


-2 4-3 
- 14-2 


(7-49) 


which is the same result as found previously. To evaluate K 2 and to 
follow the same pattern, multiply Eq. 7-46 by (s 4-, 2) to obtain 


2s 4-3 
s 4- 1 


= Ki 


s 4- 2 
s 4~ 1 


4" 


(7-50) 


To evaluate K if we set s = —2 in order to reduce the coefficient of K\ 
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to zero. Then 

v _ -p 3 

Aa ~ a + i 

This method, which the example has shown will eliminate much of the 
algebraic manipulation of evaluating the coefficients, is known as 
Heaviside's partial expansion method. The method will work as in this 
example when Q(s) has no repeated roots. In general, if 


•4 -f* 3 
•2 ~f* 1 


(7-51) 


+ + , Kn 

Q(s) S + Si S 4“ $2 S + «3 $ -j- 8„ 


(7-52) 


then any of the coefficients K i, K 3 , ..., K n can be evaluated by 

multiplying by the denominator of that coefficient and setting s to 
the value of the root of the denominator. In other words, to find the 
coefficient K if 

Kl = [ (a + Si) m\.-., (7 - 53 > 

In the form given in this equation, Heaviside's expansion theorem 
applied only to functions with nonrepeated denominator roots. To 
start our discussion of the case of repeated roots, consider the example, 

P(s) _ s + 2 _ K n Kn 

Q(s) (s + l) 2 s +1^(8 + l) 2 { V 


Multiplying by (s + l) 2 gives 

s + 2 - (s + 1 )K U + Kn (7-55) 


and when s = — 1 , K n is readily evaluated as K u — 1 . If we attempt 
to follow the same pattern to evaluate Ku, trouble develops. That is, 


s + 2 
s + 1 


*n + 


Kn 

s + 1 


(7-56) 


If, in this equation, s = — 1, one term becomes infinite and K n cannot 
be evaluated. However, the problem can be resolved if we return to 
Eq. 7-55 and differentiate with respect to s. (This is a reasonable thing 
to do: we have used differentiation before to remove trouble with 
indeterminant forms.) Differentiating with respect to s, 

1 ~{~ 0 = K u -f- 0 or Ku — 1 

The constants are now evaluated and the partial fraction expansion is 


s + 2 1 . 1 

(S + l) 2 8-j-l + (« + l) 2 


(7-57) 
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To consider a general case of r-repeated roots, let 
P(«) _ «(») _ , K„ , K„ 


Q($) (s + a,*) r a + (s + sj) 


(s + Si)’ 


“f* • • • 4 


4... 

K ir 


(s + Sy)' 


(7-58) 


where n is any term in the partial fraction expansion and R(s ) is defined 
as 


#(*) = (« 4 - Sj) r 

Multiplying Eq. 7-58 by (s 4 Sy) r gives 


(7-59) 


R(s) = tfy^s 4 Sy)'~» 4- K„(8 + sy)'~ 2 4 .. . + K jr (7-60) 


From this equation, we can visualize the method to be used to evaluate 
each coefficient. If we let s = — sy, all terms in the equation disappear 
except , which can be evaluated. Next, differentiate the equation 
once with respect to s. The term K jr will vanish, but Kj, r ~i will remain 
without a multiplying function of s. Again, K }ir _i can be evaluated 
by letting s = — sy. To find the general term K jn , differentiate Eq. 
7-60 (r — n) times and let s — — sy; then 


or 


K 


in 


1 d'-”R(8) 

(r — n)l ds r—B 


I- -i( 


K ‘" - (T^ny< {£$ ( * + * j) 'l 


I- 


(7-61) 

(7-62) 


The actual use of this idea is easier than might appear from the com¬ 
plexity of this general equation. For example, consider 


2s* + 3s + 2 K n . K n Kn 

(8 4 1)* (»4 1) + (i + l) 2 + (* 4 1)* 

Multiplying the equation by (s 4 1)*, we have 

2s 2 4 3s 4 2 — Ku(8 4 l) 2 4 Kn(s 4- 1) 4 Kit 

From this equation, 


Kn — 2s 2 4 3s 4 2 


— 2 — 34-2 = 1 

-l 


(7-63) 


Next, we differentiate with respect to s to obtain 


so that 


4s 4 3 - 2 K u (8 4 1) 4 K n 


K\% = 4s 4“ 3 


1 
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Again, we differentiate the last equation to give 

4 = 2 K n or K n « 2 
The partial fraction expansion is 

2s 2 + 3$+ 2 2 , -1 . 1 


(« + l ) 3 


s + 1 + (s + l) 2 ' (s + 1)» 


Hh 


(7-64) 


If Q(s) contains both simple and repeated roots, a combination of 
both rules may be used. As an example, let 


P(s) 

Q(s) 


8 "b 2 


(s + l) 2 (s + 3) 
The form of the partial fraction expansion is 


s + 2 


K 


u 


+ 


K 


12 


+ 




(7-65) 


(7-66) 


(s + l) 2 (s + 3) s + 1 ' (s + l) 2 s + 3 

In this expansion, K s may be evaluated by Eq. 7-53 and K n and Kn 
may be found from Eq. 7-62; then 

1 


K* = 


s -f* 2 

(* + d ! 


-3 


Multiplying Eq. 7-66 by (s + l) 2 , we have 

= iC u 


3 + 2 »■ (t + 1) + K» + K, 


s + 3 ' .. s + 3 

Constant Kn is evaluated directly by letting s = — 1; thus 

s -f* 2 


(7-67) 


K 


12 


s + 3 


1 

2 


and Kn will be found by differentiating Eq. 7-67 before letting s = —1: 


(s + 3) • 1 - (s + 2) • 1 
(s + 3) 2 


K „ + K, 


(S + l ) 2 

8 + 3 




The coefficient of K 2 vanishes when s — —1 because an (s + 1) term 
remains common to all terms in the numerator. In the example 


d_ 

ds 


(s + l) 2 ' 
s + 3 


(s + 3)2(8 + 1) - (s + l) 2 • 1 
(s + 3) 2 


and this term vanishes when s = — 1, because each term in the differ¬ 
entiation contains (s + 1). This is always the case, since the order of 
the multiplying factor (s + Sj) T is higher than the number of times 
differentiation is required. 
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By using these methods, all the coefficients of the partial fraction 
expansion can be found and the transform equation can be written 


F(s) - 



for simple roots (nonrepeated) and as 


F(s) = 


r 


2 


K jk 

(s + Sj) k 


( 7 - 68 ) 


( 7 - 69 ) 


for a single root, — Sj, repeated r times. The corresponding/^) may 
now be found, for the general case, by taking the inverse Laplace 
transformation of F(s) as 


f(t) = JE" 1 



n 

2 


(s + Si) IS e “ 


~~9i 


( 7 - 70 ) 


as the time-domain solution for simple roots. Likewise, for repeated 
roots, 


/(f) - e-« £ 

n 1 


1 d T ~ n R{ — Sj) 

(r — n)\ ds T ~ n (n — 1)! 


( 7 - 71 ) 


where sj, in this equation, is the root that is repeated r times. By using 
both equations for the case of both simple and repeated roots, a general 
solution is obtained in the form originally given as Heaviside’s expan¬ 
sion theorem . 

The method of the Heaviside partial fraction expansion may be used 
to give a simplified procedure for finding the inverse transform of the 
terms for a conjugate complex pair of roots. Suppose that these roots 
have a real part a and an imaginary part, w. The first coefficient is 
evaluated by the procedure, 




Re-* 


*— a —jw 


and the second as 


( 7 - 72 ) 




= Re+» 




The inverse transformation of these two terms gives 


( 7 - 73 ) 


fi(t) = Re’ 8 e la + Mt + 


( 7 - 74 ) 
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This equation may be rearranged to the form 

Mt) = 2 Re“ + e " , W “l 

= 2 Re** cos (<at + 0) (7-75) 

The factors R and 0 in this equation are easily found in Eq. 6-72 as 
the magnitude and phase angle of the coefficient K x . 

7-7. Examples of total solutions by the Laplace transformation 
Example 6 

As an example of the total solution, now that the methods of partial 
fraction expansion have been reviewed, consider the differential 
equation 

5T* + 4 Ji + 5i = 5 “ (<) < 7 - 76 > 

The Laplace transformation of this differential equation is 

s 2 I(s) — st(0+) — ^ (0+)J + 4[s/(s) — i(0+)] + 5 1(s) = ^ 

Notice that the required initial conditions are automatically specified 
in this equation. We must know, from the physical system, t'(0-}-) and 
di/dt (0+). Suppose the following values are found: 

di 

*•(0+) = 1 and j t (0+) - 2 


Inserting these initial conditions simplifies the transform equation to 


or 


I(s)(s 2 + 4s -f- 5) — - + $ + 6 

<s 

t / \ _ s 2 + 6s -f- 5 

V s - 7 s ( s 2 -f. 4s -f- 5) 


This equation may be expanded by partial fractions as 

j( s \ — _ s 2 + 6s + 5 _ _ _j __j-_ 

w s(s + 2 + jl)(s + 2 - jl) s T s + 2+jl T s + 2-il 


To evaluate K X} multiply the equation by s and let s = 0. Then 


s 2 -f- 6s + 5 
$ 2 4$ 5 


= 1 


To evaluate K 2 , multiply the equation by ($ + 2 + jl) and let 
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= —2 — j 1 as 

s 2 + 6s + 5 


K 2 = 


+ 2 - il) 


•4 — j2 


—2—ji (-2 -jl)(-j2) 

The complete partial fraction expansion becomes 


-.7*2 


j = e ,90 ° 


7 « “; + F+++71 


+ 


s + 2 — jl 


To obtain i(0 from this transform equation, we take the inverse 
Laplace transformation of the first term and use Eq. 7-75 with R - 1 
and 6 — 90° for the second and third terms to give the solution 


i(t) — 1 + 2e“ 2t sin t 


(7-77) 


Example 7 

For this example, consider a series RLC circuit with the capacitor 

initially charged to voltage 

-Pr*._ —\AA/- 1 F 0 as indicated in Fig. 7-5. 

The differential equation for 
the current i(t) is 


V -I volt: 


A ii-2ohms 

C+arad £-1 henry* 


Tig. 7-5. RLC series circuit, 
and the corresponding transform equation is 


Lj t + Ri + c 


if* 


dt = 0 
(7-78) 


L[sl(s) - i(0+)] + RI(s) + ^ [1(a) + 9(0+)] - 0 


The parameters have been specified as C = | farad, R — 2 ohms, and 
L = 1 henry. The initial current t(0+) = 0 because of the inductor, 
and if C is initially charged to voltage Fo (with the given polarity), 

<7(0+) _ _Z? 

Cs s 

or — 1/s if Fo — 1 volt. The transform equation for I(s) then becomes 

= s 2 + 2s + 2 

or, completing the square, 

= (s + l) 2 +1 

Using transform pair 15 of page 146, 

i(t) * £r'I{e) « e~* an t 


(7-79) 
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Example 8 

In the network shown in Fig. 7-6, the switch is closed at t ~ 0. 
With the network parameter values 
shown, the Kirchhoff voltage equa¬ 
tions are 

du 

-fa + 2(k'i — 10^2 = lOOuOO, 

di 2 

fa + 20i 2 lCh'i — 0 Fig. 7-6. Network of Example 8. 

If the network is unenergized before the switch is closed, both ii and 
it are initially zero, and the transform equations may be written 

(s + 20)/ 1 (s) - 10 / 2 ( 5 ) = —> -10 h(s) + (s + 20)/ 2 (s) = 0 

$ 

Suppose that we are required to find the current as a function of 
time. The transform current I 2 (s) may be found from the last two 
algebraic equations by determinants as 

« + 20 100/s 

-10 0 __ 1000 
U{s) - S + 2Q _ 10 sCs 2 + 40s + 300) 

—10 s -f- 20 

The partial fraction expansion of this equation is 

1000 __ 3.33 5 1.67 

s(8 + 10) (s + 30) s s + 10 + s + 30 

The inverse Laplace transformation gives i%(t) as 

ii = 3.33 - 5e~ 10< + 1.67e- 30 ‘ 

7-8. The initial and final value theorems 

The initial value theorem and final value theorem find frequent use 
in network analysis. To derive the initial value theorem, we allow s 
to approach infinity in the equation for the transform of a derivative as 

lim / - lim [sF(s) - /(0+)J (7-80) 

8—► « JO B —> oc 

In writing this equation, we assume that f(t) and its first derivative 
are transformable and that the limit of sF(s ) as s approaches infinity 
exists. Since the integral has zero value for $—> «, and /(0+) is 




146 


THE LAPLACE TRANSFORMATION 


Chap. 7 


u(t) or 1 


Table op Transforms 


fn~\ 

-ry- f n — integer 


(71-1) 


(a - b)(c - b ) 


s — a 


7-—rr . 

(n - 1)! 

—i-r (e*‘ - e 6< ) 
a — b 


(b - a) (c - a) 


(« - «) 2 
_ 1 

(s — a) n 
1 

(s — a) {s — b) 
1 


(s 4~ fl)(s 4~ b)($ -f- c) 


(a — c)(b — c) 


1 — e+<*‘ 
— sin a)t 

CO 


s(s — c$ 
1 

s 2 -j- co 2 


COS cot 


1 — COS cot 


sin (cot + (?) 
COS (cot 4“ (?) 


s 2 4* w 2 

CO 2 

s(s 2 + (O 2 ) 
s sin 6 -f u cos 0 
s 2 -|- co 2 

s cos 0—w sin 0 

S 2 + w 2 


e~ oi sin cot 


e~ at cos cot 


sinh at 


(« + a) 2 + u 2 
S 4- a 

(s + a) 2 4" « 8 


s 2 — a 2 


cosh at 


8 2 — a 2 
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independent of s, 

lim [aF(a) - /(0+)] = 0 (7-81) 

ft—* oo 

But /(0+) = lim /(f), from which we conclude that 

t —►0-f- 

lim sF(s) = lim /(f) (7-82) 

8 —► oo t —* 0 -f- 

subject to the restrictions mentioned previously. Equation 7-82 shows 
that the value of /(f) at f = 0+ is equal to the limit of the product 
sF(s) as s approaches infinity. 

In deriving the final value theorem we start from the same equation 
as the initial value theorem, but let s approach zero. Assuming that 
/(f) and its first derivative are transformable, we write . 

lim f " dt = lim [sF(s) - /(0+)J (7-83) 

a —>0 JO 8—+0 

Since s and f are independent (and e™*‘—► 1, as s—> 0) the integral 
becomes 

f °° fit) df - lim /(f) - /(0+) (7-84) 

Jo (—> oo 

This expression may be equated to Eq. 7-83 to give 

lim [«F(«)] - ft£H=7 - Hm (/(<)] - (7-85) 

a~~+0 » 

from which we conclude that 

lim [sF(s)] - lim [/(f)] (7-86) 

a —► 0 t —► oo 

which is known as the final value theorem. This result holds provided 
all roots of the denominator of sF(s) have negative real parts. Because 
of this restriction, the final value theorem does not apply in the case 
of sinusoidal excitation, because the denominator roots of the trans¬ 
form of the sinusoid are purely imaginary. 

FURTHER READING 

An interesting historical summary titled “The Work of Oliver 
Heaviside” by Behrend is contained as an appendix in Berg’s Heavi¬ 
side's Operational Calculus (McGraw-Hill Book Co., Inc., New York, 
1929 ), pp. 173-208. Heaviside’s original writings have recently been 
reprinted as Electromagnetic Theory (Dover Publications, New York, 
1950 ) and contain an extensive presentation of his method. For a 
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more complete treatment of the Laplace transformation than is offered 
here, the student is referred to the following: Wylie, Advanced Engi¬ 
neering Mathematics (McGraw-Hill Book Co., Inc., New York, 1951), 
Chap. 6; Gardner and Barnes, Transients in Linear Systems (John 
Wiley & Sons, Inc., New York, 1942), beginning on p. 93; Churchill, 
Modem Operational Mathematics in Engineering (McGraw-Hill Book 
Co., Inc., New York, 1951) and Thomson, Laplace Transformation 
(Prentice-Hall, Inc., New York, 1950). Extensive transform tables 
may be found in Gardner and Barnes, Transients in Linear Systems 
(John Wiley & Sons, Inc., New York, 1942), pp. 334-356 and in Nixon, 
Principles of Automatic Controls (Prentice-Hall, Inc., New York, 1953), 
pp. 371-399. 

PROBLEMS 

7-1. Verify the following transform pair by substituting the value 
of /(/) into Eq. 7-1 and integrating. 


£fcos <at\ 


s 

S 2 -j- CO 2 


In each of the problems that follow, repeat the procedure of Prob. 7-1 
for the various transform pairs of the following table. 


Sit) 


7-2. 

t 2 

7-3. 

sinh at 

7-4. 

cosh at 

7-5. 

er at s j n 

7-6. 

er at cos cot 

7-7. 

sin (cot + 0) 

7-8. 

cos (cot •+- 0) 


F{s) 

2 

s 3 


a 



co 


(s + a) 2 

4- 

O ) 2 


s + a 



(s + a) 2 

+ 

a ) 2 


s sin 0 + 

co 

COS 

0 

s 2 4- 

CO 

2 


s cos 0 — 

CO 

sin 

0 

s 2 4- 

CO 

2 



7-9. Letting u — fit) and dv — er $t dt, integrate Eq. 7-1 by parts 
to prove Eq. 7-13. 

7-10. Rework Example 1, assuming that the capacitor is originally 
charged to the voltage V/2 with the upper plate positive at t = 0. 
Answer. (V/2R)er* /BC . 
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7-11. In the network shown in the figure, C is charged to Fo, and 
the switch K is closed at t = 0. Solve for the current i(t) using the 
Laplace transformation. Answer. (F/ R)e ~ t/RC . 



7-12. In the network shown in the figure, the switch K is moved 
from position a to position 6 at t — 0, a steady state having pre¬ 
viously been established at position a. Solve for the current i(t), using 
the Laplace transformation. Answer. (F/ R l )e~ ( ‘ Ri+at)t/L . 

7-13. In the network shown, C is initially charged to Fo. The 
switch K is closed at t = 0. Solv e for the current i(t), using the Laplace 
transformation. Answer. (V/y/L/C) sin ( t/y/LC). 


rAAAn 



Prob. 7-13. Prob. 7-14. 


7-14. In the network shown, the switch K is moved from position 
a to position b at t — 0 (a steady state existing in position a before 
t — 0). Solve for the current i(t), using the Laplace transformation. 
Answer. ( V/R ) cos (t/y/LC). 

7-16. Check the following partial fraction expansions by expanding 
the given quotient of polynomials in partial fractions. Two of the set 
are in error. 

/ >1 2s = 1 , 1 

w s 2 - 1 s+l^ s-l 

7s + 2 = I , 2 -3 

' s 3 + 3s 2 + 2$ s s 2 ‘ s + 1 
,x 5s+13 3 

W ?+ 5s + 6 s + 3 **■ 7+2 

w s +t = rh: + 8 + 1 
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2(8 + 1) _ 1 ±J1 1 - Jl 

s 2 _j_ 1 S -f- jl S — jl 

/<r\ s 2 4- 4s + 1 _ 1 . 1 .2 

K) s(s 4* l) 2 "«+l + (s + l) 2 + s 
n 3«'-s ! -3s + 2_l 2 2 1 

{g) s 2 (s - l) 2 s + s 2 + s - 1 + (s - l) 2 

s 8 - 5s 2 + 9s ± 9 1,1 -j , +j 

w s 2 (s 2 + 9) s s 2 ^ s + jZ ^ s - jS 

7-16. Expand the following functions by partial fractions and find 
the corresponding inverse Laplace transformation, f(t) — £~'F(s). 


(a) F(s) 
(h) F(s) 

(c) F(s) 
4- sin 2<)]• 

(d) F(s) 

(e) F(s) 

(f) m 

(g) m 


3s 


(s 2 + l)(s 2 4- 4) 
s 4* 1 


Answer. f(t) — cos t — cos 2 t. 


s 2 4- 2s 
1 


Answer. f(t) — |(1 + e~ 2f ). 

Answer. f(t) — £[1 4- ^e l ( — 2 cos 2 1 


2s + 5) 


(, + d(, + w Answer ■ m = e ~‘ ~ e “‘ ,(1 + 0 

* Answer. f(t) = 


s 8 (s 2 - 1) 
s 2 4- 2s + 1 
(s 4- 2)(s 2 + 4) 


— 1 — t 2 /2 4- cosh t. 
Answer. f(t) = -|e” 2t 4 * 1 cos 2 1 4 - i sin 2t. 


(s 2 4- l) s 


Answer. f(t) — \t cos < 4~ ^ sin t. 


Solve the following differential equations by the Laplace transfor¬ 
mation subject to the given initial conditions (where specified). 
dH 

7-17. y - i = 25 4- e 2< . Answer, i - K# 1 + K 2 e -* - 25 + & 2t . 
at 2 

d^V 

7-18. — 4* 4i> = sin t — cos 2 1. Answer, v = K\ sin 2t -j- K 2 
cos 2 1 — \t sin 2t 4- i sin t. 

7-19. ^ = t 2 4- 2t, q( 0+) « 4, (04-) = -2. Answer, 

g = 4 2e - * 4- 2. 

7-20. Solve Prob. 6-13 (d), using the Laplace transformation. Note 
that in the Laplace transformation method, special conditions of sim¬ 
ilarity in the form of the driving force v(t) and the roots of the charac¬ 
teristic equation give no concern—the solution of such a problem is as 
routine as any other problem. 
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7-21. In the series RLC circuit shown below, the applied voltage 
is v(t) — sin t. For the parameter values specified, find i(t) if the switch 
K is closed at t - 0. Answer. i(t) = £(cos t + 2 sin t - e~‘ cos t - 
3e~‘ sin t). 




7-22. At t — 0, a switch is closed, connecting a voltage source 
v — V sin cot to a series RL circuit. By the method of the Laplace 
transformation, show that the current is given by the equation 

. V . , t . <aLV Rt/L 
i = -g sm {cot - 0) + e~~ Rt/L 

where Z — \/ r R i + («L) 2 and <f> — tan -1 ~ 

7-23. Dr. L. A. Woodbury of the University of Utah School of Med¬ 
icine has made use of an electrical analog in studies of convulsions. In 
the network shown in the figure, the following quantities are duals: 



Prob. 7-23. 


Ci represents the volume of drug-containing fluid, Ri is the “resist¬ 
ance” to the passage of the drug from the pool to the blood stream, C 2 
represents the volume of the blood stream, and R 2 is equivalent to the 
body’s excretion mechanism (kidney, etc.). The concentration of the 
drug dose is represented as Vo and the voltage v a (t) at node a is the dual 
of the amount of drug in the blood stream. The analog network has 
the advantage that the elements may be readily changed and the 
effects studied (to say nothing of the saving of cats). Find the trans¬ 
form equation for F a ($) with the coefficient of the highest-order term 
normalized to unity. 

7-24. This problem is a continuation of Prob. 7-23 concerning 
Dr. Woodbury’s analog. The following constants for the network are 
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selected: Ci = 1 Cj « 8 pi, R x = 9 megohms, and R 2 = 5 meg¬ 
ohms. If Vo - 100 volts and the switch is closed at t - 0, solve for 
v A (t), the equivalent of the concentration of drug in the bloodstream, 
as a function of time. Answer . v a (t) - 13e-° 0215< - 13e-° 1285 ‘. 

7-26. Find the time U when the concentration of drug in the blood 
stream for Prob. 7-24, is a maximum. (This information is desired so 
that a second dose may be given at that time to build up the concen¬ 
tration to the point where a convulsion is induced.) Answer. 16.7 sec. 

7-26. If a second dose (the voltage equivalent having a magnitude 
of 100 volts) is injected at t - t m as found in Prob. 7-25, what will be 
v A as a function of time, and what will be the maximum v A obtained? 
{Note: In giving the second dose we will assume that the total voltage 

is then 100 volts plus the voltage 
on the plates at the time the addi- 
tion is made.) Answer. 14 volts in 
25 sec. 

7-27. In the network shown, the 
2h switch K is closed at t — 0 with 
the network previously unenergized. 
For the element values shown on 
the diagram: (a) find i\{t), (b) find 
tj(<). Answer (a). i x — 3.33 + 1.21e _ *- 3M — 4.54e -23 - 8 ‘. 

7-28. With switch K in position a, the network shown in the figure 
attains equilibrium. At time t = 0, the switch is moved to position b. 
Find the voltage across R% a$ a function of time. 



Prob. 7-27. 



v 2 


Prob. 7-28. 

7 - 29 . Find t'i(*) resulting from closing the switch at t = 0 with the 
circuit previously unenergized. The circuit constants are: L x - 1 
henry, L% = 4 henrys, M — 2 henrys, R x — R t *» 1 ohm, V — 1 volt. 



Prob. 7-29. 



CHAPTER 8 

TOPICS IN THE TIME DOMAIN 
AND THE FREQUENCY DOMAIN 


The time-domain response of networks to various driving forces has 
been considered in previous chapters. In this chapter, time-domain 
studies will be extended by specializing the driving forces (current 
sources and voltage sources) to the following cases: (1) single pulses 
and related waveforms, (2) time-varying functions which recur a finite 
number of times, and (3) recurring waveforms which cannot be 
described by a single equation. Examples of such waveforms are shown 
in Fig. 8-1. The transient response of networks subjected to these 


V 



Fig. 8-1. Driving force waveforms: (a) pulse; (b) section of sine wave; 

(c) square wave. 


driving forces will be studied, using the Laplace transformation. The 
time-domain studies will be followed by related frequency-domain 
studies, using Fourier series and the Fourier integral. 


8-1. The unit step function 

The unit step function is defined as 


u(t) = 


1 , 

0 , 


t > 0 
t < 0 


(8-1) 


for a function which changes abruptly from zero to unit value at the 
time t = 0. This expression may be generalized by the definition 


u(t — a) — 


h 

0 , 


t > a 
t < a 


(8-2) 


for a step function which changes abruptly at the. time t — +a. In 
general, the step function has unit value when the quantity (t — a) 
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bftfi a positive value, and has zero value when (t — a) is negative. 
'This definition will apply for any form of the variable. Hence the 
function u(t + a) is one that changes from zero to unit value at t = —a. 
Similarly, the function u{a — t) is one that changes from unit to zero 
value (with increasing time) at the time t = a* These two functions 



Wig. 8-2. Unit step functions: 



Tig. 8 - 8 . Construction of pulse from unit step functions. 


are represented in Fig. 8-2. The use of unit step functions with defini¬ 
tions as illustrated in these examples will make it possible to represent 
functions with the time axis shifted. Further, the unit step functions 
can be used as building blocks to represent other time-varying func¬ 
tions such as a pulse. The construction of a pulse from two unit step 
functions is illustrated in Fig. 8-3. A unit step function u(t — a) and 
* Note that u(a ^ — u(t — a). 
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a unit step function u(t — b ) are shown in the figure. By taking the 
difference between these two step functions, 

v(t ) = u(t — a) — u(t — b) (8-3) 

a pulse is formed of unit amplitude from t = a to t — b. The same 
unit pulse may be formed in terms of the unit step function building 
blocks as 

v(t ) = u(b — t) — u(a — t) (8-4) 

or v(t) = u(b — t) • u(t — a) (8-5) 


These operations are illustrated in Fig. 8-3. 

As another example of the use of unit step functions in constructing 
time-varying waveforms, consider the mathematical representation of 
a square wave. A pulse of width a starting at t — 0 is given by the 
equation 

u{t) — u(t — a) (8-6) 


as illustrated in Fig. 8-4(a). Instead of subtracting u(t — a) from u(t), 
suppose that 2 u(t — a) is subtracted. The resulting waveform will 
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Fig. 8-4. Evolution of a square wave. 


then change from the value of +1 to — 1 at t = a. By next adding the 
unit step function u(t — 2a) to the function, the waveform assumes 
zero value for all time greater than t — 2a. This construction is illus¬ 
trated in Fig. 8-4(b) for the function 

v(t) — u{t) — 2 u{t — a) + u(t — 2a) (8-7) 

By following in this pattern, any square wave (square only if a — 1, 
of course, but known as a square wave for any value of a) form of time 
variation can be synthesized. It is clear that a square waveform which 
continues infinitely long in duration is given by the infinite series 


v{t) = u{t) — 2 u(t — a) + 2 u(t — 2a) — 2 u(t — 3a) + ... (8-8) 


This waveform is shown in Fig. 8-4 (c). This infinite series representa¬ 
tion will be found to be more convenient than it appears when it is 
shown that the Laplace transformation reduces to a closed form. As 
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a third example of the representation of time-varying waveforms, con¬ 
sider the problem of representing the waveform shown in Fig. 8-5. The 
waveform is sinusoidal from t — 1 to t — 3 and from t — 5 to t = 7. 



It has zero value for all other times from < = - « to J = + «. A 
sine wave with a period of T is given as 

sin ^ t (8-9) 

In this particular example, T = 2 and the time axis is shifted by 1 unit 
of time for the first wave and by 5 units of time for the second. We 
will follow a step-by-step procedure in constructing a function to 
represent this waveform. 

(1) The function sin r(t — 1) has the waveform shown in the inter¬ 
val t = 1 to t = 3, but the waveform also exists for all other time. 

(2) Multiplying sin r{t — 1) by u(t — 1) eliminates all waveform 
at times before 1=1. Subtracting from this product a similar 
product shifted to the time t — 3 cancels all times after t - 3. 
This product is u(t — 3) sin *•(< — 3). Hence the first cycle of 
sine wave is completely represented by 

u(t — 1) sin ir(< — 1) — u{t — 3) sin r(t — 3) (8-10) 

(3) By the same reasoning, the second cycle of sine wave is rep¬ 

resented as 

u(t - 5) sin r(t - 5) - u(t - 7) sin ir(t - 7) (8-11) 

(4) The total waveform is the sum of the two expressions. This 

follows because each function is defined only for its interval 
(1 to 3 and 5 to 7, respectively) and is zero for all other time. 
Hence the waveform of Fig. 8-5 may be represented by the 
equation 

p(<) - «(* “ 1) sin »(< “ 1) - u(* - 3) sin ir(< - 3) 

+ u(t - 5) sin - 5) - u(t - 7) sin r(t - 7) (8-12) 
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By following similar patterns, any time function can be represented 
by a time series and unit step functions. ^ , 

\ 

8-2. Other unit functions: the impulse, ramp, and doublet 

The waveforms which have been described mathematically in the 
last section will be used in this chapter to describe driving forces 
applied to networks consisting of one or more electric elements. The 
voltage-current relationships for the individual elements are 


or 


v R = Ri, v L - L j t > 

1 . n dv 

lR ~ R v > 10 ~ C It' 


and v c 
and i L 


i 

C 

1 

L 


/ 

/ 


i dt 
v dt 


Whether the driving force is a voltage source or a current source, volt¬ 
ages and currents in the network are described by integrals and deriv¬ 
atives of waveforms. Consider a step function voltage driving force. 
If this waveform were applied to an inductor, the current resulting 
from this voltage would be the integral of the voltage. If a voltage 
step function were applied to a single capacitor, the current would be 
the derivative of this voltage. Evidently we shall be concerned with 
both integrals and the derivatives of driving-force functions. For the 
unit step function, such waveforms are illustrated by Fig. 8-6. The 



Fig. 8-6. Derivative and integral functions. 

integral of the step function varies linearly with time, and is known as 
a ramp function (or a linear ramp). The derivative of the step function 
has a nonzero value only at the beginning of the step function: there 
the value is infinite, for all other values of time the value is zero. This 
rather unusual function with only one nonzero value (and that infinite) 
is known as an impulse function. 
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If the step function has unit magnitude, the slope of the correspond¬ 
ing ramp function is unity since the ramp function is the integral of the 
step function. A ramp function with unity slope is known as a unit 
ramp. In general, the slope of the ramp function is equal to the mag¬ 
nitude of the step from which it is derived. 

The unit impulse is not defined so easily as the unit ramp. Consider 
the modified ramp function shown in Fig. 8-7. This function is linear 



Tig. 8-7. Derivation of unit impulse. 


from t — b to t — c and then has a constant value of unity for all time. 
The time interval (c — b) is defined as a. The derivative of this mod¬ 
ified ramp function is a pulse of width a as shown in the figure. (Con¬ 
versely, the integral of the pulse function is the linear ramp.) If the 
ramp function is designated as the variable i , the pulse has a magnitude 
di/dt, the slope of the ramp. The slope of the ramp is the distance 1 
divided by the distance a; that is, 


di = 1 
dt a 


(8-13) 


Now the area of the pulse is a X 1/a = 1, for any value of a. As a 
approaches zero, the modified ramp function approaches a unit step 
function. At the same time, the pulse approaches infinite height and 
zero width with the area remaining constant at unity. In the limit, this 
function is known as a unit impulse, and is designated 8(t — b).* This 
symbolism indicates a function which is zero when t b and infinite 
when t — b. Also, since the total area under the curve is unity, 

J°° 8(1 - b)dt = 1 (8-14) 

(The integral has the same value for any limits which bound the time 
t - b.) 

From this discussion, we see that the derivative of a unit step func¬ 
tion is a unit impulse. The same process of reasoning might be used 

* In mathematical physics, this function is called a Dirac delta function. 
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to find the derivative of the unit impulse. Consider the waveform 
shown in Fig. 8-8—a trapezoid made up of a pulse with two ramp 
functions. In order to visualize the mathematical limit, first let a --* 0, 
then let d —*■ 0. As a approaches zero, i assumes the form of a pulse 
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Fig. 8-8. Derivation of unit doublet in the limit, a —♦ 0, d —♦ 0. 


and di/dt becomes two impulses, separated by the distance d, one 
positive going, the other negative going. As d approaches zero, 
i approaches a unit impulse; di/dt remains in the form of two infinite 
going impulses, but the two impulses superimpose at t — b. This 
resulting function is called a unit doublet. It is the derivative of a unit 
impulse. 

This process might be continued to give a unit triplet. These func¬ 
tions, with discontinuous behavior with time, are known as singular 
functions. Of this family, the unit step function is an old friend. The 
ramp function, while not too familiar, seems friendly enough. But the 
unit impulse and unit doublet are rather terrifying! To break the ice, 
let us see what happens when the impulse is applied to ordinary ele¬ 
ments—inductance and capacitance. 

The basic equation relating current and voltage in an inductance is 

i- r f vdt ( 8 - ls ) L 

L J f) 6{*-a) J. ojL 

For this problem, I j 

v(t) = 6(1 - a) (8-16) Fig. 8-9. 


indicating a unit impulse at time t — a. Substituting into Eq. 8-15 to 
find the current, we obtain 


m 



a) dt — 


1 

j- for b > a 
0 for b < a 


(8-17) 
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That is, application of a unit impulse at t — a causes a step function 
of current to start flowing at t — a. The current is 

i{t) — jr u(t — a) (8-18) 

MZ-iMu-v*'** Vv.-V.V.% 

This is a rather unusual behavior for the conservative inductance, but 
after all, it was hit by a rather unusual driving force. Another way of 
stating this unusual property of the unit impulse is that a voltage 
impulse of L units will cause a current of 1 amp to be established in an 

inductance immediately. A similar 
relationship may be found for a 
capacitor. Let a current source of 
value 

i(t) = S(t - a) (8-19) 

be applied to a capacitance as shown 
in Fig. 8-10. The voltage across 
the capacitance is given by the basic relationship 

v(t) = ^ j i{t) dt (8-20) 

This integral is evaluated as before and the result is 

v(t) = ~ u(t — a) (8-21) 

In other words, a unit impulse of current applied to a capacitance 
causes 1/C volts to appear instantaneously on the capacitance 
because a unit impulse of current delivers a unit charge. 

To illustrate the application of the concept of a unit impulse in 
terms of a familiar problem, consider the second-order differential 
equation 

1 £ + *i + c < -' w »*> 



v(t) 


If the driving-force voltage is taken as a unit step function v(t) - u(t), 
the solution of the equation is the familiar solution for an RLC circuit 
studied in Chapter 6. Now suppose that the equation is differentiated 
once as 



This equation is exactly the same in form as Eq. 8-22 where the var¬ 
iables di/dt and dv/dt have replaced i and v. Now if v(t) is a unit step 
function, the derivative of v(t) with respect to time is a unit impulse 
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function, &(t). With the solution for i(t) of Eq. 8-22 known with a 
unit step function driving force, the solution for Eq. 8-23 with a unit 
impulse driving force can be found by simply differentiating i{t ) found 
for Eq. 8-22. In other words, the unit impulse response of a network 
can be found by solving for the unit step function response of the net¬ 
work and differentiating it. 

The same process will work in reverse. The step function response 
may be found by integrating the impulse response. Likewise, the ramp 
function response may be found by integrating the step function 
response. Since all the singular functions are related by differentiation 
and integration, once the solution for one singular function is known, 
the solution for other singular functions is readily found by simple 
differentiation or integration. This is an important property of sin¬ 
gular functions. 


8-3. The Laplace transform for shifted and singular functions 

The two previous sections of this chapter have been devoted to 
mathematical representation of shifted and singular functions. In this 
section, we will consider the derivation of the transforms of these 
functions. 

The unit step function beginning at t — a (where a is a constant), 
shown in Fig. 8-2(6), has been represented by the notation u{t — a). 
The Laplace transform of this function may be computed from the 
defining equation, 

F(s) = JJ f(t)e-“dt 
For the ease, f(t) — u(t — a), 


£u{t — a) 



le~*‘ dt 



£u(t — a) 



(8-24) 


This equation is made up of the product of two factors: the factor 
1/s is the transform of the unit step function beginning at the time 
t — 0; the term is a function which effectively “shifts” the trans¬ 
form from one beginning at t — 0 to one beginning at t — a. 

The example given for a unit step function may be generalized for 
any time function f(t) which is delayed in its beginning to some other 
time, t — a. Such a time shifted function is represented as 


f{t - a)u(t - a) (8-25) 

To find the transform of this equation, we write the defining equation 
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in terms of a new variable, that is, 


F(s) = dt' (8-26) 

Let the variable f' be defined as t' — t — a such that the defining 
equation becomes 


or 



f(t — a)e~ (t ~ a) * dt 
f(t — a)e~ st (e as ) dt 


(8-27) 

(8-28) 


The constant factor may be removed from within the integral and 
the lower limit of the integral changed to 0 if /(i — a) is multiplied by 
u(t — a); thus 

F(s ) — e°* f f(t — a)u(t — a)e~ H dt (8-29) 


The integral expression is recognized as the transform of the time func¬ 
tion/^ — a)u(t — a), so that 

£/(£ — a)u(t — a) — e~^*£f(t) (8-30) 

or, conversely, 

£r l e~**£,f(t) — f(t — a)u(t — a) (8-31) 


These last two equations tell us that the transform of any function 
delayed to begin at the time t = a is equal to e~“ 8 times the transform 
of the function beginning at the time t — 0. 

A number of examples will illustrate the use of the last two equa¬ 
tions. In the network shown in Fig. 8-11, a pulse of unit amplitude 



Fig. 8 -11. Pulsed RL circuit. 


and width a is applied to a series RL circuit. Let it be required to find 
the current flowing in the network. The pulse is given by the difference 
of two unit step functions as 

v(t) — u(t) — u(t — a) 


(8-32) 
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From Eq. 8-30 the transform of this voltage is 

F(s) = - (1 - e—) (8-33) 

s 

Substituting this value of V into the transform equation, 

L[aJ(s) - t(0+)] + RI(s) = - (1 - <r~) (8-34) 

s 

Substituting the parameter values and the initial condition, t(0+) — 0 
gives 

(1 - e~ a ‘) 


7W " .(. +1) 

This expression may be written as a sum of terms, 

Tf \ _ 1 «“*** 

W “ 8(8 + 1) 8(8 + 1) 


(8-35) 


(8-36) 


The first term of this equation is easily expanded by partial fractions 
to give 

1 1 1 (8-37) 


(8-38) 


+ 1 ) 8 8+1 
In terms of this expansion, Eq. 8-36 may be written 


Tt v 1 1 

m = s ~ m 


e~ at e 
——r 


8+1 


The inverse Laplace transformation may be carried out term by term 
in this equation to give 


£ _1 /(s) = i(t) = 1 — e~* — u(t — a) + — a) (8-39) 

The third and fourth terms of this expression differ from the first and 
second only in that they are shifted in time and are opposite in sign. 
The waveform represented by this equation is plotted as Fig. 8-12. 



fig. 8-12. Response of EL circuit. 
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The result we have obtained is the same as would be found by using 
two voltage sources and the principle of superposition. The resulting 
current waveform, shown in Fig. 8-12, is the summation of the two 
responses of the circuit caused by the superimposed voltage sources 
that make up the pulse. 

As a second example, consider the problem of representing the 
periodic square wave shown in Fig. 8-13 by a transform. The square 
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Fig. 8-13. Periodic square wave. 


wave has been represented by an infinite sum of step functions of the 
form 

v(t) = u(t) — 2u(t — a) + 2 u(t — 2a) — 2u(t — 3a) (8-40) 

The Laplace transformation may be applied to this expression term by 
term to give 


1 p~-as 

V(s) = - — 2 --b 2 — 

$ s 


2a* 


~3aa 


+ .. 


(8-41) 


By factoring out common terms, the equation becomes 

F($) - i [1 - 2<r«(l - er*» + e- 2 " - e-*” +...)] (8-42) 

s 

The infinite series appearing in this equation may be identified by the 
following expansion from the binomial theorem, 


1 -f- e~ 


1 


4" 


-2a* _ p— Za* 


+ ... 


such that V(s) becomes 




(8-43) 


5=)-Krr£) <« 


F(s) — - tanh — 
e 2 


(8-45) 


or, finally, 
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The procedure outlined in the example may be applied to any 
periodic function. The transform of any such function of period T is 

/*• r T [2T 

F(s) — J o /(«)*-* dt = J f(t)e-‘dt + J di + ... (8-46) 

By successively shifting each transform term by e~ nlT where n is the 
number of shifts necessary to make the limits of the integral expression 
0 to T, we have 

fT 

F(s) = (1 + e— T + e _2 * r + ...) J e-‘f(t) dt (8-47) 
Using the binomial theorem to identify the series, 

F(«) - i _\-T. F «-/« dt (8-48) 

This equation may be used to compute the transform of any periodic 
waveform, and requires only one integration. 

We now turn our attention to the transform of the unit impulse 
S(t — b). The properties of this function were discussed on page 158. 
In terms of the sketch shown as Fig. 8-14, the unit impulse may be 
defined as the limit 

5(t - 6) = lim i [u{t -b) -u{t-b- a)] (8-49) 

CL 


The Laplace transform of this limit equation is 


g~~b9 — p —(b-ka)8 J} 

£8(t - b) - lim 

1/a 


a—*0 as 

1 

m an* 

(8-50) 

-i°h 

..i. 


This limit may be found by the 
application of PHospital’s rule. The 

-— 6—J 

t 

result is 

-l/o 

mmmm 


£8(t — b) = e b * (8-51) Fig. 8-14. The unit impulse. 


where b is the time of appearance of the unit impulse. When 6 — 0 
(that is, the impulse occurs at t = 0), we have 

£Kt) = 1 (8-52) 

This result has significance in terms of a transfer function. The 
voltage ratio transfer function of a network is 


Fout(s) 

F ia (s) 


-<?(«) 


(8-53) 
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If «!»(<) = 5(0, a unit impulse, then V ia (s) — 1, and 

Fout(s) = G(s) (8-54) 


that is, the output voltage from a unit impulse input voltage is deter¬ 
mined solely by the transfer function of the network. Such a response 
truly characterizes the network. We will exploit this fact in our study 
of the convolution integral in the next section. 

Consider next the unit doublet and the transform of this function. 
The procedure parallels that given for the unit impulse. The unit 
doublet is defined by the limit 


lim \ [ u(t ) — 2u(t — a) -f u(t — 2a)] 

The Laplace transform, term by term, of this limit is 

(1 — 2e~ aa -j- e~ 2aa ) 


(8-55) 


lim 

a —►G 


SO 4 


(8-56) 


Again, PHospital’s rule may be used. The second differentiation of 
numerator and denominator yields 


lim (— se^* -f- 2se~~ Ut ) — s (8-57) 

a —>0 


Thus the unit doublet has the transform s. This result might have 
been anticipated from the fact that the doublet is the derivative of the 
unit impulse. If initial conditions are ignored, differentiation corre¬ 
sponds to multiplication by s, while integration corresponds to division 
by s. The relationship among the family of singular functions (not 
shifted from t — 0) is tabulated as follows: 


Function 
Unit ramp 
Unit step 
Unit impulse 
Unit doublet 
Unit triplet 


Laplace transform 
1/s 2 
1/s 
1 
s 
s 2 


The table might be further extended either direction (up or down). 
As was suggested earlier, if the response to any of the singular functions 
is known, the response for any other singular function may be found by 
differentiation or integration. Further, from one known response (fre¬ 
quently the impulse response), the response for any other driving force 
may be found by the use of the convolution integral to be discussed in 
the next section. 
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8-4. The convolution integral 

An integral expression that appears frequently in network theory 
has the form 

g(t) = £-‘F 1 (*)F,(s) - ['/,(( - X)/,(X) dX (8-58) 
where £ -1 Fi(s) — fi(t) and £" 1 F 2 (s) = / 2 (Z) 


where X is a variable of integration. This expression is known as the 
convolution integral* in which fi(t) and / 2 (i) are convolved to give g(t) by 
the process of convolution. In this section, we will study the applica¬ 
tions of the convolution integral: the use of this equation to find new 
transform pairs and the use of this equation to find the response of 
networks for complicated inputs. 

As an example, suppose that the /(<)’s corresponding to F(s) — 1/s 
and to F(s) — l/(s + 1) are known, and that the inverse transform 
for F(s) = 1 /s(s -f- 1) is to be found. If we designate Fi(s) as Fi(s) — 
1/s, then fi(t) = 1 or u(t), and similarly, if F 2 (s) — l/(s -f- 1), then 
fi(t) = e~‘. From Eq. 8-58, fi(t) and f 2 (t) may be convolved to give 
g(t) as follows: 


9(0 


s(s + 1) 


= J u(t — X)e~ x d\ 

The evaluation of this integral ex¬ 
pression requires interpretation of 
the terms in the integral which are 
shown in Fig. 8-15. The exponen¬ 
tial e~ x is shown for both positive 
and negative X. The unit step func¬ 
tion u(t — X) has unit value for X < t 



Wig. 8-16. Functions involved in the 
evaluation of the convolution integral. 


and zero value for X > t, as was discussed in Art. 8-1. Since the unit 
step function u(t — X) has unit value over the limits of integration, it 
may be removed from the integral expression to give 


9(0 


/: 


_x dX = 


= 1 


(8-59) 


The same result was given by partial fractions in the last chapter. It 

* Proof of this equation can be found in Salvadori and Schwarz, Differential 
Equations in Engineering Problems (Prentice-Hall, Inc., New York, 1954), p. 214; 
also in Wylie, Advanced Engineering Mathematics (McGraw-Hill Book Co. Inc. 
New York, 1951), p. 188. 
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should be pointed out that the choice of functions to be designated 
fi(t) and/ 2 (<) is arbitrary and does not affect the result. 

Consider next a two-terminal-pair network, shown in Fig. 8-16, with 

a voltage ratio transfer function (?(«).* 
Assume that the output voltage trans¬ 
form is given in terms of the input 
voltage transform by the equation 

V t (s) = G(a)Vi(») (8-60) 

where Fi(s) is the input voltage transform and F 2 (s) is the output volt¬ 
age transform. In terms of the convolution integral, let 

Fi(s) = F x (s) and f x (t) = v x (t) (8-61) 

and /^(s) = G(s ) and f 2 (t) — h(t) (8-62) 

Function F 2 (s) is identified as the transfer function G(s ); f 2 (t) = h(t) 
is the related time-domain response. From the discussion of the last 
section, it will be recognized that h(t) is the unit impulse response of 
the network with a transfer function G(s). For a unit impulse input, 
the output is determined by the inverse Laplace transform of the 
transfer function. This function is h(t). From the convolution integral, 

tlit) - £~ l [F 1 (s)F 2 (s)] - £~Wi(s)G(s)} (8-63) 

By Eq. 8-60, 

g(t) - £ _1 F 2 (s) = v 2 (t) (8-64) 



Fig. 8 - 16 . Two-terminal-pair 


i s 


Thus g(t) is identified as the output voltage in the time domain. The 
convolution integral has the form 

v 2 (t) « vi(t - \)h(\) dX (8-66) 

This equation indicates that if h(t), the unit impulse response, is 
known, only the input voltage Vi(t) need be specified in order to deter¬ 
mine the output voltage l In other words, any input convolved with 
the unit impulse response gives the output. 

In order to get a better picture of the meaning of the convolution 
integral of Eq. 8-65, let us examine each term in the expression. First, 
consider the term, Vi(t — X). An arbitrary t>i(J) is shown in Fig. 8-17. 
In terms of this plot, what is X? When t — 0, then t>i(J — X) « t> x (-X) 
and when t *= X, then «?i(8 — X) = t>i(0). Evidently X is a quantity 
measured backward from any t\ that is, it is a time interval measured 

* Transfer functions will be studied in Chap. 10. For the present, assume that 
O(s) is an algebraic function relating Vj(s) and F»(«). 
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negatively from some specified reference time t. This is illustrated in 
the figure. The quantity X can vary from 0 to t, the limits of the 
integration. As +X varies from 0 to t, then v x (t — X) ranges through 
all past values of the input (the input is assumed to start at t — 0). 
What about h(t) and h(X)? The quantity h(t) is the transient response 
to the unit impulse. Its exact form depends on the transfer function, 
which we have not yet specified. It might have an appearance similar 
to the waveform shown in Fig. 8-18. A plot of h(\) could be super- 



Fig. 8-17. Arbitrary input voltage. Fig. 8-18. Impulse response. 


imposed on Fig. 8-17 with X increasing from t = t to t — 0 (that is, 
backward from Fig. 8-18). The product of h(X) and Vi(t — X) must 
next be integrated from 0 to t to give the output response. This process 
can be thought of as weighting all past values of the input by the unit 
impulse response. Since h(\) is usually small for large X, the output at 
any time—found by integration—is mainly influenced by recent values 
of input. “Very old'’ values of input have very*little effect on the 
present output. Strictly speaking, the present output is determined by 
all past history of the input, weighted by the unit input response. For 
complicated forms of Vi(t), it may be necessary to use numerical or 
graphical integration to find v 2 {t) from the 
convolution integral. Further, the integra¬ 
tion must be repeated for each value of t 
of interest. 

As a very simple application of this 
concept suppose that the response from the R( , network 

driving force v x — e~ 2t is required for the 

two-terminal-pair network shown in Fig. 8-19. For this network, the 
transfer function for the voltage ratio is* 

GW = (8-66) 



From a table of transforms, the corresponding h(t) is found to be 

h(t) - <r* (8-67) 


* The computation of this transfer functions is given in Chap. 10. 
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Then, from the convolution integral, 



v*(t) -- 

— J g— i(«— \)g- 

x d\ 

(8-68) 


- 

* e~ %t [ e n e~ 

t 

x d\ — e~ 2, e x 

(8-69) 



Jo 

0 

Finally, 

Vj(f) = 

- e- s, (e‘ - 1) 

= g~» — g~2‘ 

(8-70) 


For this particular example, expansion by partial fractions is more 
direct. For more complicated forms of input, the convolution integral 
can be used to advantage. 

Thus far the application of the convolution integral has been in 
terms of the unit impulse response of a system. If the unit impulse 
response is known, the unit step function response can be found by 
integration as discussed in the last section. In some cases, however, 
the step function response is more conveniently recorded. The con¬ 
volution integral can be put in another form for this case. Equation 
8-65, which is 

v t (t) = J q Vi(t - \)h{\) d\ (8-71) 

can be integrated by parts by letting u — V\(t — X) and dv <= h(\) d\. 
The resulting equation is 

v t (t) = k(t)Vi( 0) + f‘ k(\W(t ~\)d\ (8-72) 

where k(t) is the unit step function response of the system. We note 
that integration of h(\) to give k(\) is compensated within the integral 
by differentiation of Vi with respect to time. 

This last equation illustrates a useful property of convolution. If 
the unit step function response of a system is determined, the response 
of the system to any input v x is fixed and can be determined by con¬ 
volution. The statehients made for the unit impulse and unit step can 
be extended to any of the family of singular functions. 

8-5. Fourier series 

This section marks the turning point in our study. Behind are 
studies in the time domain, the response of a network to a given time- 
varying driving force. The studies yet to come concern the response of 
a network to a sinusoidal driving force of variable frequency in addi¬ 
tion to time-domain topics. 

The modem electrical engineer must be bilingual when speaking of 
network response. He must speak the language of the time domain 
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and must also be trained in the language of the frequency domain. He 
may think in either language, but he must be able to translate from 
one to the other at a moment’s notice. The translation process may be 
purely mechanical, “large bandwidth” equals “desirable step function 
response.” Or it may be based on an understanding of the concepts 
of the two domains in terms of a common root or origin. 

To begin with, we have now extended our time-domain studies to 
include the response of a network to (1) a nonrecurring pulse and (2) 
recurring and periodic waveforms such as the square wave. We will 
next study these two classes of driving force functions in terms of 
sinusoids. 

What do we mean by a periodic function (or waveform)? The 
familiar sine wave is periodic. If represented as sin ut, and if Q\ is some 
value of ut after ut — 0, then for a sine wave, 

sin 6 1 — sin (2wr -f 0i), n = any integer 

since the function has identical form from ut — 0 to ut — 2tt, from 
ut - 2 7 r to ut = 4x, etc. Similarly, any function is periodic in ut if 
f(8 0 = f(6i + 2nv) and the period is 2v. 

Such periodic functions were studied by the French mathematician 
Fourier (1768-1830) who was the first to show that periodic functions 
could be expanded in series form in terms of harmonically related 
sinusoids as 

f(ut) — ao + «i cos ut + a 2 cos 2 ut + ... + a n cos nut 

+ ... + bi sin ut + ... 6„ sin nut + ... (8-73) 

This series is known as the Fourier series, and the process of represent¬ 
ing a periodic function by such a series is Fourier analysis. The problem 
of analysis is determination of the values of the coefficients of the 
Fourier series, a 0 , a i, a 2 , .. ., b h b 2 , ..., for a given time function f(ut). 

Suppose we select the coefficients of the Fourier series such that 
ai - 1, and b 2 — — 1, and all other coefficients are equal to zero. The 
plot of the combination of the two functions with t is shown in Fig. 
8-20, and the resulting f(ut) has small amplitude from 0 to r and large 
amplitude from ir to 2w. This distorted waveform resulted from the 
combination of merely two harmonically related terms. It seems quite 
possible that any periodic function could be synthesized with the infi¬ 
nite number of terms that are available in the series. 

Equations for the coefficients of the Fourier series for use in anal¬ 
ysis are found by the mathematical procedure of (1) multiplication of 
the series by a suitable factor, (2) integration of the resulting equations 
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Fig. 8 -20. Waveform resulting from the addition of (cos ut) and 

(— sin 2wt). 


term by term over the period, and (3) simplification by the use of the 
following definite integrals. 



cos mat drat = 0 
sin ruat dial — 0 
sin nuat cos mat drat = 0 
sin mat cos mat d<at — 0 
sin nuat sin ruat d<at — 0 
cos nuat cos ruat drat — 0 
cos 2 ruat drat = n 
sin 2 ruat drat — r 


n 0 

(8-74) 

n t* 0 

(8-75) 

m 9 * n 

(8-76) 

n 0 

(8-77) 

m n 

(8-78) 

m 9 * n 

(8-79) 

n 9 * 0 

(8-80) 

n 9 * 0 

(8-81) 


These equations also hold for any other period, 9 i to $i -f 2*■, and the 
limits of the integrals can be replaced by these more general terms. 
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In evaluating a 0 , no multiplying term specified as step 1 is required. 
Integration of each term of the Fourier series gives 


f(ut) dut — do / dut 4- a x / cos ut doit ■+■ a 2 I cos 2ut doit 


r 

... 4* / 

Jo 


cos noit + ... + 6i / sin o)t dut 4- 


■/> 


sin 4- ... (8-82) 


assuming that such term-by-term integration is permitted. In Eq. 
8-82, all terms on the right except the first have zero value by Eqs. 8-74 
and 8-75. Hence the total equation reduces to 


f 2 * 

/ f(oit) doit = a 0 (27r) 

Jo 

1 f 2r 

Clo — 7T / /(«*) doit 

lie Jq 


(8-83) 


(8-84) 


To find a„ for n other than zero, each term in the Fourier series is 
multiplied by cos nut and integrated from 0 to 2ir. In the resulting 
expression, all integrals will vanish except the one of the form of 
Eq. 8-80, which is the integral with a coefficient a„. The equation thus 
simplifies to give 


1 f 2 * 

a n = - f(u 
* Jo 


t) cos nut dut 


(8-85) 


Similarly, the b n coefficient is evaluated by multiplying by sin nut and 
integrating over the period 0 to 2v, giving 


b n — - / f(ut) sin nut dut 
v Jo 


(8-86) 


These three equations determine all coefficients of the Fourier series. 
These integrals hold when f(ut) represents a finite periodic function 
with at most a finite number of maxima and minima and a finite num¬ 
ber of discontinuities in every finite interval. These are the Dirichlet 
conditions , which must be satisfied for the Fourier series representation 
of f(ut) to be valid. The practical consequence in terms of engineering 
application is that the Fourier series can be written for engineering 
functions without concern. 

The amount of labor involved in the evaluation of the coefficients 
can be reduced when there is symmetry with respect to the axis in the 
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plot of /(«<)• Figure 8-21(a) shows a plot of sine and cosine functions 
for positive and negative values of ut. The cosine function is seen to 
have symmetry about the / axis, the same value for and — «/. 
Such a function is said to be an even function. In the case of the sine 
function, the value of the function for — ut is the negative of that for 



functions—sine and triangular waves. 

and vice versa. Such a function is an odd function. Any general 
function may be described as odd or even when it meets the following 
conditions. 

Even function: f{uit) = f( — <at) 

Odd function: f(<at) — —f( — ut) 

An even and an odd function are shown in Fig. 8-21(b), a square wave 
and triangular wave, respectively. The square wave is an even func¬ 
tion (although it might be made odd by shifting the u>t axis). Being 
an even function, every term in its Fourier series representation must 
also be even; a single odd term would destroy the even symmetry. 
The same argument can be applied to the triangular wave in that its 
Fourier series must contain only odd terms. These conclusions of this 
discussion can be verified mathematically.* 

The equation for the a 0 coefficient of the Fourier series is 



This integral represents the area under the f(<at) curve from 0 to 2t. 

* For example, see Wylie, op. cit., p. 122, or Salvadori and Schwarz, op. cit., 
p. 359. 
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If, as in the case of the square wave and the triangular wave of Fig. 
8-21(b), there is as much positive area as negative area, the value of 
a 0 is zero. These three conclusions are summarized in the following 
table. 


Condition 

Simplification of 

Fourier series 

f(»t) = f(—ut) 

b n = 0, all n 

f(o>t ) = -f(-ut) 

a n — 0, all n including oo 

Equal positive and negative 

o 0 = 0 

areas under the waveform over 


one cycle. 



Example 1 

Figure 8-22 shows a square wave function which we wish to represent 
by a Fourier series. From the figure it is seen that the symmetry is 




volts 

+v 









-2ir 

— IT 


0 

1 r l! 

2 2 

2r 

—wt 



-V 


ut 








Fig. 8-22. Square wave function. 


such that v(wt) — v( — ut), and so 6„ = 0. Since the total area under 
any cycle adds to zero, the coefficient ao is zero. The coefficients a„ 
are determined by evaluating the integral 


1 f 2 ' 

On — - I 

* Jo 


) cos nut dut 


The voltage v(ut) has the following set of values over one cycle: 


Interval 
0 to t/2 
t/ 2 to 3r/2 
37 t/ 2 to 2rr 


v(u>1) 

V 
— V 

V 


These values may be substituted into the integral equation to give 
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a* as 
<2 n “ 


i 

*• 


/ M 2 /*8r/2 r2r \ 

( V I cos nut dut — V I cos nut dut -j- V I cos nut dut ) 
\ J° J*/ 2 Jiw/2 ) 

y / I*/2 |3ir/2 |2» \ 

= — ( sin nut ~~ sin nut + sin nut ) 

nT \ 0 j*/2 l3«-/2/ 


The term in parenthesis has the value of ± 4 for odd values of n, and 
zero for even values; hence 


a n - 


+4V 

nir ’ 

— 4F 
nir 
0, 


n “ 1^ 5^ 9^ .«• 

n = 3, 7, 11, ... 
n = even integers 


Thus the Fourier series is 




4V 

IT 


(cos ut 


| cos 3 ut + i cos but — 4 cos 7 ut + 


•) 


By a Fourier expansion, we have shown that a sum of voltage terms 
each varying sinusoidally is equivalent to a square wave, as illustrated 
in Fig. 8-23. By the principle of superposition, the response of each 


»<«) 




Tig. 8-28. Two equivalent systems: the Fourier series expansion of a 
time-varying driving-force function. 

generator can be determined with all other generators short-circuited, 
and the total response will be the sum of the individual responses so 
found (as discussed in Chapter 4). This may appear to be complicat¬ 
ing the problem rather than simplifying it, many solutions instead of 
just one being required. We have yet to show that it is easy to com¬ 
pute the response as a function of frequency by complex algebra and 
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that in many cases we are not so interested in the actual response as 
we are in the frequency response required for a given waveform. In 
solving a problem, we have a choice between the solution of the tran¬ 
sient problem (the time domain) and the solution of response in terms 
of a sinusoidal generator of variable frequency (frequency domain). 

Example 2 

A triangular (or saw-tooth) waveform is shown in Fig. 8-24. This 
voltage function is an odd function with a„ equal to zero for all n 



Fig. 8-24. Triangular (or sawtooth) function. 


including n = 0. To find the b-coefficients, we represent the waveform 
by the following equations, each derived in terms of the equation for a 
straight line, y = mx + 6, where m is the slope, b is the y intercept 
and for this problem, y — v and x = t. 


Interval 

V(oot) 

- 7T 

2V 

0 to s 

- hit 

2 

r 

7r 3r 

2 t0 "2 

— 2V 

(ut) -j- 21 

7r 

-to 2* 

2V 

~ (ot) - 4F 

7T 


Carrying out the integration, as in Example 1, gives 

v(wt) — ^sin — p s ^ n 3<*>£ + p sin 5 ut — .. 

Example 3 

In some practical problems, the waveforms are not known in the form 
of mathematical equations but rather as recorded graphs. In such 
cases, the coefficients may be evaluated by approximate graphical 
integration. As shown in Fig. 8-25, the waveform is divided into m 
rectangles of width Acd and height /(«(). In terms of a summation 



178 


Chap. 8 


TIME DOMAIN AND FREQUENCY DOMAIN 



Hg. 8-26. A recorded waveform. The Fourier aeries equivalent of this 
waveform may be found by graphical integration. 

rather than integration, the approximate equations for the Fourier 
coefficients become 


where 


a 0 


a„ 


-Trt f d 2 ') 


Aa )t 


j-l 
m 




y-1 

m 


= t ^ (jn 8 * n n 


A wt 


2r 

m 


(8-87) 

( 8 - 88 ) 

(8-89) 

(8-90) 


The summations required are most conveniently carried out in tabular 
form, for example, as follows. 

Table fob Calculation of On 
n — 3 A ot = 15° m — 24 


3 

(360°) - e 
m 

cos n 360°^ 

/(i 3 60-) 

f(8) cos nO 

1 

15° 

cos 45° - 0.707 

1.52 

1.07 

2 

30° 

cos 90° 5385 0 

1.77 

0 

• 

• 

• 

♦ 

* 

• 

• 

• 

• 

• 

m 

« 

* 

• 

• 

S 
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The coefficient has the value 

a 8 = 2 — (8-91) 

m 

8-6. Complex exponential form of the Fourier series 

The Fourier series studied in the last section can be expressed in 
equivalent form in terms of exponential quantities. Suppose that the 
terms in the series are grouped together by harmonic number as 

oo 

= a 0 -f ^ (a„ cos ruat + b n sin ruat) (8-92) 

n =* 1 

Now the cosine and sine may be expressed in exponential form, as we 
learned in Art. 6-2. Starting with Euler’s equation, 

e ±iat — cos co t ± j sin c at (8-93) 

the cosine is found in terms of exponentials by adding positive and 
negative exponential forms as 

cos ut — e~ iat ) (8-94) 

Similarly, the sine is found by subtracting these quantities as 

sin cat — -j^. (e JW( — e~ iat ) (8-95) 

Substituting these equations into Eq. 8-92, there results 

oo 

\ * / pinut _L p jno»t _ p—jn<at\ 

/( U f) - a„ +2^ ^ 5 -) t 8 - 96 ) 

n» 1 

In order to simplify this equation, like exponential terms are grouped. 
Noting that l/j = —j, our equation becomes 

co 

f(<at) = a 0 + ^ ~ ^ ^ e~ inat (8-97) 

n = 1 

To simplify this expression, we next introduce a new coefficient to 
replace the a and b coefficients. By definition, 

c. = “■ ~ jK , c_„ = "* ± & , and C = a 0 (8-98) 

The new form for Eq. 8-97 is 

co 

f(tot) = c 0 -f ^ (c n e’ ant + c-„e^'“ n< ) 

n « 1 


(8-99) 
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We are now in a position to understand better all the maneuvering 
we have just been through. Letting n range through values from 1 to 
<» in this equation is equivalent to letting n range from — oo to -f » 
(including zero) in a compact equation, 


/(«0 = 



(8-100) 


Here we have the exponential form of the Fourier series. The coeffi¬ 
cients c„ can easily be evaluated in terms of a„ and 6„, which we already 
knew. Then 


Cn 


• r 2ir 

, f (cot)cos not dut — ~~ I f(ot) sin not dot 
AV JO 6TT 7.) 


ir. 

f 2r 

/ cos not — j sin not) dot 

Jo 

i r w 

r- / f(ot)e~’ nwt dot 
tv Jo 


2t r 


( 8 - 101 ) 


This equation for c n holds whether n is positive as we have assumed, 
negative, or zero, as can be shown by exactly the same procedure. 
Has this form any advantage over the other form of the Fourier series? 
In computing coefficients, the sine and cosine form usually may be 



fig. 8-26. Sweep voltage of the 
form used in a cathode ray oscillo¬ 
graph. 

over one cycle by the equation 
Cn-coefficients, defined by Eq. 8- 


used to advantage. But in discussing 
the concepts of frequency spectra and 
introducing the Fourier integral, 
which we will study next, we need 
this exponential form. 

Example 4 

The sweep voltage waveform shown 
in Fig. 8-26 may be represented 
f a straight line, v = (V/2r)ot. The 
01, are 


1 f 2 * V 

c » = o“ / o)te~ inat dot 

2v Jo 2r 



ti ^ 0 


V 



n — 0 
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Hence the exponential form of the Fourier series for this waveform is 

v(at) = ... — ~ e -i3wt _ iZ e -itut _ iZ e ~b>( -j- Z 

OTT 4t 2?r 2 

-f ~ e’ ul + e i2at -f ... (8-102) 

Ztt 4tt 


If we wish to reduce this result to the alternate form of Fourier series, 
the a and b coefficients may be found from the equations which follow 
from the definitions of Eq. 8-98. 


Cn 4 * C_i», bn “ )(Cn C_„), flfl — Co 

From these equations, a n = 0 , a 0 — V/2, and b n — — V/m r, and the 
Fourier series becomes 


v(at) - V 


1 

2 


1 ( . 
; V 81 


sin at -j- ~ sin 2 <at + ^ sin 3 cot + 


■■■)] 


(8-103) 


8-7. The frequency spectra of periodic waveforms 

The second form of the Fourier series of our example of the last 
section is the most easily interpreted. We can visualize a large num¬ 
ber of sinusoidal generators of voltage as specified by the appropriate 
Fourier coefficient, all connected in series to produce a sweep voltage. 
We have some difficulty picturing generators of exponential voltage 
terms of the form appearing in Eq. 8-102, but the coefficients contain 
the same information as those in Eq. 8-103. This information is con¬ 
veniently displayed in a plot of the magnitude of c„, and sometimes of 
the phase,* as a function of frequency. Such a plot shows the frequency 
spectrum, corresponding to a particular waveform. 

The plot of the magnitude and phase of c„ as a function of frequency 
requires special interpretation. Actually, c„ has values only for discrete 
values of frequency , the harmonics of «, the fundamental frequency. 
Such a plot is actually for different values of n, or if we identify « 0 as 
the fundamental frequency (merely o> in the equations derived thus 
far), the plot is for discrete values of the ratio oo/m, which is equiv¬ 
alent to n. Such a plot is shown in Fig. 8-27 for both positive and 
negative values of n or «/w 0 . 

We do not attach any particular significance to negative frequencies 
as plotted in the frequency spectrum. We do note that these frequen¬ 
cies are related to exponential factors of the form e inwt ] such a term and 
a term of the form e~ inut may be added to be equivalent to a sine or 
cosine function. Thus a positive frequency and a negative frequency 


* The phase angle of c„ is abbreviated as Ang c„. 
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combine to form the frequency associated with actual sinusoidal 
generators. 

Figure 8-28 shows two other spectra, for the examples of Art. 8-5 
for the square wave and the triangular wave. Comparing these spectra 




n or 


«0 


(a) 


n or 


<*»0 


( 6 ) 


Fig. 8-28. The line spectrum for (a) a square wave, and (b) a tri¬ 
angular wave. 


to that shown in Fig. 8-27, we see that the amplitude distribution in 
terms of the harmonics of the Fourier series must be quite different 
for the different waveforms. The triangular wave contains little in 
addition to the fundamental, while the sweep voltage waveform con¬ 
tains many harmonic terms of larger magnitude than for the triangular 
waveform. 
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Because there are components of frequency for discrete values of 
frequency only, such plots of the magnitude of c„ are known as line 
spectra . 

8-8. The Fourier integral and continuous-frequency spectra 

Figure 8-29 shows the waveform of a periodic pulse of magnitude V 
and duration a. The period, marked on the figure as T, extends from 
Uo t = —r to coot = +7r, where, following the practice established in 


volts 1 




V 

V 



V 

~7T 



TC 

_t_ 


*- T - 

a 

2 

+ {M)t 


Fig. 8-29. A recurrent pulse of duration a and period T. 


the last section, &> 0 is used as the frequency of the fundamental of the 
Fourier series rather than w. The Fourier coefficients for the expo¬ 
nential form of the series may be computed for this problem from Eq. 
8-101 written 

1 [ + * 

Cn = %r J_ x /M)«“ ,W <W (8-104) 


Since the voltage waveform has zero value except between the limits 
(a/2) and (—a/2), the integral becomes 


j r 4-a/2 

Cn = o- / Ve~ inu<st <W 
4R J - a/2 


(8-105) 


-V 1 

f. _ _ 1 _ p—]na>at 

c '~ 2* jn 


■a/2 nir 


( gjnaaa /2 g—}nuoa/2\ 

. 2 j ) 

= F cooa / sin (no>oa/2) \ 

2 ir \ nco 0 a /2 / ^"^6) 


Now since T — 2ir/o)o, the equation finally may be written 

Jr a sin (nojoa/2) 


C n = V 


T noo oa/2 


(8-107) 


For any particular problem, the ratio a/T will be fixed, and c„ will vary 
as the mathematical function (sin x)/x . 

This analysis brings up a number of questions of interest: (1) how 
does c n change as the width of the pulse or the ratio a/T changes and 
(2) what happens if the period becomes infinite, leaving us with one 
nonrecurring pulse? 
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To help answer the first question, two plots are made in Fig. 8-30, 
one for ( T/a) = 2 and one for (T/a) = 5. The two plots differ in two 
respects: (1) there are more lines in the second plot and (2) the ampli¬ 
tude is smaller by a factor of £ in the second plot. From another point 
of view, there are more lines because «o is smaller for the second pulse. 
More frequency components are required to make up the shorter pulse, 
but the amplitude of the frequency components is smaller. 



Fig. 8-30. Two recurrent pulses with different values of (T/a) and 
the corresponding line spectra holding a constant. The envelope of 
the line spectra is of the general form (sin x/x). Because |c«| is plotted, 
the envelope is always positive whereas (sin x/x) is negative from ir to 
2x, etc. 


We begin to see a trend that should help answer our second question 
as to what happens in the case of an aperiodic pulse. As the period 
approaches infinity, more frequency components of smaller amplitude 
will be added. To accomplish this limit in terms of the expressions for 
the Fourier series,* we begin with Eq. 8-100, which is 


f{mt) 


- % c. 


(8-108) 


and substitute the equation for c„, giving 

/(«0 1) = V j /(«oOe~ ,w e'™* (8-109) 

n — — «> 

* The following discussion is intended to provide a heuristic proof or motivation 
for the Fourier integral theorem. It is not a rigorous derivation. 
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^r e next let « 0 = Am as T—► <» and introduce a new variable by 
letting » Aw = w. ® we WI> lte Eq. 8-109 in terms of f(t) rather than 
the limits of integration change to give the following expression. 



m - l 


r */ 

J —t/Aw 


f(t)e~’ mt dt 


e iu>l Ao> 


( 8 - 110 ) 


In the limit, as Aa> —> 0, the summation becomes a process of integra 
tion, and 

m ■ [s 


/- 


f(t)e~ i<at dt 


e lut do) 


( 8 - 111 ) 


This equation is one form of what is known as a Fourier integral. It 
may be written in a slightly different form by calling the bracket term 
in the equation g( to), as 

= L me ~*“ * (8 " u2) 

so that /(<) = J_ _ »(»)«*“ da (8-113) 

and these two equations constitute a Fourier transform pair. These 
equations can be used to represent f(t) provided f(t) satisfies the Diri- 
chlet conditions, mentioned in Art. 8-5, and if the integral 

J_"\m\dt (8-114) 

is finite. 

Now |c„[ determined the frequency spectrum in the case of the Fou* 
rier series. The term corresponding to c» in the Fourier integral expres¬ 
sion is g(u) dw. The amplitude of g{u>) dw is vanishingly small, of 
course, since do) is an infinitesimal quantity. However, the function 
g(a) is finite and is plotted in magnitude and phase as the frequency 
spectrum corresponding to an aperiodic f(t). No longer is this spectrum 
given for only discrete values of frequency. The function g{<x>) is a 
continuous function for all w. Because of this difference in spectra s 
Jp(o>)| is sometimes called a continuous spectrum, while |c„| is a line 
spectrum. In terms of the synthesis of a pulse by addition of frequency 
components, the continuous spectrum requires all frequencies com¬ 
bined as required by Eq. 8-113. 

For the single pulse shown in Fig. 8-29, the other two having moved 
to infinity in opposite directions, the frequency spectrum may be 
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g(o>) = 



Ve iat dt = 


Va sin (o>a/2) 
2 tt (a>a/2) 


(8-115) 


This equation is similar in form to Eq. 8-107 given for recurring pulses, 
but is a continuous rather than a line spectrum. The plots of the math¬ 
ematical expression |(sin x)/x\ shown in Fig. 8-30 constitute the enve¬ 
lope of the spectrum j{7(o>)| for the single pulse. 

The Fourier transform pair of equations, Eqs. 8-112 and 8-113, 
serves to illustrate the relationship of the time-domain function f(t) 
and the frequency-domain quantity, the frequency spectrum, g(u). 
For a given f(t), we can find the corresponding g( <o). And for a given 
g(o)), we can similarly find the corresponding f(t). The Fourier trans¬ 
form equations provide us with a two-way street with which we can 
go from time domain to frequency domain or vice versa. The same 
two-way street exists for the Fourier series and the associated concept 
of the line spectrum and the time domain. 

We know that the waveform of a single pulse can be synthesized 
from frequency components specified by Eq. 8-115. Suppose that we 
apply a single pulse to the input of a system which does not transmit 
the higher-frequency components. The output of this system will no 
longer be a square pulse but will be some other time-domain function 
that could be computed from Eq. 8-113 using the g(u >) of the output of 
the frequency-selective system. As we change frequency response, we 



Fig. 8-81. Input and output waveforms for a two-terminal-pair 
frequency-selective network. 

also change time response. An input and the corresponding output for 
a frequency sensitive system are illustrated in Fig. 8-31. 


8-9. Fourier transforms and their relationship to Laplace transforms 

The Fourier transforms, defined by Eqs. 8-112 and 8-113, have been 
used in the last section to illustrate the relationship of frequency 
domain and time domain concepts. We have not yet discussed the 
transform property of these equations which can be used in solving 
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circuit equations in much the same manner as the Laplace transforma¬ 
tion has been used. For reference, Eqs. 8-112 and 8-113 are repeated 
here. 


tM = f _ (8-116) 

f(t) = f_ 9(u)e>“iia (8-117) 

The transform character of these equations is emphasized by the use 
of the following notation. 

%m = ?(«) (8-118) 

“/(«) (8-119) 

Equations 8-116 and 8-118 define the direct Fourier transformation, 

while Eqs. 8-117 and 8-119 define the inverse Fourier transformation . 

These four equations are similar in appearance to the corresponding 
equations for the Laplace transformation, given in Chapter 7 as Eqs. 
7-1 and 7-3, which are 



m 

= f(t)e~*‘ dt 

(8-120) 


m 

. ro+j<*> 

(8-121) 

and 

£f(t) 


(8-122) 


£~ l F(s ) 


(8-123) 


Comparison of these two sets of equations reveals several differ¬ 
ences: (1) The jo) in the Fourier transform occupies the same position 
as s in the Laplace transform. (2) The letters F and g signify functions 
with similar roles. (3) The limits of integration in Eqs. 8-116 and 8-120 
are different, — <» in the Fourier transform corresponding to 0 in the 
Laplace transform. (4) The multiplying constants (l/2x) and (1/2tj) 
occupy different positions although this is a matter of convention since 
l/2ir may be associated with either f(t) or g(u>) in Eq. 8-111. Since we 
are stressing the similarities of the two systems of transforms, the fac¬ 
tor l/2ir will be shifted from Eq. 8-116 for g(u>) to Eq. 8-117 for f(i) for 
the remainder of this discussion. 

To illustrate the consequences of these differences, we will study an 
example of the computation of a Fourier transform. In most circuits 
studied in past chapters, interest has centered on what happens in a 
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circuit after an instant of time corresponding to the opening or closing 
of a switch. This instant of time is conveniently taken as the reference 
time, t = 0. A function that has been used to denote the closing of a 
switch to connect a driving force to a circuit is the unit step function 
u(t). To determine the Fourier transform of u(i), we make use of Eq. 
8-116. In this case, the lower limit of the integral may be changed to 
zero, since u{t) has zero value for all negative t. In this usual circuit 
situation in which f{t) has zero value before t — 0, Eq. 8-116 may be 
written with the lower limit of zero, and is then known as the unilateral 
Fourier transformation. Carrying out the operations we have just 
described, we have, with 1/2x removed from Eq. 8-116 


g(u) « 



f(t)e~> ul dt — j e~> ot dt 


?(«) 




e~> at 


1 




(cos c at — j sin cat ) 


(8-124) 

(8-125) 


This equation has no meaning, since neither the sine nor the cosine is 
defined for infinite cat. This difficulty can be avoided by introducing a 
convergence factor defined in the equation 


fi(t) - e-ffl 


(8-126) 


where fi(t) is a modified function and a is real and positive. This 
procedure provides the convergence necessary to avoid the difficulty 
in evaluating Eq. 8-125, and permits computation of the Fourier trans¬ 
form as the limit as <r —> 0. Substituting/i(0 = e~ at u{t) into Eq. 8-116 
without the factor 1/2®- gives 


and 


lim 

< r —>0 


Q(o>) 
g(<a) = lim / 

<r—>0 JO 


/:.* 


(t)e~ iut dt - lim 

<r—>0 


dt = lim 


. f 

lm / 
Jo 


dt 


1 


<r-+0 <r + jco jo) 


(8-127) 

(8-128) 


From this equation, we have the Fourier transform of u{t) with <r ** 0 
as 

%u(t) = -i (8-129) 

Jo} 

Thus the convergence difficulty has been avoided effectively by intro¬ 
ducing a real part to be added to jca. Since s of the Laplace transforma¬ 
tion is defined as a complex number, s = a + jca, we see that the 
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Laplace transformation automatically has the advantage of stronger 
convergence by incorporating a “built-in” convergence factor. How¬ 
ever, the Laplace transform of f(t) is identical with the Fourier trans¬ 
form of fit) multiplied by the convergence factor e~ rt ; that is, 

m) - (8-130) 

Recognition of this relationship of transforms unifies two important 
topics in the study of electric circuits. 

The preceding discussion might be regarded as a heuristic derivation 
of the Laplace transformation from the Fourier transformation. Since 
the Fourier transform conveys more physical meaning than the Laplace 
transform, arising as it does out of the Fourier integral and Fourier 
series, this tie-in is conceptually important. Aside from this advantage, 
the Laplace transformation is a more powerful mathematical tool than 
the Fourier transformation and is more extensively used. 

Tables of Fourier transforms are available, an example being the 
extensive compilation of Campbell and Foster.* 

FURTHER READING 

For further reading on the subject of the response of a system to 
such excitations as the step function, impulse, ramp function, square 
wave, etc., see Thomson, Laplace Transformation (Prentice-Hall, Inc., 
New York, 1950), pp. 23-26. The convolution integral is also discussed 
by Thomson, pp. 37-38, and in such references as Gardner and Barnes, 
Transients in Linear Systems (John Wiley & Sons, Inc., New York. 
1942), pp. 228-241; Salvadori and Schwarz, Differential Equations in 
Engineering Problems (Prentice-Hall, Inc., New York, 1954), pp. 
214-219; and Wylie, Advanced Engineering Mathematics (McGraw- 
Hill Book Co., Inc., New York, 1951), pp. 188-197. For further 
reading on Fourier series, see Kerchner and Corcoran, Alternating- 
Current Circuits (John Wiley & Sons, Inc., New York, 1951), Chap. 6. 
A very complete discussion of the Fourier series and integral is given 
by Guillemin, The Mathematics of Circuit Analysis (John Wiley & 
Sons, Inc., New York, 1949), Chap. 7. Chapter 5 of Wylie {op. cit.) 
is very concise on these subjects and is especially recommended. Two 
additional references containing valuable information on the Fourier 
integral and frequency spectra are Fich, Transient Analysis in Elec¬ 
trical Engineering (Prentice-Hall, Inc., New York, 1951), pp. 199-214; 
and LePage and Seely, General Network Analysis (McGraw-Hill Book 
Co., Inc., New York, 1952), pp. 444-463. 

•Campbell and Foster, Fourier Integrals for Practical Applications (D. Van 
Nostrand Company, Inc., New York, 1950). 
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PROBLEMS 


8-1. Write an equation for the nonrecurring waveform shown in 
the figure in terms of unit step functions. 



l 


1 

ft 

l ; 

) 

- % 

j 4 5 6 3 

1 { 

9 t 


Prob. 8-1. 


8-2. Write an equation for the nonrecurring waveform shown in 
terms of unit step functions. 



10 

8 S 

___*. jL ... 


1 2 

! 3 4 

15 6 7 

-10 

t 


Prob. 8-2. 


8-3. In the nonrecurring waveform shown, the function suddenly 
increases to a value b at the time t — 0 and then decreases expo¬ 
nentially to a value a at t = c before decreasing suddenly to zero. 
The waveform then goes through the same cycle with negative mag¬ 
nitudes. Write an expression for this waveform, using unit step 
functions. Partial answer, v = be~ [ln(a/b)]t/c u(t) — . 




8-4. A voltage pulse of 10 volts magnitude and of 5 n sec duration 
is applied to an RL series circuit where R — 2 ohms and L - 10 
juhenry. Plot the waveform of the current as a function of time. 




Chap. 8 TIME DOMAIN AND FREQUENCY DOMAIN 191 

8 - 5 . A voltage pulse of 10 volts magnitude and of 5 *tsec duration 
is applied to an RC series circuit 
where R — 100 ohms and C — 0.05 
fxi. Find the equation for the cur¬ 
rent and plot the current waveform 
as a function of time. 

8-6. A voltage waveform known 
as a “staircase” is used to shift 
the frequency of a radio transmit- Prob. 8-6. 

ter. One cycle of staircase is shown 

in the figure, (a) Write the equation for this voltage waveform v(t), 
assuming it is not repeated, (b) Suppose that this voltage is applied 
to a series RL circuit with R — 1 ohm and L — 1 henry. Sketch the 



Prob. 8-6. 

current waveform approximately to scale on the same coordinates as 
the “staircase” voltage. 

8 - 7 . Show that the transform of the square wave is 



a 2 a 3 at | * 3rt 

Prob. 8-7. Prob. 8-8. 



8-8. The waveform shown in the figure is that of a full-wave rec¬ 
tified voltage. The equation for the waveform is sin t from 0 to w, 
—sin t from ir to 2 ir, etc. Show that the transform of this function is 
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8 - 9 . The waveform shown is a sweep voltage used to deflect the 
beam in a cathode ray oscilloscope. Show that the transform of this 
function is 



Prob. 8-9. Prob. 8-10. 


8 - 10 . Find the transform of the voltage waveform shown in the 
figure. 

8 - 11 . By convolution, find the time functions corresponding to the 
following transform functions starting with the transform pair f(t) = 
F(s) = l/(s - a). 


(a) 

1 

(c) 

1 

(s - a) 2 

(s + a)(s + b) 

(b) 

1 

(d) 

1 

(s — a)(s — b ) 

(s — a)(s ~ b)(s 


8 - 12 . By convolution, find the inverse Laplace transformation of 
the following functions. 

( a ) + 1)2 (b) ( s + + j) 

8 - 13 . Tests on a certain network showed that the current output was 
i(t) = ~-2e~* + 4e _3i when a unit voltage was suddenly applied to the 
input terminals at t — 0. What voltage must be applied to give an 
output current of i(t) = 2e~ { if the network remains in the same form 
as for the previous test? Answer, v = 4e l ~ 3. 

8 - 14 . The output of a half-wave rectifier is given by the equation 
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Show that this periodic waveform can be represented by the Fourier 
series 

\ ( t 2 2 \ 

v(u )t) - - ( 1 -f- g cos at + g cos 2at — cos 4-f . .. J 

8-15. Find the Fourier series representation of the trapazoidal wave¬ 
form shown for Prob. 8-10. Draw the line spectrum for this waveform. 
8-16. Draw the line spectrum for the waveform of Prob. 8-14. 

8-17. The following table gives the ordinates of a waveform as a 
function of at. The values for t to 2t are defined by the relationship 
/(*■ + at) = — f(at) ; in other words, the negative loop from ** to 2ir 
is similar to the positive loop from 0 to r. 


at 

/(«0 

at 

fM 

0 

0 

105° 

85.0 

15° 

49.7 

120 

77.9 

30° 

75 

135 

77.8 

45° 

77.8 

150 

75 

60° 

77.9 

165 

49.7 

75° 

85.0 

180 

0 

90° 

90 




(a) Determine the Fourier coefficients for the first five harmonics, (b) 
Draw the line spectra for this waveform. 

8-18. For the waveform shown in the figure, determine the contin¬ 
uous spectrum and sketch |gr(w)| and Ang g(a). 



Prob. 8-18. Prob. 6-10. 


8-19. The aperiodic function shown in the figure is part of a cosine 
wave defined only from —tt/ 2 to +ir/2. Determine the continuous 
spectrum and sketch and Ang g(a). 

8-20. An aperiodic function is defined by the equation 

v(t) = Ve~ at sin ad, t ^ 0 

and represents a damped oscillation. Determine the continuous spec¬ 
trum for this function and sketch both |fir(«)j and Ang g{a). 



CHAPTER 9 


IMPEDANCE AND ADMITTANCE FUNCTIONS 

In this chapter, the operational method studied by the Laplace 
transformation will be used to introduce the concepts of impedance and 
admittance. 

9-1. The concept of complex frequency 

The solution of the differential equations for networks has given 
rise to time-domain functions of the form 

K n e°" 1 (9-1) 

where $„ is a complex number, a root of the characteristic equation, 
expressed as 

Sn = <Tn + join (9-2) 

Here the imaginary part of s„, has been interpreted as radian fre¬ 
quency (or angular frequency) and it appears in time-domain equations 
in the forms 

sin oi„t or cos oij (9-3) 

Radian frequency has the dimensions of radians per second and may be 
expressed in terms of frequency, in cycles per second, or in terms of 
the period T, in seconds, by the equation 

9 -. 

= 2 irf n - y ( 9 - 4 ) 

By Eq. 9-2 we see that <r„ and «„ must be identical in dimensions. The 
dimension of oi n is (time) -1 , since the radian is a dimensionless quantity 
(being length of arc per length of radius). The dimension of cr„ must be 
“something” per unit time. Since o-» appears as an exponential factor, 



I = I 0 e ant 

(9-5) 

such that 

I, I 

On = 7 In y 
t 1 0 

(9-6) 


it is evident that the “ something ” per unit time should be a nondimen- 
sional logarithmic unit. The usual unit for the natural (or Naperian) 
logarithm is the neper. This unit is commonly used making the dimen¬ 
sion for a the neper per second. 
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The complex sum 

s« " <r n + jun (9-7) 

is defined as the complex frequency. The imaginary part of the complex 
frequency is the radian frequency (or real frequency), and the real part 
of complex frequency is neper frequency* (rather than the misleading 
term “imaginary frequency”). The physical interpretation of complex 
frequency appearing in the function e ,nt will be studied by considering 
a number of special cases for the value of 

(1) Let 8„ - <r„ + jO and let <r n have positive, zero, and negative 
values. The exponential function of Eq. 9-1 becomes K„e* nt , an expo¬ 
nential function which increases exponentially for <r„ > 0 and decreases 
(or decays) exponentially for <r„ < 0. 

When <x n = 0, so that s„ = 0 + jO, 
the term becomes 

K n e-‘ = K n e « - K n (9-8) 

a time-invariant quantity which 
in terms of current and voltage is 
described as “direct current.” The 
time variation for the three possibili¬ 
ties for real s„ are shown in Fig. 9-1. 

(2) Let s n = 0 ± join (radian frequency only). In this case, the 
exponential factor becomes 

K n e ±iunt — K n (cos c o n t ± j sin wj,) (9-9) 

by Euler’s equation. The exponential e ±iw " 1 is usually interpreted in 
terms of the physical model (with no actual physical significance) of 
a unit rotating phasor, f the direction of rotation being determined by 
the sign. A positive sign, implies counterclockwise (or positive) 
rotation, while a negative sign, implies clockwise (or negative) 

rotation. For positive rotation, the real part of e ,w (or the projection 
on the real axis) varies as the cosine of while the imaginary part 
(or projection on the imaginary axis) varies as the sine of «»<. This 
concept is illustrated by Fig. 9-2. The variation of the exponential 
function with time is sinusoidal and corresponds to the case of the 
sinusoidal steady state. 

*The terms radian frequency and neper frequency were used by W. H. Huggins, 
“The potential analog in network synthesis and analysis," Air Force Cambridge 
Research Laboratories, Report No. E5066, March 1951. 

t Many texts used the word vector in place of phasor. A phasor is characterized 
by magnitude and phase with respect to a reference. 



Wig. 9 -1. Variation of e at with time 
(a — neper frequency). 
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Fig. 9-2. Rotating phasor and imaginary and real axis projections 

(sine and cosine). 

(3) Let 8 n — <r n + jco„ (this is the general case and the frequency is 
complex). For this case, 


K n e' nl = K n e i<,n+iw ' ,)t — K n e‘ ,Ht e i “’ ,t 


(9-10) 


This expression shows that such a term has a time variation which is 
the product of the result for s„ = <r n and for $„ — ±ju} n . One term is 
represented by the rotating phasor model, the other term by an expo¬ 
nentially increasing or decreasing func¬ 
tion. This result can be thought of as 
a rotating phasor with a magnitude 
which changes with time. Such a 
phasor is illustrated in Fig. 9-3. The 
real and imaginary projections of this 
phasor are 



and 


Re(e*"') = e~* nt cos u n t (9-11) 
Im(e'*‘) = e -<r "‘ sin u> n t (9-12) 


Fig. 9-S. Rotating phasor decreas¬ 
ing in magnitude with time. 


for a phasor rotating in the positive 
direction and negative <r. These pro¬ 
jections are shown in Fig. 9-4. Such waveforms have been classified 
as damped sinusoids. 

From this discussion, we see that there is nothing really new in the 
concept of complex frequency. The imaginary part of complex fre¬ 
quency, the radian (or real) frequency corresponds to oscillations. The 
real part of complex frequency, neper frequency, corresponds to expo- 
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nential decay or exponential increase (depending on sign) or to no 
variation for zero neper frequency. We have talked about such expo¬ 
nential functions before in terms of the time constant. Since the role 
of the two “kinds” of frequency is the same, even though the conse¬ 
quences are different, we unify the two concepts under one name— 
complex frequency. 




mg. 9-4. Time variation of e"*‘ where 8 is complex frequency. 

We should constantly guard against semantic difficulties in the use 
of the work “imaginary” as one part of a complex quantity. The 
imaginary part of a quantity is not physically imaginary (that is invis¬ 
ible or ghostlike) in the sense that it is not physically real. We have 
borrowed the words “real” and “imaginary” from the mathematicians 
as designations of two distinct parts of a quantity or function (which 
we often reinterpret in terms of magnitude and phase). The math¬ 
ematician's “imaginary” carries no connotation about the physical 
universe about us! 

9-2. Transform impedance and admittance 

The ratio of the transform of a voltage to the transform of a current 
is defined as the transform (or generalized) impedance. The reciprocal 
ratio is defined as the transform (or generalized) admittance. We will 
next determine an expression for the impedance and admittance for 
each of the network parameters. 

Resistance. The time-domain expression for the voltage across a 
resistor is given by Ohm’s law in the forms 

v(t) = Rift) or i(t) = Gv{t ) (9-13) 

The corresponding transform equations are 


V(s) = RI(s) or I(s) = GV(s) 


(9-14) 
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Following the definitions given above for the transform impedance 
and transform admittance, we have 

. Z(s) - R (9-15) 

I{s) 

where Z(s) is the transform impedance, and 

= 0 (9-16) 

where Y(s ) is the transform admittance. 

The schematic which shows the actual resistor and the time-domain 
voltage and current can be replaced by a diagram to represent equiva¬ 
lent transform quantities. Two such diagrams are shown in Fig. 9-5. 



(a) 16) 

Pig. 9-6. Resistor impedance and admittance. 


The time-domain schematic is a representation of the actual physical 
system. The transform diagram is composed of time-domain element 
representations, but the letter symbol for the actual element is replaced 
by an impedance or admittance symbol. 

Inductance. The time-domain relationship between voltage and cur¬ 
rent in an inductor is expressed by the following equations. 

v(t) — L and i(t ) — ^ j v(t) dt (9-17) 

The equivalent transform equation for the voltage expression is 


V(s) - L[sl(s) - i(0+)] (9-18) 

Regrouping the terms, we have 

Lsl(s) - V(s) + Li( 0+) (9-19) 

In this expression, F(s) is the transform of the applied voltage, and 
Li( 0+) is a transform voltage resulting from the initial current in the 
inductor. Designating the transform voltage across Z(s) as Fi($), 
where Fj.(s) = V(s) -f Lt(0+), the transform impedance becomes 


Fi(s) 

m 


= Z(s) 


— Ls 
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The equivalent transform diagram thus contains a transform imped¬ 
ance and a voltage source due to the initial current. This equivalence 
to the time-domain schematic is shown in Fig. 9-6. 

The transform equation for the current is 

/» - i 


The initial-value integral ) can be evaluated in terms of flux 

linkages Lx as 


„->(0+) = J V(t) dt 

- Lt(0+) 

1-0+ 

(9-21) 

The equation for 7(s) may be rewritten 



, «(0+) 

5 

(9-22) 

'to 

'w' 

II 

ST 

Ut 

O 

*(0+) 

S 

(9-23) 


In this equation, i(0+)/s is an equivalent transform current source 
resulting from the initial current in the inductor. Designating the 
transform current in F(s) as Ii(s') — I(s) — t(0+)/s, the transform 
admittance becomes 

£M = r W = i (9-24) 

The equivalent transform diagram 
thus contains an admittance of 
value 1/Ls and an equivalent cur¬ 
rent source defined in Eq. 9-23. 

This equivalent schematic for the 
time domain diagram is shown in 
Fig. 9-6. We note that, 

*W - 0-25) 

Capacitance. The time-domain 
relationship between voltage and current for a capacitor is given as 

i(t) - C ^ and v(t) = ± j i{t) dt (9-26) 



( 6 ) 


Fig. 9-6. (a) Impedance diagram for 
L, (b) admittance diagram for L. 


V(s) . t>-*(Q+) l 
s S J 


(9-20) 


The equivalent transform equation for the voltage expression is 


V(s) - i 


m , g(o+) 


a 


(9-27) 
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where <?(0-|~)/C is the initial voltage of the capacitor which, due to the 
charge polarity, is — TV This equation may he written 

i 7(8) = V(b) + ^ (6-28) 


Designating the transform voltage of Z(s) as Fj(s) = F(s) + F 0 /«, the 
ratio of the transform voltage to the transform current is 


Fi(s) 

/(*) 


= Z(s) 



(9-29) 


The capacitor with an initial charge thus has an equivalent transform 


ii£L 

/(•) t 

_ — 

L 



r . *$ 

? 


(a) 



ijci 


* wt 

.i 

--W 

zc YM-Ca? 

□ 

1C V 0 

(6) 


diagram with an impedance 1 /Cs 
in scries with a voltage source 
having a transform — 1 >( 0 +)/«. The 
schematic of this combination is 
shown in Fig. 9-7. 

The transform equation for the 
current expression of Eq. 9-26 is 

1(a) « C{aF(s) - i>(0+)) 

(9-30) 

or CsF(s) = 1(a) - CV o 

(9-31) 


Fig. 9-7. (a) Impedance diagram for Designating the transform current 
C, (b) admittance diagram tor C. y(s) as /i(>) _ /(>) _ the 

ratio of transform current to transform voltage becomes 


h(a) 

F(«) 


Y(a) - Ca 


(9-32) 


The capacitor with an initial charge has an equivalent transform sche¬ 
matic representation of an admittance of value Cs in parallel with a 
current source of value CV o. This schematic is shown in Fig. 9-7(b). 
For the capacitor, 


Z(s) 


1 1 
Y(s) " Ca 


(9-33) 


9*3. Series and parallel combinations 

In this section, we will consider the impedance and admittance of 
series, parallel and series-parallel combinations of different elements. 
To simplify schematic diagrams, we will use the symbol normally 
reserved for the resistor together with the letters Z(a) or F(«) to des- 
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ignate a transform impedance or admittance . We will not consistently use 
the broken zigzag line for a transform impedance symbol, but either 
this symbol or the actual element symbol depending on which is most 
convenient and descriptive. Consider the series combination of ele¬ 
ments shown in Fig. 9-8 (a) and the equivalent transform impedance 
diagram shown in Fig. 9-8(b). In Fig. 9-8(a), the same current i(t) 

3-V\Ar-Wv--1(—1(-1 

Ri Rt • • • L\ Z>2 * • * Ci C> • • * 

0(1) 

O—i - — - ...- .. - — — . 

(a) 

to) 

9 - VVVAAAr*-VVVAAA/-WWW/-1 

Z/i t Zr, ’ ' ' Z Li • • • Z Cl Zc, • • • 

VW 

I >— . ... . 

to 

Fig. 9-8. Impedance of series networks. 

flows in all elements, and so in Fig. 9-8(b), I(s ) is common to all ele¬ 
ments. By Kirchhoff’s voltage law, the sum of the drops of voltage 
for all elements is equal to Hence the transform of all voltages of 
the elements sum to V(s) ; that is, 

V(s) = V Rl (s) + ... + F tl (s) + ... + Vcfs) + ... (9-34) 

Dividing this equation by I(s ) and recognizing that the ratio of the 
voltage of each element divided by the current for that element is 
impedance, we have 

Z(s) = Z Rl (s) + ZlX s ) +•••'+■ ZcX s ) + • • • (9-35) 

n 

or Z(s) - V Z>(s) (9^6) 

k •• l 

for a series combination of elements, where n is the total number of 
elements in series. 

It should be recognized that in performing such a summation, the 
elements are not being combined. Rather, only a characteristic fea¬ 
ture of the element (its impedance) is being summed and added to a 
characteristic of another element. 

Consider next the parallel combination of elements shown in Fig. 
9-9(a) and in equivalent transform form in Fig. 9-9(b). In this net- 
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work, the voltage drop v(<) is the same across all elements, and so F($) 
is the same for all elements. From Kirchhoff’s current law, the sum of 



( 6 ) 

Fig. 9-9. Admittance of parallel networks. 

the currents in the elements is equal to the total current supplied to 
the network; that is, 

i(t) — ig^t) + • • • + u,(0 + ■ • • + icXt) + • ■ • (9-37) 

and the corresponding transform equation is 

I(s) - I 0i (s) + • • • + /*,(*) + • •. + lets) + ■ • • (9-38) 

If this equation is divided by V(s) and it is recognized that the ratio 
of the current transform to the voltage transform is transform admit¬ 
tance, there results 

F(s) = Y Gl (s) + ... + Y Ll (s) + •. • + Y Cl (s) + ... (9-39) 


n 



k** 1 


for a parallel combination of elements, where n is the total number of 
all kinds of elements in parallel. 

For a series-parallel network, rules for the combination of impedance 
and of admittance can be used successively to reduce a network to a 
single equivalent impedance or admittance. This procedure will be 
illustrated with a number of examples. 

Example 1 

In the series circuit shown in Fig. 9-10, the switch K is held in posi¬ 
tion a until such a time that a current /o flows in the inductor and the 
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capacitor is charged to voltage F 0 . At that instant, the switch is 
thrown to position b, connecting the circuit to a voltage source t>(<). 
The problem is to find I(s) and so i(t). An equivalent circuit diagram 
marked with transform impedances is shown in Fig. 9-11. The imped- 



Pig. 9-10. RLC circuit. Tig. 9-11. Equivalent diagram for 

impedance of Fig. 9-10. 


ance values and the equivalent voltage source values are taken from 
the derivations of this section given on pages 199 and 200. In this 
revised form, the current J(s), a transform current, may be found by 
Ohm’s law. The current I(s ) is given as the total transform voltage 
in the network divided by the total transform impedance. Then 

r f x _ Vi*) _ F,(«) + LI o - V 0 /s sVris) + LIqs - F 0 (f) n 
m ~ Z(s) ~ R + Ls+l/Cs ~ Ls* + Rs+l/C K } 

This transform equation can be expanded by partial fractions to find 
the corresponding i(t) by the inverse Laplace transformation. This 
solution has been found without writing the differential equation of 
the system, and automatically incorporates the required initial 
conditions. 

Example 2 

The dual of the network of Example 1 is shown in Fig. 9-12. In this 
network, the switch K i is opened at an instant when the inductor cur- 



Fig. 9-12. Parallel RLC network. 


rent is 7 0 and the capacitor is charged to F 0 . At the same instant, 
i = 0, the switch Ki is closed. It is required to find the transform of 
the node voltage F(s) so that v(t) can be determined. From the equiv¬ 
alent admittance diagram shown in Fig. 9-13, the transform voltage 



204 


IMPEDANCE AND ADMITTANCE FUNCTIONS 


Chap. 9 


F($) is found as 

™ _ /(«) _ /i(«) + CV o - h/s _ shis) + CVoS - I Q 
w Y(s) Cs + G + 1 /Ls ~ Cs 2 + Gs + l/L K} 

This transform is the dual of the transform of Eq. 9-41 (and could 

A<4 


Fig. 9-13. Equivalent diagram for admittance of Fig. 9-12. 

therefore have been written by inspection). The corresponding time- 
domain voltage, v(t ) can be found by taking the inverse Laplace trans¬ 
formation after the above transform has been expanded by partial 
fractions. 



Example 3 

In this example, we will make use of the laws for the series combina¬ 
tion of impedance and the parallel combination of admittance to deter¬ 
mine current. In the network shown in Fig. 9-14, it will be assumed 

2 henrys 

b 

Fig. 9-14. Two-loop network. 



that the network is initially relaxed (no current, no charge) and that 
the switch was closed at t — 0. It is required to find the current in the 
generator i(t) by finding the transform of this current I(s). The imped¬ 
ance of the branch containing the 1-ohm resistor and 2-henry inductor is 

Z(s) = 1 + 2s (9-43) 

This impedance is in parallel with the impedance 2/s of the capacitor. 
The admittances may be added directly. Thus 


-f Fi 


9o _l_ 1 


2s 2 + s + 2 

n/o~ i i \ 


(9-44) 


The impedance from a to b is the reciprocal of the admittance; thus 


ZM - 


1 2 (2s + 1) 

Fab(s) 2s 2 -j~ s -f- 2 


(9-45) 
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The total impedance is now found by adding to Zab{s) the impedance 
of the 1-ohm resistor. Then the total impedance is 


Ztoui(s) = 1 + 


2 (2s + 1) 2s 2 + 5s + 4 


2s 2 + s + 2 2s 2 -j- s + 2 


(9-46) 


This total impedance in series with the transform of the voltage source 



Fig. 9-15. Equivalent diagram for im- Fig. 9-16. Equivalent diagram of 
pedance of Fig. 9-14. Fig. 9-15. 

is shown in Fig. 9-16. The current may now be found by Ohm’s law 
for transform quantities; that is, 


_ 2(2s 2 -f s + 2) 

1{S) ~ Z(s) ~ [(s + l) 2 + 4](2s 2 + 5s + 4) 


(9-47) 


If the inductor has a current flowing through it at t = 0 or if the 
capacitor is charged at t = 0, the problem is somewhat more compli¬ 
cated, since several voltage sources are involved. 


9-4. Thevenin’s theorem and Norton’s theorem 


When several voltage or current sources are present in a network, 
the net effect of all sources, as far as the current in one branch or the 
voltage at one node are concerned, may be taken into account by a 
theorem due to Th6venin* (and the dual of this theorem due to 


Norton). 


The network 
(less one branch) 
active and passive 
sources 




One branch 
containing 
any elements 


Fig. 9-17. Arbitrary network. 

Suppose that we are interested in the current in one branch of a 
network. The single branch and the remainder of the network as a 
box are shown in Fig. 9-17. We will assume that the remainder of the 

* This theorem was first proposed by M. L. Th4venin in the French scientific 
journal, Comptes rendu*, in 1883. The dual of Th£venin’s theorem is due to E. L. 
Norton of the Bell Telephone Laboratories. 




206 


IMPEDANCE AND ADMITTANCE FUNCTIONS 


Chap. 9 


network is arbitrarily complicated and that it contains an arbitrary 
number of voltage sources of arbitrary waveform as a function of time. 
If a generator is now inserted in the branch under consideration and is 
adjusted until the current in this branch is equal to zero at all time, 
that voltage source may be said to be an equivalent voltage source in 
the sense that it is identical to the net effect of all generators in the 
entire network as far as this one branch is concerned. With this equiv¬ 
alent generator connected in the circuit, no current flows in the branch 
being considered. If no current flows, the branch could be broken 
without affecting the network. The voltage across the network termi¬ 
nals with the branch and generator removed is the voltage of the equiv¬ 
alent generator except for polarity. Thus the equivalent generator 
voltage is the same as the voltage measured by removing the branch 
and considering the open circuit voltage but of opposite polarity. 

Now if the equivalent voltage generator is placed in the loop being 
considered with polarity reversed, all active sources within the net¬ 
work could be removed by replacing them with short circuits, and the 
current in the branch will be the same as in the original network. The 
concept of an equivalent voltage source for a single branch, which is 
the basis of Th^venin's theorem, is illustrated in Fig. 9-18. This net¬ 
work is equivalent to that of Fig. 9-17 as far as the current in the one 
branch is concerned. 


The network 
{less one branch) 
all active sources 
short-circuited 



One branch 
containing 
any elements 


Fig. 9-18. Th6venin’s equivalent network. 


The statements made thus far apply to the time domain. The cur¬ 
rents considered are time-domain currents, and the resulting voltages 
are time-domain. To convert to the frequency domain it is necessary 
only to find the Laplace transforms for all time-domain quantities 
involved. 

To summarize our discussion, we can say that by Thfivenin’s 
theorem we have the equivalent network shown in Fig. 9-18 with one 
voltage source, one passive branch (although it is not necessary that 
it be passive) and with a network containing passive elements only. 
We may consider this network in terms of an equivalent transform 
voltage and by impedances of network elements. These impedances 
may be combined by the rules for series and parallel combination pre¬ 
viously discussed. Finally, the entire passive network may be made 
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equivalent to a single transform impedance. Let this impedance be 
Z tg (s ) and let the Impedance of the branch being considered be Z br (s). 


Then the current in this branch is given as 

F eff (s) 


/(•) 


Zeq(s) + Zbr(s ) 


(9-48) 


IVWW 


■AAAr 


Z br {8) , 


Kg. 9-19. Th4venin’s equiv¬ 
alent transform network. 


It must be recognized that this analysis 
applies only to a given branch. The equiv¬ 
alent circuit, shown in Fig. 9-19, does not 
hold for any branch other than the one 
under consideration. If another branch current is needed, it is necessary 
to start over and reapply the theorem. Th&venin’s theorem can be 
stated as follows: 


As far as the current in one branch is concerned, the remainder of 
the network may be replaced by an equivalent network having: 
(1) as a transform voltage source, the transform of that voltage 
appearing at the open-circuit terminals resulting from the removal 
of the branch, and (2) as series transform impedance, an equiv¬ 
alent impedance equal to that of the network from the terminals 
of the branch with all energy sources replaced by their internal 
impedances—zero impedance for voltage sources and infinite 
impedance for current sources. 

The dual of Thevenin’s theorem is Norton’s theorem. Once more 
consider the network shown in Fig. 9-17. The current in the single 
branch being considered may be reduced to zero by placing a current 
source in parallel with the branch and adjusting the current until the 
voltage across the branch is zero. The voltage across the branch is 
zero because the current from the network is just balanced by an oppo¬ 
site current from the parallel current source. Since the voltage across 


One branch 
containing 
any elements 


Fig. 9-20. Norton’s equivalent network. 

the branch is zero, a short circuit may be placed in parallel with the 
branch without affecting the network. The current in the short circuit 
will actually be zero, because there will be a current from the equiv¬ 
alent source which exactly cancels the current from the network. If 
all sources within the network are replaced by their internal impedance 
and the equivalent current source which caused the voltage across the 
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branch to reduce to zero (but with opposite direction) is placed in 
parallel with the branch, then this network, shown in Fig. 9-20, is 
equivalent to the original network. This equivalent current source has 
the value and direction that is found by short-circuiting the branch 
in consideration and measuring the current in the short circuit. In sum¬ 
mary, Norton’s theorem can be stated as follows: 


As far as the voltage across any branch is concerned, the remainder 
of the network may be replaced by an equivalent network having: 
(1) as a transform current source, the transform of that current 
in a short circuit across the branch, and (2) as parallel transform 
admittance, an equivalent admittance equal to that of the net¬ 
work from the terminals of the branch with all energy sources 
replaced by their internal impedances—zero impedance for volt¬ 
age sources and infinite impedance for current sources. 


The equivalent network is shown in Fig. 9-21 as a node basis network 
with a current source and two parallel transform admittances. The 

unknown voltage is given as 







V{a) 


/(«) 

Y(a) 




Y br (s) + Y eq (s) 

(9-49) 


Fig. 9-21. Norton’s equivalent trans¬ 
form network. 


These two theorems will allow us 
to reduce the form of any network 
to an equivalent simple series cir¬ 
cuit, and from this circuit the transform of the current can be found. 
These operations will be illustrated by two examples. 


Example 4 

The network shown is unenergized until the instant t — 0, when the 
switch K is closed. It is required to find the current ii(t) flowing in 



. AAA/ 

10 ohms 1 henry 


V -=-100 volts 


10 ohms <JR 2 


•^2 

-rnnn— 

1 henry 

^ 3 - 


10 ohms 


Fig. 9-22. Two-loop network. 


the resistor R%. The values given on the schematic have the units of 
the ohm, the henry, and the farad. An equivalent schematic showing 
element impedances is shown in Fig. 9-23. Th&venin’s theorem will be 
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applied by disconnecting the branch containing Li and R%. The net¬ 
work that remains is a simple series network, and the voltage across 
the 10-ohm impedance will be the open-circuit voltage for the Th6venin 
equivalent network. This voltage is found by finding the current in 



Fig. 9-23. Impedance schematic for Fig. 9-22. 


the series network and multiplying this current by 10 ohms, the imped¬ 
ance of the resistor; thus 


v _ 10(100/s) _ 1000 

Voe{S) 10 + s + 10 s(s + 20) 


(9-50) 


The impedance of the network with the voltage source 100/s short- 
circuited is 


Z eq (s) 


10(s + 10) 
s -j- 20 


(9-51) 


The current transform, by Eq. 9-48, is 

V„(a) 1000/s(s + 20) 


m 


Z eg (s) + Z br (s ) 10(s + 10)/(s + 20) + (s + 10) 

which simplifies to 

I(s) = 


1000 


s(s 2 + 40s + 300) 

This equation may be expanded by partial fractions as 


1000 


ifi 


+ 


JRT 2 


+ 


K 3 


(9-52) 


(9-53) 


s(s~ -f 40s + 300) s ' (s + 10) ' (s + 30) 

With Ki, K 2 , and K z evaluated, the current transform becomes 


(9-54) 


m = 


3.33 -5 1.67 

s s -j- 10 s -|- 30 


(9-55) 


The time-domain current i(t) is found by the inverse Laplace trans¬ 
formation as 


i(t) = 3.33 - 5e~ 10< + 1.67e~ so< 


(9-56) 
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As a check, this equation reduces to the correct values for initial and 
final conditions. 


Example 5 

In the network shown in Fig. 9-24, it is required to find the current 
in the resistor j£ 2 . The equivalent impedance schematic is shown in Fig. 
9-25. It is assumed that the capacitor C 2 is initially uncharged and that 
the switch K is closed at t = 0. Thdvenin’s theorem is applied at ter¬ 
minals a-a' f and the equivalent impedance and equivalent voltage at 



Fig. 9-24. Two-loop network. Fig. 9-26. Th6venin’s equivalent of 

Fig. 9-24. 


these terminals will be found. The equivalent impedance is a parallel 
combination of the impedance of two branches; thus 


Z eq {s) 


VM - 


(Ri j- 1/Cis)l/C 2 s 

Ri -f- 1/Cis -f- 1/C2$ 

(FoAKi/Cgg) 

Ri + 1/CiS + I/C 2 S 


(9-57) 


(9-58) 


The current through R 2 is 

, t v V oc (s) 

Is{8) ~ Z eq (s) + R 2 


Vo /Cl 


(9-59) 


RxRiS 2, -f~ (R1/C2 + jK 2 /Ci 4 * Rt/Ct)s 4 - I/C1C2 

Suppose that the following values are given for the network: Ci - 8 
C 2 — 8 tti, Ri = 9 megohms, R 2 — 5 megohms, and F 0 — 75 volts. 
With these parameter values, Eq. 9-59 reduces to 

r _ 0.208 X 10"* m 

(s + 0.045) (s + 0.0077) ^ 

This equation can be expanded by partial fractions to give 

I !W = 5.55 X 10 - - mto] (WW 

The inverse Laplace transformation gives iz(t) as 


I 2 (s) = 5.55 X 10~ # 


f_L 

[s + 0.( 


(9-60) 


(9-61) 
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U(t) = 5.55 X 10~ # (c -0 0077 * - e ~ 0 04tt ) (9-62) 

which is the required current. If the current in any other branch is 
required it is necessary to start over, applying Th6venin’s theorem. 

FURTHER READING 

For further discussion of the concept of complex frequency, the 
student is referred to LePage and Seely, General Network Analysis 
(McGraw-Hill Book Co., Inc., New York, 1952), pp. 189-193 and to 
Bode, Network Analysis and Feedback Amplifier Design (D. Yan 
Nostrand Co., Inc., New York, 1945), pp. 18-30. For a discussion of 
the direct use of transforms in solving equations for a network, read 
Gardner and Barnes, Transients in Linear Systems (John Wiley & 
Sons, Inc., New York, 1942), pp. 176-214. 

PROBLEMS 

For systems described by the differential equations that follow, 
determine the complex frequencies that will appear in the solution, and 
designate whether these frequencies are natural frequencies determined 
by the passive parameters of the system or frequencies determined by 
the nature of the driving force. Call these two kinds of frequencies 
“free” and “forced,” respectively. 

«• « § +1 + *' = Ar< 

(b) ( p 2 + 4p + 5)(p 2 + 2p + 5)y = Be~* sin t, p = d/dt 

9-2. (a) + 5 + 6 i = cos t 

(b) ~ t + 5i = De~ 2t + E sin 7 1 

. » d 3 v . 0 d 2 v dy 0 . 

*-*• s> + 2 3P +1 7t + " = 1 + e sm 31 

9-4. ^ + ii — 3 ii *» sin t, 2 ^ + i, — 3<r - 1 

9-5. Consider the two series circuits shown in the accompanying 
figure. Given that v x (t) — sin 10% v 2 (t ) = e _1000< for t > 0, and C — 



fa) . (6) 


Prob. 9-6. 
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1 /if. (a) Show that it is possible to have ii(t) = Uii) for all t > 0. 
(b) Determine the required values of R and L for (a) to hold, (c) 
Discuss the physical meaning of this problem in terms of the complex 
frequencies of the two series circuits. 

9-6. Two black boxes with two terminals each are externally iden¬ 
tical. It is known that one box contains the network shown a s (a) and 
the other contains the network shown as (b) with R = \/L/C- (a) 
Show that the input impedance, Z in (s) — V in (s) /1 in (s) = R for both 



(a) ib) 

Prob. 9-6. 


networks, (b) Investigate the possibility of distinguishing the purely 
resistive network. Any external measurements may be made, initial 
and final conditions may be examined, etc. 

9-7. If the capacitors are initially uncharged and no current flows in 
the inductors at t = 0, determine the transform of the generator cur¬ 
rent J(s) for the network shown in the accompanying figure. Answer. 


I(s) = 


10(s 2 4- s + 1) 


(s 2 + l)(s 2 + 2s + 2) 




‘10 


9-8. Repeat Prob. 9-7 for the network shown in the figure. Answer. 

r/„\ _ _ «(s + 2)(5s + 6) 

w (s 2 + 4s + 13) (10s 2 + 18s 4- 4) 

9-9. In the given network, the switch K is in position a until the 
network reaches a steady state. Then at t = 0, the switch K is moved 
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to position 6. Find the transform of 
the voltage across the 0.5-farad capac¬ 
itor, using Thevenin’s theorem. 

9-10. The network of Example 4, 
Fig. 0-22, has been modified as shown 
in the accompanying figure. If the 
switch K is closed at t — 0, a steady 
state having previously existed, find 
the current in R 3 , using Th&venin’s 



Prob. 9-9. 


theorem. Compare this result with Eq. 9-56. 



Prob. 9-10. 


9-11. The network shown in the figure is a low-pass filter (to be 
studied in Chap. 14). The input voltage F x (0 is a uni t step function, 
and the input and load resistors have the value R — y/L/C. By using 
Thevenin’s theorem, show that the transform of the output voltage is 



Prob. 9-11. Prob. 9-12. 


9-12. In the network shown in the accompanying sketch, the ele¬ 
ments are chosen such that L = CRi 2 and Ri — Rt• If V i(0 * s a volt¬ 
age pulse of 1-volt amplitude and T sec duration, show that V t(f) is 
also a pulse, and find its amplitude and time duration. 


CHAPTER 10 


NETWORK FUNCTIONS 


In this chapter, the concept of transform impedance and transform 
admittance which was introduced in the last chapter will be studied 
and extended. Further, a function relating currents or voltages at 
different parts of the network, called a transfer function, will be found 
to be mathematically similar to the transform impedance function. 
These two functions are called network functions. 

10-1. Terminals and terminal pairs 

Consider an arbitrary network made up entirely of passive elements. 
To indicate the general nature of the network, let it be represented by 
the symbol of a rectangle (or a box). If a conductor is fastened to any 
node in the network and brought out of the box for access, the end of 
this conductor is designated as a terminal. Terminals are required for 
connecting driving forces to the network, for connecting some other 
network (say a load), or for making measurements. The minimum 
number of terminals that are useful is two. Further, the terminals are 
associated in pairs, one pair for a driving force, another pair for the 
load, etc. Two associated terminals are given the name terminal pair. 

In Fig. 10-1 (a) is shown a symbolic representation of a one-terminal- 
pair (or two-terminal) network. The terminal pair is customarily con¬ 
nected to a driving force and so is sometimes given the name driving 



to) (6) (c) 


Pig. 10-1. Network representations. 

point. Figure 10-1 (b) shows a two-terminal-pair network. The ter¬ 
minal pair designated 1 is usually connected to a driving force (or 
input) while the terminal pair marked 2 is usually connected to a load 
(as an output). The number of terminal pairs in a network can increase 
without limit: Fig. 10-1 (c) shows a representation of an n-terminal- 
pair network. All the discussion in this chapter, however, will be con¬ 
cerned with one- and two-terminal-pair networks. 

214 
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10-2. Driving-point immittances 

The transform impedance has been defined as the ratio of the voltage 
transform to the current transform; that is, 

V(s) 


Z(s) = 


m 


Similarly, the transform admittance is defined as the ratio 

/(*) 


Y(s ) = 


V(s) 


( 10 - 1 ) 


( 10 - 2 ) 


The voltage transform and current transform that define transform 
impedance and transform admittance must relate to the same pair of 
terminals. The impedance or admittance found at a given terminal 
pair is called a driving-point impedance (or admittance). 

Because of the similarity of impedance and admittance (and to 
avoid writing “impedance and admittance”)} the two quantities are 
assigned one name, immittance (a combination of impedance and 
admittance). An immittance is thus an impedance or an admittance. 

The driving-point immittance of a network is found by combining 
impedance terms ( Ls, R, and 1 /Cs) or admittance terms (Cs, G, and 
1/Ls) by adding, multiplying, or dividing. This algebraic combination 
of terms results in an immittance function in the form of a quotient of 
polynomials as 

q 0 S n + aiS W ~ l + ■ . . + Un-lS + /irv q\ 

boS m + 6iS’ n ~ 1 -f- ... + &m-i$ + b m 

which is a rational function of s ( n and m are integers). 

In this equation, n is the order of the numerator polynomial and m 
is the order of the denominator polynomial. The polynomials may 

be of .any order including zero, al- __ 

though we will later show that there 
is a restriction in the difference in 
order of the two polynomials. 


Z(s\ 


-AA/V 

R 


n 

Cs "'p 


Fig. 10-2. Series network. 


Example 1 < 

Figure 10-2 shows an RLC series 
one-terminal-pair network with trans¬ 
form impedances marked for each element. The driving-point imped¬ 
ance Z(s) is 

1 LCs 2 + RCs + 1 /1A 

— (10-4) 


Z(s) ~ R "b Ls -f- 


Cs 


Cs 


Z(s) 


s 2 + Rs/L + l/LC 


or 


s 


(10-5) 
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The numerator polynomial for this driving-point impedance is of sec¬ 
ond order, while the denominator polynomial is of first order. 

Example 2 

Figure 10-3 shows a more complicated network consisting of a series 
RL network shunted by a capacitor. The driving-point impedance is 

1 1 s -j- R/L 

z (s) = cT+T/WTLs) = C ? + Ra/L + l/LC 

In this driving-point impedance function, the numerator is of first 
order and the denominator is of second order. The driving-point admit¬ 
tance function F(s) for this network is the reciprocal of Eq. 10-6. 

1 
I 
I 
I 
I 
I 

i-1 

Pig. 10-3. Network of Example 2. Pig. 10-4. Two-terminal-pair network. 

10-3. Transfer functions 

The concept of a transfer function is identified with networks having 
at least two terminal pairs. Such a network is shown in Fig. 10-4. 
Although the driving-point immittances at terminal pair 1 and ter¬ 
minal pair 2 are of interest, we are also interested in the ratio of excita¬ 
tion and response for the two terminal pairs. The function relating the 
transform of a quantity at one terminal pair to the transform of another 
quantity at another terminal pair is given the name transfer function.* 
There are several forms for transfer functions in electric networks: 

(1) The ratio of one voltage to another voltage, or the voltage 
transfer ratio. 

(2) The ratio of one current to another current, or the current trans¬ 
fer ratio. 

(3) The ratio of one current to another voltage or one voltage to 
another current. 

The transfer function for a voltage or current ratio is assigned the 
symbol G(s). If terminal pair 2 of Fig. 10-4 is designated the output 
terminal-pair, and terminal pair 1 is designated the input, then the 

* In computing the transfer function, all initial conditions are assumed to be 
sero. 
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P(r\ _ _ ^2(S) /I A 7^ 

G{s) ~ VM ~ vZs ) ( °" 7) 

The ratio of voltage to current or current to voltage is dimensionally 
immittance, but since the two quantities are not measured at the same 
terminals, such a ratio is designated a transfer immittance in ohms or 
mhos. The transfer imfhittance is given the same symbol as the 
driving-point immittance with subscripts to identify the terminals. 
For example, 

z,i(s) m tM and y,lW = W) (10 " 8) 

where the first subscript identifies the numerator quantity and the 
second identifies the denominator quantity. The transfer function is 
determined by the network immittances and can always be reduced to 
a quotient of polynomials, 


p/ \ _ P(s) _ UoS" + 1 4" ... + fln 

W “ Q(9) ~ boS m + + ... +b m 


(10-9) 


The transfer function thus has the same general form as the driving- 
point immittance function. 

Example 8 

The two-terminal-pair network 
shown in Fig. 10-5 has marked 
Fi(s) as the input voltage and F 2 (s) 
as the output voltage transform. 

This network acts as a voltage di¬ 
vider. With no current in the output terminals, the voltage equations 
are 

urn + ^ m = ^i(s) (10-10) 

^/(«)->,(«) (10-11) 

The ratio of these equations is 


v -1—— 

-1- 0 

| 

1 R 


) M\ i - 

, . 1 

-* Cs 1 F 2 (s) 

1 

' 1 

-_1 


Fig. 10-6. Two-terminal-pair net 
work. 


G(s) 


V*(s ) _ (1 /Cs)I(s) 1 

Vi(s) (R + l/Cs)I(s) KCs + 1 


(10-12) 


G(s) 


1 IRC 
s -F 1 IRC 


or 


(10-13) 
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for this network. This transfer function has a numerator polynomial 
of zero order and a denominator polynomial of first order. 

Example 4 

The two-terminal-pair network shown in Fig. 10-6 is similar to that 
of Example 1 except that the resistor has been replaced by an inductor. 
It is not necessary to write Kirchhoff’s equations as above to find the 
transfer function, since this network is essentially a voltage divider. 
The transfer function for the voltage ratio becomes 


F 2 (s) _ l/Cs 
Fi($) Ls + l/Cs 

, ___ l/LC 
” s 2 + l/LC 


LCs 2 + 1 


(10-14) 


(10-15) 


The numerator polynomial is of zero order, and the denominator poly¬ 
nomial is of second order. 



cs | F>(s} 


Vils) I 


| V 2 (sl 


Fig. 10-6. Two-terminal-pair network. Fig. 10-7. Network of Example 5. 
Example 5 

The same voltage-divider network concept can be used with more 
than one current loop in the network by using network reduction. 
Figure 10-7 shows such a network. The transform impedances R x and 
l/Cs can be combined into an equivalent impedance having the value 

Zea(5) = Cs" + 1 JR X = R x Cs \ 1 (1(M6) 

Then the transfer function becomes 

G(s) - ^44 = „ /\ , -i (1W7) 

Fi(s) R 2 + Z eq (s) 

n( n \ _ RzRiCs -f- R 2 /in 1Q \ 


G(s) - 


(10-16) 


(10-17) 


or G(s) = 

which may be reduced to 


R2R1CS -f- Ri + R% 
s ± 1/RiC 

s -f- ( R x -f- R/)/R\RtC 


(10-18) 


(10-19) 
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In this transfer function, the order of the numerator and order of the 
denominator are the same. This particular network finds application 
in servomechanisms where it is known as a “lead” network. 


10-4. Poles and zeros 

All network functions have the form of a quotient of polynomials as 


dos n + ai8 n ~ l ■+•...+ a„_i$ + a„ 
hos™ + 4- ... 4- & w -is + b m 


(10-20) 


If the numerator polynomial is factored into its n roots, and the 
denominator polynomial is factored into its m roots, the equation can 
be written in the form 


JJ &l)(& S2) » ■ • (4 8 n) 

(s - S a )(s - S b ). . .(s ~ 8 m ) 


(10-21) 


where H — do/bo is a constant known as the scdle factor, and the roots 
s u s 2 , ..., s 0 , 8b, ... are complex frequencies. When the variable s has 
the values Si, s 2 , ..., s„, the network function vanishes. Such complex 
frequencies are called zeros of the network function. When s has the 
values s„, Sb, ... , s m , the network function becomes infinite. These 
complex frequencies are called poles of the network function. Poles 
and zeros are important in network theory; a comparison of the last 
two equations shows that a network function is completely specified 
by its poles, zeros, and the scale factor. 

There is the possibility that roots of Eq. 10-21 may coincide. Such 
multiple roots, corresponding to a factor of the form (s — s q ) r , are 
described as poles or zeros (depending on location in the numerator or 
denominator) of order r. For a nonrepeated root, such that r = 1, the 
pole or zero is said to be simple. 

Both zero and infinite values of s are possible pole or zero locations. 
From Eq. 10-21 it is seen that: 

(1) When n > m, s — » is a pole of order n — m. 

(2) When n < m, s = » is a zero of order m — n. 

(3) When n — m, s = » is neither a zero nor a pole but an ordinary 

point. 


If, for any rational network function, poles and zeros at zero and 
infinity are taken into account in addition to finite poles and zeros, 
the total number of zeros is equal to the total number of poles. For example, 
the network function 


(*+l)(« + 2+jl)(« + 2 ~j 1) 
s f (s 4- 3) (s + 5) 


( 10 - 22 ) 
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has five zeros and five poles. The zeros are at Si = — 1, S2 = —2—jl, 
$ 3 = —2 -f- jl, and $4 = s 6 — 00 . The poles occur at the complex fre¬ 
quencies s a — Sb — s c — 0, Sd — —3, s e — —5. These poles and zeros 
are plotted on the complex s plane (s = <r -f ju) in Fig. 10-8. The real 



Fig. 10-8. Poles and zeros in the s plane. 



Fig. 10-9. The magnitude of a network function plotted in the com¬ 
plex frequency plane, showing two poles and one zero. 


part is plotted along the a axis, and the imaginary part along the j*> 
axis. The symbol O is used to designate the location of a zero and the 
symbol x for the location of a pole. 

Poles and zeros designate critical frequencies. At poles the network 
function becomes infinite, while at zeros the network function becomes 
zero. At other complex frequencies, the network function has a finite, 
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j J0> 


nonzero value. A three-dimensional representation of the magnitude 
of the transfer function as a function of complex frequency is shown in 
Fig. 10-9, for one quadrant of the s plane. The portion of the complex 
plane represented in Fig. 10-9 is a . p!ane 
shown in Fig. 10-10. This particu¬ 
lar network function has four finite 
poles, one finite zero, and a third- 
order zero at infinity. 

'The pole represents a frequency 
at which the network function 
“blows up.” The zero represents 
a frequency at which the opposite 


oo ■«- o 3 zeros i 

uullA 


Fig. 10-10. s plane for Fig. 10-9. 


behavior takes place: the network function becomes nothing at all. 
Either “blowing up” or “becoming nothing” sounds like rather drastic 
behavior for the network function.VWe might wonder if it would not 
be wise to completely avoid poles and zeros, to select network functions 
without poles or zeros. Such is not the case at all. Poles and zeros are 
the lifeblood of a function; without poles and zeros the function reduces 
to a dull, drab, grubby constant—a function which does not change 
under any conditions. Without poles and zeros, the three-dimensional 
representation of the network function becomes a tedious expanse of 
mathematical desert—absolutely flat. But add a few poles and a few 
zeros and we have a land of spectacular peaks (elevation: «) and 
beautiful springs (elevation: 0). This picture will become clearer as we 
study concepts of network behavior with the aid of poles and zeros. 

Consider the transfer function for a voltage ratio 


T~$ = G(s) (10 ' 23) 

which may be written 

Vo u t (s) = G(s)Vin(s) (10-24) 

In the usual problem, v in (t ) is specified, and G(s) can be computed from 
the network. The problem is to find the response, v out (t). When the 
last equation is expanded by partial fractions, the denominator of each 
partial fraction term gives a pole of either G(s) or F<„(s); that is, with 
no repeated roots in the denominator of F 0ttt (s) 

P V 

G(s)VUs) = + 

where p is the number of poles of G(s), and v is the number of poles of 
F,„(s). Perfornung the inverse Laplace transformation of this equation 
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gives 

v 

Kfi*' 1 + £ K k e’^ (10-26) 
y-i *-i 

Thus the frequencies s, are the natural complex frequencies correspond¬ 
ing to free oscillations. The frequencies s k are the driving-force complex 
frequencies corresponding to forced oscillations. The poles therefore 
determine the waveform of the time variation of the response, the out¬ 
put voltage. The zeros determine the magnitude of each part of the 
response, since they determine the magnitude of Kj and K k in the par¬ 
tial fraction expansion, as we shall see. 

In terms of driving-point immittances, poles and zeros have easily 
visualized meanings. Since Z(s) — F(s)/J(s), a pole of Z(s ) implies 
zero current for a finite voltage, which means an open circuit. A zero 
of Z(s), on the other hand, means no voltage for a finite current, or a 
short circuit. Thus a one-terminal-pair network is an open circuit for 
pole frequencies and a short circuit for zero frequencies. This can be 
visualized easily in terms of single element networks. For a capacitor, 
the driving-point impedance is Z(s) — 1/Cs. This network function 
has a pole at s = 0 and a zero at s = <». It behaves as an open circuit 
at the pole frequency (co = 0) and as a short circuit at infinite fre¬ 
quency. Likewise, for an inductor, the driving-point impedance Z(s) 
— Ls (zero at s — 0, pole at s = ») and this element behaves as a 
short circuit at zero frequency and as an open circuit at infinite 
frequency. 

10-5. Restrictions on pole and zero locations in s-plane 

The poles and zeros of network functions have limitations as to their 
location in the s plane. These restrictions follow from two facts: (1) the 
terms in the polynomials of the form 

aos n + ais" -1 + ... + a n -is + a n (10-27) 

have coefficients (a 0 , Oi, ..., a„) which are positive and real. This 
follows because each of these coefficients is determined by some combi¬ 
nation of R , L, and C, and these parameters must be positive and real 
(the only way they appear in nature). (2) The networks being consid¬ 
ered are made up of passive elements only. The rules for location of 
poles and zeros are different for driving-point functions and for transfer 
functions, and so will be considered separately. 

Driving-Point Immittance Functions. (1) Since the coefficients of 
both numerator and denominator polynomials of driving-point immit¬ 
tance functions are positive and real, poles and zeros are either real 


= £-■<?(») Ki.(«) = £ 
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or occur in conjugate pairs. This was discussed in more detail in 
Art. 6-3. 

(2) All poles and zeros of driving-point immittance functions have 
negative real parts. Consider a denominator factor (s ~ s a ), where s 0 
is a pole having a real and imaginary part, s a — <r a + If &a is posi¬ 
tive, this pole will give rise to a time-domain factor (by finding the 
inverse Laplace transformation) of the form 

K a e = K a e a °‘e ia ‘ t (10-28) 

The exponential term {e aat ) increases exponentially as t increases. For 
such a pole in Z(s), the voltage would increase without limit for any 
current input, and for such a pole in Y(s) the current would increase 
without limit for any voltage input. Since this cannot happen phys¬ 
ically with only passive elements in the network, the poles and zeros 
of a driving-point immittance function have negative real parts. In 
terms of pole and zero location in the s plane, all poles and zeros must 
be in the left half plane (LHP) and can never occur in the right half 
plane (RHP). Poles and zeros can be on the boundary (the jco axis) 
subject to the limitations we discuss next. 

(3) Poles and zeros on the ju> axis of the s plane (corresponding to 
real radian frequency) will always be simple . The reason for this 
restriction is the same as that listed in (2). Multiple poles give rise to 
time domain functions of the type ( t cos c ot), (t sin c ot), etc., and such 
terms increase without limit as t increases. Such an increase is not 
possible for a network made up of passive elements only. For example, 
consider the following transform pair. 

£ 1 ( s 2 _j_ w 2)2 = 2o> sm (10-29) 

The transform expression corresponds to two poles at — j<a and two at 
The time domain factor of the transform pair is a linearly increas¬ 
ing sinusoid. 

Multiple poles and zeros are permitted at other locations in the left 
half of the s plane, since such poles give rise to terms of the form 
l n e~ at } having the required zero limit since 

lim t n e~ al = 0 

t —► oo 

for finite n by l’HospitaPs rule. 

(4) The order of the numerator polynomial and denominator poly¬ 
nomial for a driving point immittance function can differ at most by 
unity. If the driving-point immittance function is found without 
algebraic error, this restriction will always be observed. It can, how- 
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ever, be shown to be a requirement which follows from the restriction 
listed under (2) above. First, we must further discuss the meaning of 
infinite frequency. We usually visualize high frequency in terms of an 
increasing sinusoidal frequency. Starting with conventional 60-cycle 
generators, we next visualize an audio oscillator, a radio frequency 
oscillator, a microwave frequency oscillator, and then, somewhere far 
beyond, lies infinite frequency. This is a rather nebulous and hazy 
concept, but it is the best we have. In terms of the s plane, we have 
followed the jo axis from a value near the origin on out to infinity. It 
is not necessary to follow the j<a axis. Following any other path in the 
s plane will eventually lead us to infinity, and once we get there we are 
at the same place as if we had followed the ju axis. In other words, 
infinite frequency is just one frequency, and is reached by traveling 
any direction from the origin of the s plane. Infinity is a unique point 
(or it would not be infinity). We can say that the s plane is really not 
a plane at all—it is a sphere, similar to the earth. Let the north pole 
represent the origin of the s plane. Standing at the north pole, the s 
pl&ne looks flat, which is really not too unreasonable since it is part of 
a sphere of infinite radius. But if you go far enough in any direction 
from the north pole of the s plane, you end up at the south pole, which 
is one point infinitely far removed from the north pole of the s plane- 

Now if infinity is only one point in the s plane, it includes the ja 
axis (sort of an international date line in the s world). But by item (3), 
poles and zeros on the jw axis must be simple. Hence poles and zeros 
at infinity for a driving-point immittance function must be simple.* 
The only way we can get a simple pole or a simple zero at infinity is to 
have the order of the numerator exceed that of the denominator by 
unity for a pole at infinity, and have the order of the denominator 
exceed that of the numerator by unity for a zero at infinity. This 
rule is satisfied automatically when you compute the driving-point 
immittance function. If it is not, you have made an algebraic mistake. 

Transfer Functions for Output/Input. The restrictions for transfer 
functions are not so rigid as those for driving-point immittances, 
because the transfer function is determined as the ratio of two different 
quantities at different points in one network. The restrictions will be 
given by analogy to those for driving-point immittance functions and 
in the same order. 

(1) This restriction also holds for transfer functions. Poles and 
zeros are either real or occur in conjugate pairs, 

(2) The poles of a transfer function must have negative real parts, 
but this restriction does not hold for the zeros. A network with zeros in 

* This is intended to be only a suggestive or heuristic proof. 
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the left half plane only is classified as minimum phase; those with zeros 
in the right half plane are nonminimum phase. 

(3) This restriction holds for transfer function poles. Poles and 
zeros on the j<x> axis will always be simple. 

(4) For (output/input) transfer functions, the order of the numera¬ 
tor may exceed the order of the denominator by one. However, the 
numerator order may be any value less than that of the denominator. 


10-6. Time-domain behavior from the pole and zero plot 

In this section, we will show that the time-domain behavior of a 
system can be determined from the $ plane plot of the poles and zeros 
of its transfer function and those of the transform of the active-source 
driving-forces. Suppose that the transform of some variable, say a 
current I(s), is found, and the poles and zeros are determined as 


where 


/(«) = Y(,)V(>) = 

P(s) = rr (s - S t )(s - S 2 ) . . . (s - S„) 
Q(s) (s - s a )(s - 8 b ) . .. (s - s m ) 


(10-30) 

(10-31) 


It was shown in Art. 10-4 that the poles of this function determine the 
time-domain behavior of i(t). It was suggested that the zeros deter¬ 
mine the magnitude of each of the terms of i(t). In this section, we 
will amplify these concepts by showing how i(t) can be determined 
from a knowledge of the poles, the zeros, and the scale factor H. 

In terms of the damping ratio f and the undamped natural fre¬ 
quency, as discussed on page 104, the poles and zeros of the last 
equation will have the following forms. 


*1, ®2 ~ 

~~ fan + j<*n \/l ~~ l ' 2 

r < i 

(10-32) 

Si, S2 — 

~fw„ ± u>„ \/f 2 — 1 

r > i 

(10-33) 

Si, S2 = 

— «n 

r = i 

(10-34) 

Si, S2 = 

±J'W n 

r = o 

(10-35) 


It was also shown on page 105 that contours of constant a?„ are circles 
in the s plane, that contours of constant damping ratio are straight 
lines through the origin, and that contours of constant damping (fw«) 
are straight lines parallel to the jo> axis of the s plane. Further, lines 
parallel to the a axi s of the s plane are lines of constant actual frequency 
of oscillation, w» V1 — f 2 . These facts are summarized in Fig. 10-11. 
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The location of the poles in the s plane can he interpreted in terras 
of the general time-domain response in terms of f and ««. 

i(t) = AV ( ~ r " ,+ "’ ,v/f '“ 1)1 -f AV ( “ r "" _w " v ^ nrT)< (10-36) 

To illustrate the use of the contours of Fig. 10-11, consider the array of 




10 Id) 


Fig- 10-11. Constant contours in the s plane: (a) constant radius 
— (h) constant damping ratio line 6 = tan” 1 (\/l — fVf); 

(c) constant negative damping line a «» — (or any real part of 
«); (d) constant actual frequency of oscillation lines w ** ±oj„ vT — f*• 
f and are defined by the second-order characteristic equation 
** + 2 m 0. 


poles shown in Fig. 10-12 (zeros have been omitted for clarity). The 
pair of poles 8„ and s a * and the pair s c and s c * correspond to oscillatory 



Fig. 10-12. Typical poles in the 
a plane. 


expressions in the time domain. The 
actual frequency of oscillation corre¬ 
sponding to 8 a and 8 a * is higher than that 
of 8 C and s c *, just as the damping (or rate 
of decreasing amplitude) is less for s a and 
8 a * than for s c and s e *. The natural fre¬ 
quency of the two pole pairs is approxi¬ 
mately the same, since they are on about 
the same radius from the origin. The 
difference in actual frequency of oscilla¬ 


tion is due to a lower damping ratio for s a and s a *. 


The poles and s* are quite different from the conjugate pairs just 


considered. They correspond to the overdamped case, and have an 
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exponential decay form in the time domain. The damping is greater 
for Sd than for s b . From another point of view, the time constant for 
the pole Sb is greater than that for s d . Typical time-domain response 
corresponding to each pole is shown in Fig. 10-13 for an arbitrary 



Fig. 10-13. Response comparison for various poles in the s plane 

(arbitrary amplitudes). 


amplitude for each factor. The total response corresponding to these 
poles is found by adding each of the individual factors as 

i(t) * K a e'°‘ + K a *e“'< + K b e'>‘ + K c e^ + + K d e°« (10-37) 

As usual, the terms corresponding to conjugate pairs will combine to 
give damped sinusoidal expressions. 

There remains the problem of determining the multiplying constant 
(or magnitude) for each of the terms (or modes). The starting point is 
Fq. 10-31. To find the time-domain response corresponding to this 
transform equation, we expand by partial fractions. Hence 


/(*) 


K a 


+ 


K b 


s b 




+ 


K r 




+ 


K. 


(10-38) 


Any /^-coefficients, say K r , can be found by the Heaviside 

method as 




(s — Si)(s — S 2 ). , . (s — S«) 

8a) • ■ • (i—■ 3>r) . , . (s S m ) 


9 «• +fr 


(10-39) 
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(2) Measure (or compute) the distance from each o! the other finite 
poles and zeros to a given pole s r . 

(3) Measure (or compute) the angle from each of the other finite 
poles and zeros to a given pole s T . 

(4) Substitute these quantities into Eq. 10-42 and so evaluate K r , 


An example will illustrate this proce¬ 
dure. Suppose 1(a) has poles s — — 1 
and —3 and a zero at the origin, and H 
is given as 5. The current transform has 
the form 


f (*>- (. + + 3) (10 - 43) 


\ju 


3 


Zi 


A- 


e 


Fig- 10-15. Pole-zero configu¬ 
ration. 


This function is easily expanded by par¬ 
tial fractions, but can also be evaluated as outlined above. Referring 
to Fig. 10-15, it is seen that 


Hence 

Similarly, 


Ki = H 


M - le ,180 ‘ 
Mne**" — 2e J '°° 
M oie ,>01 


M 3 i&* n 


= 5X ^ + ' 180 ° = —2.5 


K z = H 


M o 3 e ?>0> 
M x 3 e>*“ 


5 X 


3 e mr 

2e ,180 ° 


- 7.5 


(10-44) 

(10-45) 

(10-46) 

(10-47) 


Since the poles determine the frequency (in this case neper frequency), 
we write for the general solution, 

i{t) = Kie~* + Kze~ il (10-48) 

and since K\ and K 3 have been evaluated from a knowledge of the pole 
and zero locations, we have as a particular solution, 

i(t) - -2.5e-‘ + 7.5e -8t (10-49) 

From this discussion and with the aid of Eq. 10-40, the influence of 
a zero on the time-domain response can be visualized. Consider one 
pole, say s r , in Fig. 10-14. If all other poles and zeros in the s plane 
remain fixed in position and the zero s„ is moved, the proximity of a 
zero to a pole is seen by Eq. 10-42 to reduce the magnitude of the 
^-coefficient associated with the complex frequency of the pole s r . 
Again, from Eq. 10-42, proximity of a pole to s r is seen to have the 
opposite effect—since pole magnitudes appear in the denominator— 
and proximity of another pole to $ r increases the magnitude of the 
coefficient K r . When the zero s„ is moved so close to s r that they 
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coincide , the pole and zero canoel and reduce the value of the partic¬ 
ular K r to zero. 

The magnitude of the K-coefficient corresponding to a particular 
pole is thus determined by the proximity of both poles and zeros. If, 
in the design of a network, the position of the poles and zeros can be 
selected, they should be selected according to the following pattern: 

(1) Select pole locations to give the required time behavior. Do this 
in terms of complex frequencies. 

(2) Fix the position of the zeros in the complex plane to adjust the 
magnitudes of the various K coefficients. 

It should be noted that the graphical interpretation of the position 
of poles and zeros was discussed for the case of nonrepeated (or simple) 
poles. In the case of multiple poles, it is suggested that expansion by 
partial fractions be followed rather than seeking a modification of the 
procedures that have been discussed to fit the new case. 

10-7. Procedure for finding network functions for general two-terminal-pair 
networks 

For complicated two-terminal-pair networks, the computation of 
transfer functions and driving-point immittances may become quite 
involved. In this section, we will discuss systematic procedures for 
finding such network functions. 

Any network can be thought of as made up of the combination of a 
number of one-terminal-pair networks. There is no unique rule for 


Z 3 



Wig. 10-16. Grouping of elements in a network to form a system of 
alternate impedances in series and admittances in parallel. 

dividing the arbitrary network into elementary one-terminal-pair com¬ 
ponents. However, such a division is made on the basis of interest in 
the voltage of certain nodes or the current in certain branches in many 
cases. The network of Fig. 10-16, for example, is grouped into a num- 
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ber of one-terminal-pair networks. For each of the one-terminal-pair 
networks, the transform impedance Z(s ) or the transform admittance 
Y(s) can be computed. This is illustrated for a number of examples in 
Fig. 10-17. Such combination is accomplished by the usual rules for 
series and parallel combination of immittances discussed earlier. 

Several two-terminal-pair networks occur so often in useful networks 
that they are given special names. The general network sometimes 
reduces to a series impedance, a parallel impedance, and another series 




(a) (6) (c) 

Fig. 10-18. Network configurations. 


impedance as shown in Fig. 10-18(a). Such a network is known as a 
T network. Further, if the series impedances are equal, that is if 
Zi = Zz, the network is designated as a symmetrical T. Figure 10-18 
shows two other network configurations. The network of Fig. 10-18(b) 
is a ir network , and with Y i = Yz, the network is a symmetrical v. The 
network of Fig. 10-18(c) is a lattice network or a symmetrical lattice 
when Z c = Z d and Z a — Z b . 

If the two terminals of a terminal pair of a two-terminal-pair net¬ 
work are connected to a terminal pair of another two-terminal-pair 
network, the networks are said to be connected in tandem or cascade. 
If T networks or ir networks are connected in cascade, the resulting 
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network is an important network structure. It may contain any num¬ 
ber of sections and may begin as shown in Fig. 10-19, or may begin 
with Zi(s ) — 0. The same thing may be said about the manner in 
which the network ends (at terminal pair 2). For convenience in com¬ 
putation, the series immittances are computed as impedances, and the 
parallel (or shunt) immittances are computed as admittances. 



Fig. 10-19. Ladder network. 


The driving-point immittance of any network can be found by 
writing loop or node equations. If the network can be made into a 
“ladder structure,” it is possible to find the driving-point immittance 
by series and parallel combination of immittances without writing loop 
or node equations directly. Assume that the ladder network of Fig. 
10-19 is made up of the six immittances shown. Combining immit¬ 
tances at the terminals opposite those for which the driving-point 
immittance is required, F e (s) is first inverted and combined with Z 6 (s). 
Next this sum is inverted and combined with F 4 (s). This pattern may 
be continued until the network reduces to a single immittance. In 
summary, 

Z dp (s) = Z 1 (s) + ---;- (10-50) 

Yi(9) +-,- 

Zi(v) H-;- 

r.( s ) +--— 

Z 6 ( S ) + 


which is read from the bottom to the top to give the pattern of com¬ 
bining immittances. Such an alge¬ 
braic configuration is called a con¬ 
tinued fraction or a Stieltjes continued 
fraction. Forming a continued frac¬ 
tion for a ladder network provides 
a systematic procedure for finding 
the driving-point immittance. 

The use of a continued fraction 
for network reduction applies only 
when the network function of interest is a driving-point immittance. 
When the transfer function is desired, a different procedure must be 
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followed. In Fig. 10-20, the ladder network of Fig. 10-19 is redrawn 
with several pertinent voltages and currents designated. As in finding 
driving-point immittance, the following procedure requires that com¬ 
putations begin at the terminals opposite the driving-point terminals. 
For the network, we may write the following equations for Kirchhoff’s 
voltage and current laws: 


/»- Y.v 4 

(10-51) 

Vt - V 4 + ZtU 

(10-52) 

/.-/,+ Y 4 Vt 

(10-53) 

Vt - Vt + ZtU 

(10-54) 

/,«/,+ YtVt 

(10-55) 

V x - Vt + ZxU 

(10-56) 


These equations describe the network and they contain the usual trans¬ 
fer quantities, <?(«) — F 4 (a)/Fi(a), Z 4 ,(a) = K^a)//^*), etc. Starting 
with the first equation and substituting it into the second equation 
gives 

V* - (1 + VMV* (10-57) 

In turn, this equation may be substituted with Eq. 10-51 into the next 
equation to give 

/, - ir. + r 4 (i + vmiv* (io-58) 

Continuing according to this pattern, 

V t - |(1 + YM + Zt[Y, + r 4 (l + YM])V 4 (10-59) 

([F.+ K 4 ( 1 + ym) + r,i(i + K^,) + z,fr,+ r 4 (i + YtZ $ )]\)v 4 

(10-60) 

This equation gives the transfer impedance Z 4 j(s) as the inverse of the 
admittance K 4t (a), which is 


y,m = = r, + r.i + r,(« + z.(r, + r,a)] (imd 

where 5 * 1 + l'*Z» (10-62) 

The transfer function for the voltage ratio may be found by carrying 
this procedure one step further by substituting into Eq. 10-56; that is, 


0 ( 8 ) » 


F,(a) 

V 4 (s) 


m $ + Zt(Y$ + K 4 5) + Z\ \ Yi -f K 4 5 + Ft[fi + Z*(K« + F 4 5)]| 

(10-63) 
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The transfer function F<(s)/Fi(s) is the reciprocal of <?(«) as given. 
The method illustrated above holds for any number of sections in the 

ladder network. The general pat¬ 
tern has been established by this 
example. 

To illustrate the method with a 
specific example, consider the net¬ 
work of Fig. 10-21, which is made 
up of series inductances (1 henry) 
and shunt capacitors (1 farad). The 
impedance of the series elements 
is s, and likewise, the admittance of the shunt elements is s. For this 
network, the driving-point impedance and the transfer function of the 
voltage ratio will be found. Other currents and voltages that will aid 
in the computation (but not appear in the solution) are shown on the 
figure. The driving-point impedance, written in continued-fraction 
form, is 


i. 

n_ rKKic\ _ l» _ nnrK\ _ 


- vvv 

Z-8 

vvv 

Z m 8 


1 henry 

1 henry 


Vi Y-«d 

p Y-ad 

- v 2 

1 farad 

1 farad 


o- 


.Q 


Fig. 10-21. Two-terminal-pair net¬ 
work. 


Zdp(s) = « + 


s + 


* 4 


(10-64) 


This equation can be reduced, starting at the bottom and working up, 
to the form 

r/ ( \ S 4 + 3s* + 1 /in 

Z dp (s) = — -r ' T 2s — (10-65) 

To find the voltage ratio transfer function start at the F* terminals 
and proceed as 

/»(s) = YVi - sF 2 (10-66) 

F 0 (s) - V t + UZ - (s 2 + l)V» (10-67) 

/»(«) - It + YV a - [8 + 8(8* 4 1))F 2 (10-68) 

Vi(s) - V a + Zh = (s* + 1)F* + s(8* 4 2s) V t (10-69) 


The voltage ratio transfer function thus becomes 

V »(s) 1 

Fi(s) s 4 + 3s* 1 


(10-70) 


for this particular network. We will show in another chapter that this 
network behaves as a low-pass filter. 


FURTHER READING 

For additional discussion relating to network functions, the reader 
is referred to Gardner and Barnes, Transients in Linear Systems (John 
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Wiley & Sons, Inc., New York, 1942), Chap. 5; to Valley and Wallman, 
Vacuum Tube Amplifiers (Vol. 18 of the Radiation Laboratory series, 
McGraw-Hill Book Co., Inc., New York, 1948), pp. 42-53; to Tuttle, 
Network Synthesis, 2 vols. (John Wiley & Sons, Inc., New York, in 
preparation); and to Guillemin, Communications Networks, Vol. 1 
(John Wiley & Sons, Inc., New York, 1932). It should be noted that 
the quantity s is equivalent to p and X as used by some authors. 


PROBLEMS 

10 - 1 . Find the driving-point impedance for the network shown 
in the figure. Arrange the polynomials of this function with the high¬ 
est ordered term normalized to unity coefficient. Answer. Z(s) — 
s* + 2s 2 + | s + i 
~^ r +Ts 

O-Wv- 

10 

Z\S) | f 

o---- 

Prob. 10-1. Prob. 10-2. 



10-2. Repeat Prob. 10-1 for the network shown in the figure. 


Answer. Z(s ) 


$ 3 + 2s 2 -f- s'-j- 1 


s 3 + s 2 + s 

10-3. Find the driving-point admittance for the network shown 
in the accompanying figure. Arrange the polynomials with the 
highest-ordered term normalized to unity coefficient. Answer. Z(s) 

S4 + + !)’ 



o- 

- ! 

C- 1 


C 

c 

a 5h l 

Y(s) ~ 

=:lf 

r 3 h S 

O- 

- 

r 7 


Prob. 10-4. 


10-4. Repeat Prob. 10-3 for the network shown above. Answer. 


Y(s) 


[4 -j~ - 

fs(2s 2 + 1) 


10-6. Find the transfer function, the output voltage to input voltage 
ratio, for the networks shown in the figure. Arrange the polynomials 
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with the highest-ordered term normalized to unity coefficient. Answer 



(a) «>} 

Prob. 10-6. 


10-6. Repeat Prob. 10-5 for the networks shown. Answer to (b). 
\ s 2 + (giCi ± R 2 C2)s/R 1 R 2 C\C2 + l/RiR2C l C 2 
J_s 2 4* (RiCi 4- R 1 C 2 "b RzC<i)s/RiR%C\Ci -b \JR 1 R 2 C 1 C 2 _ 

10-7. Show that both of the networks of the figure have the same 

[ ( s _|_ i)( s 4-3) 

s(s 4- 2)(s + 4) ‘ 




Prob. 10-7. 



Prob. 10-8. 


10-8. Show that the network of the accompanying figure has the 

, . . . A ^ , « 4 + 18s J -b 24 

dnvmg-pomt impedance Z(s) - — y - rq r~ i ' 2s — 
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10-9. Prove that the total number of poles is equal to the total 
number of zeros for any network function having the form of quotient 
of rational polynomials. 

10-10. The network shown below is known to have the pole-zero 
configuration shown in the figure. In addition, it is known that the 



(a) 



Prob. 10-10. 


impedance at zero frequency (s = 0 or direct current) is 1 ohm, that 
is Z{ 0) = 1. Determine the values of R, L, and C in the network. 
Answer. R — 1 ohm, L ~ ^ henry, C — 0.1 farad. 

10-11. It is known that the response in the time domain of a system 
is the summation of terms having the following characteristics: (a) 
- 2, t - 0.5 (second order); (b) T (the time constant) = 3 sec; 
(c) w„ = 1, f = 0. Plot the poles of this system in the s plane. 

10-12. A transient is found to be of the form 

i(t) = 2e~ l ~~ le~ 6t 

Find a pole-zero configuration for /(s) that gives this time-domain 
response. 

10-13. A transient is found to be of the form 

t(<) = hr* - 2e~*‘ + &~ 6t 

Find a pole-zero configuration for I(s ) that gives this time domain 
response. 

10-14. Given that the scale factor of a current transform I(s ) has 
the value 10 and that the following finite poles and zeros describe the 
system: 

Poles Zeros 

—2 ± j 1 none 

-5 

Find the time-domain response corresponding to this /(s). Answer. 
Ot) = e~ u + VlO e~ 2 ‘ cos (t - 108.4°). 
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10-16. Given that the scale factor of a current transform I(s ) has 
the value 5.0 and that the following finite poles and zeros describe the 
system. 

Poles Zeros 

-1 ±j2 ~6 

-3 


Find the time-domain response i(t) corresponding to this I(s). 

10-16. For each of the networks shown in the figure, find the transfer 
impedance Z tT (s ) = F ou/ (s)//»»(«) and the voltage ratio transfer func¬ 
tion G(s) - F 0 *(s)/F<„(s). 



tel 

Prob. 10-16. 



Prob. 10-17. 


10-17. The network shown in the figure is driven by a current source 
I x . The output voltage is F 2 . (a) Find the transfer impedance, 
Z n (s) = F*(«)//i(s). (b) Show the pole-zero configuration for Zn(s). 
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10-18. For a given network, it is known that 

Zn = Vi/1 1 - ^ 

s 

where «i, 8i — — 1 ± jlO. If n(t) — e~°- 6t , find v 2 (0- 
10-19. (a) For the network shown, show that the input impedance 
at terminal-pair 1 is Z n (s ) = 1 ohm. (b) Find the transfer function 
G(s) = F 2 (s)/Fi(s) for this network. 



Prob. 10-19. 


10-20. Two conjugate complex poles are required to meet the var¬ 
ious specifications given belqw. For each specification, sketch the 
region in the s plane (using crosshatching for identification) that 
the poles may be located, (a) f 2: 0.707, co„ 2: 1, —4. (b) 

0 S f ^ 0.5, actual frequency S 2, negative, (c) 1 S S 4, 
£ 0.5. (d) 0.5 £ f £ 0.866, co„ £ 2.5. 



CHAPTER 11 

SINUSOIDAL STEADY-STATE ANALYSIS 
FROM POLE-ZERO CONFIGURATIONS 


There is something distinctive about the sinusoidal waveform. If 
a sinusoidal driving force is applied to a network of linear passive 
elements, every voltage and every current in that network will be 
sinusoidal in the steady state, differing from the driving-force sinusoid 
only in amplitude and phase angle. This property follows from two 
facts: 

(1) The sinusoid may be repeatedly differentiated or integrated and 
still be a sinusoid of the same frequency. 

(2) The sum of a number of sinusoids of one frequency with arbi¬ 
trary amplitudes and phase angles is a sinusoid of the same 
frequency. 

In addition to this mathematical distinction, the sinusoid is gen¬ 
erated rather commonly in nature: a bottle bobbing in the water, a 
pendulum, the shadow of a crank-handle on a wheel—all these devices 
describe sinusoidal motion. A sinusoidal voltage is generated by a con¬ 
ductor constrained to move in a circular path at right angles to a 
magnetic field. 

Analysis under the assumption of a sinusoidal driving force and a 
steady state is used in such fields as electronics, network theory, and 
servomechanisms. In these fields, however, the driving forces are sel¬ 
dom sinusoidal. We might rightfully question how valid such analysis 
is. Part of the justification of this method stems from Fourier analysis: 
periodic waveforms can be approximated by a finite sum of sinusoids. 
Further, nonperiodic (and nonrecurring) waveforms can be expressed 
in terms of sinusoids by use of the Fourier integral. This concept of 
analysis in terms of harmonic frequency components allows the 
response of a network to a nonsinusoidal waveform to be predicted 
from a known response as a function of frequency. 

In this section, we will develop the relationship between the general 
solution of a network problem and the solution for the sinusoidal steady 
state. This will be accomplished in terms of the pole-zero configuration 
of network functions. 
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11 - 1 . Radian frequency and the sinusoid 

The term sinusoid includes the sine wave, cosine wave, or either the 
sine or the cosine with a phase angle. The transforms of the sine and 
the cosine are 

£ sin oat — v £ cos (i)t -* ~r4 —a (11-1) 

s s . -f « 2 s 2 + to 2 v ' 

The poles and zeros for these transform equations, as shown in Pig. 
11-1, appear on the joa axis. Such frequencies have been defined as 



(a) {&) 

Fig. 11-1. Pole-zero configurations for sinusoids: (a) sine wave; 

(b]P cosine wave. 

radian frequencies. Frequencies described by positions on the joa axis 
of the s plane represent pure radian frequencies such as occur in the 
sinusoidal steady state and correspond to the time-domain factors e iat 
and 

Sine and cosine functions are related to exponential factors by the 
equations 


e iut — e~ iut 

sin a it — -- 

2 3 

(11-2) 

e jal _j_ e ~]*t 

COS o)t — - - - 

(11-3) 


The term e’ ut is commonly interpreted in terms of a unit rotating 
phasor* rotating in the positive (or counterclockwise) direction; 



Fig. 11-2. Unit rotating phasors. 


likewise is interpreted as a unit rotating phasor rotating in the negative 
(clockwise) direction. The unit phasors are illustrated in Fig. 11-2. 
* For those who prefer, the term phasor may be read as vector. 



242 


SINUSOIDAL STEADY-STATE ANALYSIS 


Chap. 11 


Now the sinusoid, according to Eq. 11-2, is made up of the difference 
of two rotating unit phasors, rotating in opposite directions, divided 
by the factor (2 j). The construction of a sine wave in terms of these 
unit exponentials is illustrated in Fig. 11-3. The combination of the 



Fig. 11-3. The sine wave from rotating phasors. 


phasor (e ] ' at /2) and (—e~ iat /2) gives a phasor on the ja axis. The factor 
(1 /j) — — j corresponds to a negative rotation of 90° (—r/2 radians). 
The sine of at is a real number (on the axis of reals); it has a value of 
zero when at — 0, and a value of unity when at — t/2. As at increases 
from 0 to 2ir, the sine function is seen to have values between the limits 
of 1 and —1. 

The cosine function may be similarly constructed in terms of expo¬ 
nential factors as is illustrated in Fig. 11-4. The cosine is also a real 



Fig. 11-4. The cosine wave from rotating phasors. 


number having a total variation from +1 to — 1. When at — 0, the 
cosine has a value of unity; when at = w/2, the cosine has zero value. 
Both the cosine and the sine are generated by two “ frequencies 
and — ja. This is also shown from the pole locations of Fig. 11-1. 

The exponential factors corresponding to the cosine or sine terms can 
be used in computing impedance for the sinusoidal steady state. Con¬ 
sider a series RL circuit with a cosine driving force given as 

Fcos u t-v(^ + e ^f) 


( 114 ) 
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The single cosine generator generating y(J) — 7 cos ut is thus seen to 
be equivalent to two generators, one generating (F/2)e , '" t , the other 
generating (7/2)e~ ,w . Using the principle of superposition, we may 
consider the driving forces separately and then combine the resulting 
currents to obtain the final solution. For the first generator, the dif¬ 
ferential equation becomes 


di V 


(11-5) 


The steady-state part of the solution (the particular integral) will be 
of the form i M (t) — Ae’ wt . Substituting this solution into the equation 
gives 

juLA + RA = 7/2 (11-6) 

or A- V/2 = YJ1 

R + jwL Z 


where Z is the impedance for the sinusoidal steady state. Similarly, 
we may let Be~ iat be the steady-state solution of Eq. 11-5 with e~ iut 
replacing e*"* to give 


7/2 _ 7/2 

R - juh Z* 


(H-7) 


The total solution for the steady state becomes 





(H-8) 


If V/Z is defined as /, this equation may be written in the form 


*..(«) = We iwt + I*e~’ a 0 (11-9) 


In this equation I is a complex number, I* is the conjugate of this 
complex number, and the exponential factors e iat and e~ iut are complex 
numbers relating to the cosine and sine functions according to Euler’s 
equation, 

= cos ut ± j sin ut (11-10) 

If we let I — a + jb, Eq. 11-9 reduces to the form 

i M (t) = a cos oyt — b sin ut (11-11) 

— Re [(a + jb)(cos ut + j sin «03 (11-12) 

where the letters Re mean “the real part of” (similarly, Im means “the 
imaginary part of”). But (a + jb) — I and (cos ut + j sin ut) is 
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defined by Euler’s equation as e lat . Hence 



i..(t) = Re (Ie ’“0 

(11-13) 

or 

= Re (^ 

(11-14) 


This last equation tells us that we may use the exponential in place of 
the sinusoid for the steady-state solution providing we take only the 
real part of the solution. Since the exponential is easily differentiated 
and integrated, this method of the solution is convenient. Provided it is 
always understood that only the real part has meaning, currents and 
voltages may be written in the forms 

i(t) = Ie> at (11-15) 

v(t) = Ve’" 1 (11-16) 

To illustrate the use of the exponential equivalent of the sinusoid, 
suppose that we consider the differential equation for an RLC series 
circuit given as 

L j t + Ri + - J idt= Ve ivt (11-17) 

The form of the solution must be Ie lut . Performing the required dif¬ 
ferentiation and integration gives 

(jo>L + R + 4^ I — V (11-18) 

The sinusoidal impedance is defined as 

Z0») -j=R+j (uL - -~\ (11-19) 

The current is given as 

i{t) = ^ e ,at (11-20) 


provided only the real part of this expression is taken; that is, 

i(t) = Re e ia ^j (11-21) 

V 


For this example, 


i(t) — Re 


i(t) — Re 
V 




e i<*t 


( 11 - 22 ) 


[R 2 + (wL - 1/ 


R + j(o)L - l/o>C ) 

Sep R - J'(“ L - Sg)]^ 08 "*+ J ' sin "° 


(11-23) 
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Since Z ■— R - f- j(coL — 1/uC), the real part of t(f) in this equation is 

*(0 = ]Xj| ^ cos cot -f UL - -Lj gin W< 1 (11-24) 

or, finally, w / J 

i(t) = j^| cos (wt - tan- 1 — ~r^ C ^) (11-25) 

This same exponential factor may be used to represent a sinusoid at 
a phase angle; for example, let 

v(t) = V cos (cot + 4>) 

In exponential form, this equation becomes 

--- 

or v(t) — K(Fe J> )e ,w + (Ve~**)e 

The quantity (Ve’+) is a phasor of magnitude V and phase angle 0, 
which will be represented by the notation V. Then 

v(t) = l(Ve’“‘ + V*e~ iat ) (11-29) 

This equation is of the same form as Eq. 11-9, and by the same reason¬ 
ing as previously given is equivalent to 

v(t) = Re (Fe'"‘) (11-30) 

This exponential factor may be used in place of Eq. 11-26 to give the 
same result with less mathematical manipulation. Again, it is not 
necessary to carry the “real part of” notation so long as the require¬ 
ment that only the real part of the result has meaning is kept in mind. 

In this section, we have seen that the sine and the cosine correspond 
to exponential factors and have complex frequencies located on the joo 
axis of the s plane. 

11-2. Magnitude and phase of network functions 

All network functions may be written as a quotient of polynomials 
in s; in general form, 


(11-26) 

(11-27) 

(11-28) 


G(s) | _ P(s) _ aos r -f- ajs n 1 + ... + a» 
Z(s ) j " Q(s) ~ b 0 s m + b lS m ~ 1 + ... + b m 


(11-31) 


For the sinusoidal steady state, s = joo, and the network function 
becomes 

| __ P(jw) _ ao(ju) n ~f~ ai(jco) n ~ l -f ... 

J ~~ Q(j<*) + hiO'^)”*- 1 + ... 


G(jao) 

Z(ju) 


(11-32) 
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In this equation, terms will alternately be real and imaginary. Which 
terms of the general expression are real and which imaginary depends 
on whether n and m are even or odd. However, in every case it will be 
possible to write the quotient of polynomials in the form 


where 


<?0«) 
Z(j «) 


A(w) + jB(a) 
C(a) + jD(«) 


= R( c*>) 4 ~ jX(a>) 


A(a) = Re P(j<a) and B(«) = Im P(jo>) 
C(ai) — Re Q(j<a) and D( o>) — Im Q(j<a) 


(11-33) 

(11-34) 


The quantities R(w) and X(a>) are found by rationalizing the expression 
involving A(a>), B( co), C(w), and Phase and magnitude of the 

general network function are defined in terms of R and X. The defin¬ 


ing equation for the phase is 

*(«) = tan- (11-35) 

and the defining equation for magnitude is 

M(a) = V[^(^)] 2 + [fl(«)7* (H-36) 


The complex variable, R(<a) + jX( at), is thus defined in polar coor¬ 
dinates as 

M( »)«#♦<-> (11-37) 


Alternately, the magnitude and phase of the network function may 
be computed directly from the quotient form of Eq. 11-33 as 


[ M ( o >)] 2 = 


[jjMI! + IgMT 
[C(<*)Y + m<*)Y 




tan 


B(a) 

A 


tan 


■i DM 

n/ \ 


(11-38) 

(11-39) 


By either of the methods that have been described the magnitude 
and phase of a network function may be found as a function of fre¬ 
quency. The magnitude and phase characteristics of networks are 
important in network theory, partly because measurements of these 
quantities are easily made. 

The problem before us is the computation and plotting of magnitude 
and phase as a function of frequency. The amount of computations 
can frequently be reduced by first considering the asymptotic values 
of these functions in terms of the original quotient of polynomial form 
given as Eq. 11-32. 

High-Frequency Asymptotes. Assume that the network function 
being considered is a transfer function G(ju>). For large values of -a, 
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only the highest-ordered terms in the numerator and denominator of 
<?0'«) are significant; that is, 


lim G(jw) = lim H 

go—► «o oe 


0«) n + • • • 
W + • • • 


(11-40) 


= lim (11-41) 

oo 


The limit of this function depends on which number, n or m, is larger; 
that is, 


lim G(jco) — 

GO—► ao 


f oo 

( 0 


H 


n > m 
n < m 
n — m 


(11-42) 


The limiting value of the magnitude is zero, infinity, or a constant H. 
The angles in each case are some multiple of ir/2 radians. 

Low-Frequency Asymptotes. The low-frequency behavior of the net¬ 
work function is determined by the lowest-ordered terms in the quo¬ 
tient of polynomials. The important part of the network function for 
this case is 


. ♦ . Un-lQfrj) 4~ Cln 

.. • 4* b m -i(ju) + b m 


(11-43) 


If neither a n nor b m is zero, the low-frequency asymptote is 


lim G(jw) — H~ (11-44) 

co—>0 


However, if one or more terms are zero such as b m , b m ~ i, a„, a„_i, etc., 
then the network function may be written 


H [ aoXio))" + ... + a/ " 

(jo)) p _ba'(jo}) n + ... + bj_ 


(11-45) 


where p may be positive or negative. The limit of 
becomes small is 


lim G(ja >) 
0 


HjoJ/bJ) 

(jo>) p 


this function as « 


The limit of this function depends on whether p is positive, zero, or 
negative; that is, 

oo e~ ipr/2 t p > 0 

0 e -,>r/2 ? p < 0 (11-46) 

H(a n '/bJ), p - 0 

Again, the limiting value of the magnitude is zero, infinity, or a con¬ 
stant, while the angle is some multiple of (tt/ 2) radians. 

In practice, the phase and magnitude information is plotted in two 
ways: a polar coordinate plot, and separate plots of M and 4> against 


lim G(j<a) = < 

CO— >0 I 
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frequency. These two types of plots are illustrated in Fig. 11-5. The 
polar plot can be made in terms of either M(<n>) and <£(«) or the imag¬ 
inary part and real part of G(jw). 



Tig. 11-5. Plotting of phase and magnitude. 



00 



oo 

Tig. 11-7. Low-frequency asymptotes of G(jo>). 


Plots on the M(ui) and <£(co) coordinates are made as continuous 
curves. The quantity M however, is usually thought of as a 
phasor represented by an arrow as shown in Fig. 11-5. To avoid con" 
fusion, only the “tip” of the phasor is plotted. The locus of the “tip 
of the phasor is known as the phasor locus of the network function. The 
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Example 2 

If the resistor and the capacitor of the RC network used for Exam¬ 
ple 1 are interchanged, there results the two-terminal-pair network 
shown in Fig. 11-10. Again, the voltage ratio transfer function is to be 
studied. This function has the value 


0 ( 8 ) 


K 


R -(- 1/Cs RCs -f- 1 s l/RC 


(11-49) 


corresponding to a zero at s = 0 and a pole at s — — l/RC. Letting 

s — jo> gives the transfer function for the 
sinusoidal steady state as 


ft 


Vi(s) 


JL 

Ca 


V 2 (8} 


0(j») 




(11-50) 


Fig. 


11-10. Network of Ex¬ 
ample 2. 


jo + l/RC 

This function will be examined for low-fre¬ 
quency and high-frequency asymptotes. 
As o> becomes large, the term l/RC can be 
neglected, and (?(,/«) approaches unity (alternately, lTiospitaPs rule can 
be applied). For small values of co, G(ju>) approaches zero magnitude 
and 90° phase angle. Again, one frequency causes the function to 
reduce to an especially simple form: = l/RC. For that frequency, 
G(jio) = 0.707 e ’ r/i . In tabular form, these computations may be sum¬ 
marized as follows: 

TABLE 11-2 


w G(jo)) 

0 0 at +90° 

l/RC 0.707 at +45° 

oo 1 at 0° 

These values serve as a guide to the computation. In order to make the 
complete plot, several other values will have to be found. The com¬ 
plete phasor locus is that of a circle, as shown in Fig. 11-11. The equiv¬ 
alent M(u>) and <£(«) plots for this same function are also shown in the 
figure. The two plotting systems display the same information. With 
practice, it will be possible to visualize one form from an inspection 
of the other. 

Comparing the two networks of Example 1 and Example 2, it is seen 
that the first provides positive phase shift (or phase lead) for all fre¬ 
quencies, while the latter provides negative phase shift (or phase lag) 
for all frequencies. For the first, the output per unit input is high at 
low frequencies and low at high frequencies. The opposite behavior 
takes place in the second network. This result can be correlated with 
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the behavior of the individual elements of the two networks. In the 
netwprk of Fig. 11-8, the capacitor acts as an open circuit at low fre¬ 
quencies and hence the same voltage appears on the output terminals 




Tig. 11-11. RC network characteristics. 

as appears on the input terminals. At high frequencies, however, the 
capacitor acts as a short circuit and the output voltage approaches 
zero magnitude (being the drop across the capacitor). For the net¬ 
work of Fig. 11-10, the capacitor acts as an open circuit for low fre¬ 
quencies, so that there is no output voltage; however, at high frequen¬ 
cies the capacitor behaves as a short cir¬ 
cuit, causing approximately the same volt¬ 
age to appear on the output terminals as 
appears on the input terminals. 

Example 3 

As the third example, consider the driving- 
point immittance of a series RL network shown in Fig. 11-12. The 
immittance functions have the forms 


Z{s) and Y|«) 


■AAA r 

R 


La 


Tig. 11-12. RL network. 


Z(s) = 
Y(s) 


R -f- Ls 
1 

Z(s ) 


- L ( s + 1) 
l !h 

s -h R/L 


(11-51) 

(11-52) 


Thus the impedance function has a zero at s — —R/L and a pole at 
infinity, while the admittance function has the opposite pole-zero con¬ 
figuration (poles become zeros; zeros become poles). In the sinusoidal 
steady state, s = jw, and the immittance functions become 


Z {jw) = L (jo) 4- = R ^1 + jo) j/j 

1/R 


(11-53) 


jo>L/ R 1 


YU») = 


(11-54) 
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By Eq. 11-53 the real part of Z(ja>) is constant and the imaginary part 
increases with frequency. Equation 11-54 has the same form a| Eq. 
11-48, which has a circular locus. The phasor loci for impedance and 



Fig. 11-13. Immittance characteristics for RL network. 


G(s) or Z{s) Locus plot Magnitude plot Phase plot 



Fig. 11-14. 


admittance are shown in Fig. 11-13. Several other plots are shown in 
Fig. 11-14 for given transfer functions or immittance functions. 

11-3. Sinusoidal network functions in terms of poles and zeros 

As was pointed out earlier in this chapter, all voltage and current 
waveforms in any linear network are sinusoidal in the steady state if 
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the network is driven by sinusoidal waveforms. For this reason, if we 
are ^jven V(jw) in this equation, 

Hi") = Y(j<*)VU*>) (11-55) 

we are not interested in solving for the waveform of I(ju). We know 
the waveform in advance: it is a sinusoid. The information we do need 
is: (1) for a given magnitude of the voltage V(ja>), what is the mag¬ 
nitude of /(./«)> and (2) what is the phase relationship of I(jcj) in terms 
of V (jf'oj) ? In other words, we are interested only in magnitude and 
phase relating V(ju) and To find this information, it is not 

necessary to know the magnitude of V(jo)). Since the networks under 
consideration are linear, the magnitude of I(ju) is linearly dependent 
on the magnitude of V(ju>) : if V is 1 volt to give I of 1 amp, V of 10 
volts will give an I of 10 amp. The quantity that relates the phase of 
V(ju>) to that of I(joi) is Y(ju) ; likewise, Y(ju) relates the magnitude 
of V(joj) to that of I(jw). In the case of the last equation, the relation¬ 
ship between V(j<a ) and I(ja>) is given completely (for all values of 
frequency) by the magnitude and phase of Y(ju), 

Y(j o>) = |r(jco)|e*<-> (11-56) 

If Eq. 11-55 is written in the form 

7§) ~ YW (11 - 57) 

this ratio is often described as the complex ratio of current to voltage. 
The term complex ratio thus implies not only the magnitude of the 
ratio of one quantity to another but also the phase of the one quantity 
with respect to the other. Network behavior as a function of frequency 
(and, of course, we are now specializing in radian frequency) is deter¬ 
mined entirely by complex ratios; that is, by immittance functions 
and transfer functions. 

The same arguments given in the previous paragraph apply to the 
following typical equations because of their similarity to Eq. 11-55. 

V 2 (ju) = G(ju)Vi(jw) (11-58) 

V (jo)) — Z(j<a)I(jo)) ' (11-59) 

V 2 {j(x >) — Ztr(ju)I(ju)) (11-60) 

and so on ( Z tr is the transfer impedance). Thus it is seen that the dis¬ 
cussions for Y{j<*>) apply in general to any network function in the 
sinusoidal steady state. 
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The admittance function Y(s) has the form of a quotient of poly¬ 
nomials which may be factored into roots of the form 

(s ~ Sr) (11-61) 

where s r is either a pole or a zero. In the sinusoidal steady state, 
s = jo, and the typical term becomes 

(jo - s r ) (11-62) 

In the complex plane, jo and s r are phasors. We are interested in the 
difference of these two phasors—which is also a phasor. The phasor s r 
is, in general, complex; the phasor jo is purely imaginary and is on the 
jo axis. These two phasors and their difference are shown in Fig. 11-15. 

5 -plane | ju «-plane |/w 


~~8r 

(a) 

Fig. 11-18. Direction of the phasor (ju — s r ): (a) polar diagram; 

(b) string diagram. 

Figure ll-15(a) shows the phasors with respect to the s plane origin. 
Figure ll-15(b) shows the equivalent “string” phasor diagram. The 
phasor difference (jo — s T ) is seen to be a phasor directed from s r to 
jo. As o changes from 0 to «, the position of jo changes—always 
remaining on the jo axis. The combination of several of these phasors 
can be used to determine sinusoidal network functions. This will be 
illustrated by a number of examples. 

Consider first the admittance of a series RL circuit. Such a circuit 

is shown in Fig. 11-12. The impedance 
of this network is 

Z(s) ** l(s + ^J (11-63) 
and so the admittance has the form 

- 1 jrnm < 1M4 > 

H,. U-16. Phasor diagram. ^ ^ ^ ^ ^ > _ _ R/Jj 

and a aero at infinity. This pole-zero configuration is shown in Fig. 
11-16. As o increases from zero to infinity, the phasor ohanges position 
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Fig. 11-17. Phasor diagram changing with frequency. 

as shown in Fig. 11-17. The frequency variation of the impedance is 
found by writing 

+ = M («)e rt( " ) (11-65) 



Then the admittance may be found from the equation 


= (u_66) 

It can be seen that the magnitude changes from l/R to 0 as « changes 
from zero to infinity; similarly, the phase changes from 0° to —90° as 
o> varies from zero to infinity. The polar coordinate representation of 
this variation is shown in Fig. 11-18. The variation of admittance 
with frequency is exactly the same as the variation of current with 
frequency for a constant magnitude of voltage of l/R volts. If the 
voltage has a different magnitude, the current will increase or decrease 
linearly for all values of frequency. 

j Im Yiju) 

_ l/R Re Y{ju) 

00 ^ To 

\ / 

^~<f> 


Fig. 11-18. Variation of phasor 
with frequency. 


-^VVV 

R 


Ls 


Y[s) 


1/Cs 


Fig. 11-19. Series RLC circuit. 


11-4. Resonance, circuit Q, and bandwidth 

The method that has been illustrated by means of the study of the 
RL series circuit applies to other networks. Consider a series RLC cir¬ 
cuit as shown in Fig. 11-19. The driving-point impedance for this net¬ 
work is 


Z(s) = U + R + ^ 


(11-67) 
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L V« 2 + Its/L + 1 /LCj 


(11-68) 


L \(s — s a )(s 


(11-69) 


where 


s af s a 


= -TL ± iyIm-(uy = - ( “' ±ju ' v ^ T ‘ 


(11-70) 


In this expression, u n is the natural undamped frequency of the system, 

and f is the dimensionless damp- 
j u ing ratio. If we consider only the 

f underdamped (or oscillatory) case 

/ where f < 1, the variation of the posi- 

-L-q- Z. tion of the poles of Y(s ) for constant 

V to„ and variable f is shown in Fig. 11-20, 

\c where the locus is a circle. In addi- 

D0l6 - 

tion, Y(s) has a zero at the origin of 
c the s plane. 

fig. 11-20. Pole-zero eonfigura- _ ,, . ... , , 

tion for F(s) I Q ™*e sinusoidal steady state 

(s = ju), the frequency response of 

the system, such quantities as |J0«)|, |F(y&»)| etc., may be found by 

allowing u to vary over a range of frequencies. Several steps in such 

a frequency variation are shown in Fig. 11-21, together with the com- 



Tig. 11-21. Frequency response of an RLC network. 


plete magnitude and phase characteristic. Over the range of frequen¬ 
cies, the phase changes from +90°, through 0° to —90°, while the 
magnitude starts from zero value, attains a maximum value, and then 
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asymptotically approaches zero for high frequencies. The function 
Y(jw) is found from Eq. 11-69, letting s = ju in terms of magnitude 
and phase factors in the form 

r <#> - A (11 - 71) 


The maximum value of Y(ju) evidently takes place near the frequency 
at which M a has a minimum value. The frequency to cause M a to 
have a minimum value is a frequency very near to the point of closest 
approach to one of the conjugate poles. In that frequency range, M a 
changes rapidly, and at the same time M a * and M 0 are changing very 
slowly. The frequency corresponding to a maximum Y(ja>) is defined 
as the frequency of resonance. Since I(jo>) varies just as F (ju) t the fre¬ 
quency of resonance is also the frequency of maximum I(ju). 

The magnitude of F ( ju) may be written in the form 


\Y(j*)\ - 


_ 1 _ 

VR 2 + («& - l/<-C)* 


(11-72) 


and from this equation it is seen that Y(jo>) has a maximum value of 
(1/R) when 


ooL 


a >C 


0 or oj 


1 

Vlc 


(11-73) 


that is to say that resonance occurs at w = o> n (and not at the point 


opposite the pole on the ju axis). 
An enlarged view of the various 
phasors for the condition of reso¬ 
nance is shown in Fig. 11-22. The 
phase angles from the poles to ju n 
are marked <f> a and <f> a *. The phasor 
from the zero to j<a n is along the jo> 
axis and thus has a constant phase 
angle of +90°. The sum of 4> a and 
4>a* is equal to 90° because the tri¬ 
angle ABC is a right triangle (being 
inscribed in a semicircle). The total 
phase angle, which is 

$0 *“ <f>a — 4>a* ~ +90° 



- (+90°) = 0° (11-74) Fig. 11-22. Phasors drawn for reso¬ 

nance. 

thus has zero value. The phase 

angle of F (ju>) is zero degrees at resonance. The magnitude of F (ju>) at 
resonance is (1 /R), and the magnitude of I(jof) at resonance is (V/R). 
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The circuit Q or simply Q for an RLC series circuit is defined as 

1 


Q « 


W. 


R 


2 R/2L 


(11-75) 


Now the quantity (R/2L) is the same as foa, by Eq. 11-70. Thus the 
circuit Q is defined as 


Q 


1 ain _ 1 the length OA 

2 2 the length EB 


(11-76) 


in terms of quantities shown in Fig. 11-22. The circuit Q can thus be 
taken directly from a scale plot of the poles and zeros of the immittance 
function for an RLC circuit. The circuit Q can alternately be written 
in the form 

Q - i (11-77) 


2f 


1 


2 cos 6 


(11-78) 


where 0 is the angle from the —a axis to the line OB (or OD) of Fig. 
11-22. From these last three equations, several conclusions can be 
written: 


(1) The closer poles s a and s«* are to the j<a axis, the higher the 
Q. (This follows since Q varies inversely with the distance EB.) 

(2) The value of Q varies inversely with damping ratio, f. A high 
value of Q infers a low value of damping ratio. A circuit with 
low R thus has high Q. 



Q. 

shown, the current at resonance 
current has the magnitude 


Plots of the magnitude of Y(J<a) 
for various values of Q are shown 
in Fig. 11-23. The circuit Q is an 
important factor in circuits (of the 
type being considered) used for 
selectors (filters). 

Another means of specifying the 
circuit Q is specification in terms 
of half-power points. As has been 
has the magnitude V/R. When the 


/ = 


V 

y/2 R 


(11-79) 


the power will be half of that at resonance (being equal to I*R). At the 
half-power points, the magnitude of the admittance Y(ja) is (l/y/2R); 
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this requires that 

VE* + («t - 1 /«0* - V2 fl (11-80) 

or («L - i) = ±K (11-81) 

This equation reduces to the form 

± ~<a — •— = 0 (11-82) 

The values of w that satisfy this equation are 

±^± VWWn/LC (11-83) 

or, in terms of damping ratio and undamped natural frequency, 

O) = «n(±f ± Vi* 2 + 1) (11-84) 

in most practical networks used as selectors, the damping ratio f is 
very small, so that f 2 is negligible compared with unity. Under this 
condition, the last equation reduces to an especially simple form, 

0) — £i>„ ± fO)„ (11-85) 

(considering only positive frequencies). The frequencies defined by 
this approximation are the half-power frequencies. Let the highest half¬ 
power frequency be designated on, which is defined as 

Wl = + fWn (11-86) 

and let the smaller half-power frequency be co 2 be given as 

0) 2 = 0 > n ~ fo)„ (11-87) 

The quantity ($o)„) is the distance EB of Fig. 11-22, or the distance 




Pig. 11-24. Bandwidth on the # plane. 

from the jo) axis to the pole s a (or s a *). The location of the half-power 
points in the s plane is shown in Fig. 11-24. A circle of radius (fo)„) 
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and centered at joy n crosses the ju axis at the half-power points. At 
these half-power frequencies, Y(j<o) has the magnitude 0.707(1/#) by 
Eq. 11-79. The range of frequencies given as (an — 0 ) 2 ) is defined as the 
bandwidth. Bandwidth varies inversely with Q. A small bandwidth 
corresponds to a selective network. 

The concepts of resonance, circuit Q, and bandwidth can thus be 
visualized in terms of the pole-zero configuration of Y(s) for the RLC 
circuit. These concepts are easily visualized and do not depend upon 
algebraic manipulation of complex numbers. The specific definitions 
of resonance, circuit Q, and bandwidth given in this section do not 
apply to all possible network configurations. For example, resonance 
in the sense of a maximum impedance or admittance does not coincide 
with the frequency of unity power factor for most networks. However, 
all these quantities can be visualized in terms of phasor magnitude and 
phase, and design can be accomplished by means of simple graphical 
constructions. A number of additional examples of network analysis 
by pole-zero configuration will further illustrate these concepts in 
Chapter 14. 

In some applications, parallel RLC networks are used as selectors. 
Since the parallel RLC network is the dual of the series RLC network, 
the analysis given in this section applies in terms of impedance and 
voltage instead of admittance and current. 

11-5. Asymptotic change of magnitude with frequency in terms of poles 
and zeros 

Both transfer functions and driving-point immittances are made up 
of frequency factors of the form 

(s - s*)± l (11-88) 

which in the sinusoidal steady state become 

0« - s„) ±l (11-89) 

For very small values of o>, this factor can be approximated as (—s a ) ±1 , 
a phasor from the point s a to the origin of the s plane. As « becomes 
larger, no such an approximation is valid. But as o> becomes very large 
compared with the phasor s„, the frequency factor can be represented 
as 

O'o>)± 1 - (or)* 1 ^ 2 ‘ (11-90) 

For large «, the magnitude of this factor changes either linearly 
or inversely with o>. The asymptotic phase angle is either +90° 
or —90° depending on whether the factor is a zero or a pole. This 
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behavior of magnitude and phase with frequenoy is illustrated in 
Fig. 11-25. 

To illustrate, suppose that we are interested in a voltage ratio trans¬ 
fer function, 

OW = (11-91) 

Assume that the sinusoidal input voltage has a magnitude of unity 
and that for frequencies in excess 
of « = js a | the magnitude of the 
voltage Vi(ju>) is of the form 

l^(»| = l (11-92) 

0) 

Such variation of F 2 would result 
if G(s) had the form 

G(a) - ~4r~ ( n " 93 ) 

provided a is very small compared 
to unity. The magnitude of the transfer function would then be 

K?(»l = i (H-94) 

0) 

The logarithmic unit, the decibel, was originally defined for a ratio 
of powers but is now often used for voltage and current ratios. The 
voltage amplitude ratio in decibels is defined by the equation 

|GO'<o)| =201ogio^^ (11-95) 

For the example being considered, the voltage amplitude ratio in 
decibels (abbreviated db) has the form 

20 logio - — — 20 1og 10 f*> (11-96) 

0 ) 

When a — 1, G(ja) has a value of 0 db, and when w = 2, G{jo>) has the 
value 

-20 logio 2 = -20 X 0.301 « -6 db (11-97) 



Fig. 11-25. Phasor variation with 
frequency. 


Two frequencies having a ratio of 2:1 are said to be separated by an 
octave. In one octave, the magnitude of this example has decreased 6 
decibels. In another octave (to « — 4), the magnitude would decrease 
an additional 6 decibels. The magnitude is thus changing at the rate of 


-6 


decibels 


(11-98) 


octave 
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due to one pole in G(s ) given in Eq. 11-93.* Had G(s) been of the form 


G(s) = s + a (11-99) 

corresponding to one zero in G(s), the asymptotic change in the mag¬ 
nitude of the voltage ratio transfer function would have been an 
increase of 6 decibels per octave. This case would correspond to the 
asymptotic form resulting from the choice of the positive sign in 
Eq. 11-90. 

A transfer function in general will be made up of a number of fac¬ 
tors of the form considered; that is, 


ft/' \ _ XT (S $l)(S Sj) ... (s $n) 


(11-100) 


Each zero in this expression will cause an asymptotic increase in the 
magnitude of G(s ) of +6 db per octave, while each pole will cause an 
asymptotic decrease in magnitude of G(s) of — 6 db per octave. In the 
frequency limit, these increases and decreases will cancel in pole-zero 
pairs (one pole cancels the effect of one zero). The net asymptotic 
change of magnitude with frequency will thus be the number of finite 
zeros less the number of finite poles times 6 db per octave. 

As an example, consider a two-terminal-pair network having a volt¬ 
age ratio transfer function of the form 


G ( s "> H (s - s a )(s - 8b) (8 — S c ) 


(11-101) 


This transfer function has three finite poles and one finite zero. For 
s — ja and for large values of w, the magnitude of G(j<a) has the form 


o 0 «) 


« ii 


a “ ja> 


(11-102) 


The output of this two-terminal-pair network will fall off at a rate 
determined by the excess of poles over zeros. The rate for this partic¬ 
ular network is —12 db per octave. The asymptotic phase of the out¬ 
put compared to the input will be 180° as given by Eq. 11-90. 

The RLC selector network studied in the previous section has the 
admittance function 


Y(s) - 


I 1 

L (S ~ S a )(s — S a *) 


(11-103) 


corresponding to two poles and one zero. The current passing through 
this selective network for constant voltage will vary with frequency 

* Quantities in the ratio of 10:1 are said to be separated by a decade. Six decibels 
per octave is equivalent to 20 decibels per decade. 
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as the M(u ) curve of Fig. 11-21. For large frequency, the current will 
decrease with frequency at the rate of — 6 db per octave. 

11-6. An application: the symmetrical lattice 

The symmetrical lattice network shown in Fig. 11-26 is a two-terminal- 
pair network that finds frequent application for phase correction. The 




V 2 W 


Tie. 11-26. The symmetrical lattice. 


properties of this network are easily visualized in terms of the pole- 
zero configuration, as we shall show in this section. 

The lattice structure can be put in a more familiar form by “unwrap¬ 
ping” it as shown in Fig. 11-27 as 
a bridge network. Assume that the 
network is terminated in a load 
impedance Z L (s) and that we are 
interested in the voltage ratio trans¬ 
fer function, <?(«) = V 2 (s)/V l (a). 

Several currents are identified in Fig. 

11-27. The two currents marked 
I and the two currents marked V 
are equal because of the symmetry 
of the network configuration. The load current is marked as I%. From 
Kirchhoff’s voltage law, we write 

Vi = Z a I + Z L (I - /') + Z a I (11-104) 

Vi = zj + z b r (ii-i05) 

In these equations, the functional notation has been omitted for sim¬ 
plicity—each of the quantities shown is a function of the complex fre¬ 
quency 8. If these equations are arranged in the forms 

Vi — (2 Z a -j- Zt)I — Z L r (11-106) 

V i - Z a I + ZJ' (11-107) 

the unknown currents I and I' may be found conveniently by the use 
of determinants; thus 



Fig. 11-27. Bridge form of the sym¬ 
metrical lattice. 







(2 Za + Zi) -2 
Z a 2 

(2Z a + Z L ) V 1 

z a v l 


Vi(Z h + Z L ) _ 

Z b (2Z a + Z L ) + Z a Z L 


VjjZg + Z L ) 
Z b (2Z a -j- Zi) + Z a Zi, 


(11-108) 


The load current 7 2 may be found in terms of I and /' as 
r t t/ V 1 (Zb — Zg) 

2 Z b (2Z a -f Z L ) + ZaZ L 


(11-109) 


(11-110) 


The voltage across the load impedance is IiZ L ; hence the voltage ratio 
transfer function becomes 


UZ h ^ Z L (Z b ~ Z m ) 

V » 2 Z a Z b + Z L (Z a + Z b ) 


(11-111) 


The lattice network has very useful properties when the network ele¬ 
ments are selected such that 


Z l — R and Z a Z b — R 2 

With these restrictions, the equation becomes 

F 2 _ (Zb - Z a ) _ R* ~ Za 2 
Vl 2 R + (Z a + Zb) R 2 + Za 2 + 2 RZ a 

(R ~ Za) (R + Z a ) _ R - Za 
(R + Za)(R + z a ) R + Za 


(11-112) 


(11-113) 


To apply this derivation to a specific network, let the impedance Z a be 
represented by the parallel LC network shown in Fig. 11-28. The net- 



O .. - . .o o--j(-o 

Za l-1(-• 7*2 C 2 

Cl z b 

Tig. 11-28. Networks for Z a and Z b . 

work to represent Z b must be the dual of that representing Z a . The 
series LC network for Z b is also shown in Fig. 11-28. The impedance 
for the parallel LC network is 


Z a (s) - 


Ci8 -|- 1/Lis LiCiS* -f- 1 


(11-114) 
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while the series LC network has impedance given by 

< U - U5 > 

Now the parameters L h L 2 , C h C 2 , and R must be selected to satisfy 
Eq. 11-112. One set of parameters that satisfies the requirements is 
Li - Li — 1 henry, Cj = C 2 = 1 farad, and R — 1 ohm. There are 
other such values; these are selected for their simplicity in illustrating 
the frequency behavior of the lattice network. With this choice of 
parameters, the impedance functions become 

z. - Z h = 5l±i; Z„Z„ = 1 = R' (11-116) 


The voltage ratio transfer function is given by Eq. 11-113. With the 
assigned parameters, this transfer function becomes 


or 


F,(«) _ 1 - s/(s 2 + 1) 

Vi (a) 1 + s/(s 2 + 1) 

F 2 (s) _s 2 — s + 1 __ (s — Si)(s — Si*) 
Ft(s) s 2 + s + 1 (s - s«)(s - s a *) 


(11-117) 

(11-118) 


The two zeros of the voltage transfer function have the values 


*,,*.* = +g ± 3 ^ (11-119) 

and the poles have the values 

«.* - - \ ± 3 ^ ( 11 - 120 ) 


The pole-zero configuration for the network of Fig. 11-29 is shown in 
Fig. 11-30. The poles and zeros are located on a unit circle about the 


1 farad 



Fig. 11-29. Symmetrical lattice with 
element values assigned. 
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Fig. 11-30. Pole-zero configura¬ 
tion. 


origin of the s plane. They are symmetrically located with respect to 
the axis of reals and axis of imaginaries. The two poles and two zeros so 



266 


SINUSOIDAL STEADY-STATE ANALYSIS 


Chap. 11 


arranged in the s plane are known as a quad. If other parametervalues 
are selected still satisfying the requirements of Eq. 11-112, the poles 
and zeros will still be located symmetrically with respect to the axis of 
imaginaries. The zeros will always be located in the right half plane 
and the poles in the left half plane, and both poles and zeros will occur 

either in conjugate pairs or on the 
real axis. 

We now come to the problem of 
finding the frequency response—the 
variation of the magnitude and 
phase angle of the transfer function 
with frequency. As outlined in 
previous sections, the frequency re¬ 
sponse is found by drawing phasors 
to different points on the jw axis. A 
typical graph is shown in Fig. 11-31 
for s — jo) i. Each phase angle is 
found with respect to the positive 
(r axis. First let us examine the 
frequency behavior of the transfer function relating V 2 and V\. For 
s = ju>, Eq. 11-118 becomes 

YAM - O - *)(*» - *i*) m 19n 

But from the figure, we see that the magnitude of ( jo) — sj) is always 
equal to the magnitude of (jo> — s a ); likewise, the magnitude of 
(jco — Si*) is always equal to the magnitude of (jto — s a *). In terms of 
the last equation we have discovered that 



Fig. 11-31. Frequency response com¬ 
putation. 


YAM 

Vi (jw) 


= i 


(11-122) 


In other words, we have arrived at the remarkable conclusion that for 
this network, the magnitude of the output is always equal to the mag¬ 
nitude of the input —for any frequency. Our network is made up of four 
inductors, four capacitors, and one resistor, and yet it has the same 
frequency invariant characteristic associated with purely resistive net¬ 
works. There must be something else of interest in this network after 
we have come this far. Let us examine the phase of the transfer func¬ 
tion as a function of frequency. 

In computing the phase, we regard the phase from zero terms as 
positive and from pole terms as negative. When <a ~ 0 the phase is 
given as 
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+ = *1 + 4 n * - - 0 a * = 240° + 120° - 300° ~ 60° = 0° 

(11-123) 

There is no phase shift at zero frequency. (It is seen from the network 
of Fig. 11-29 that the input and output are identical at zero frequency, 
with the inductor acting as a short circuit, the capacitor acting as an 
open circuit, and thus the two-terminal-pairs directly connected 
together.) As the frequency increases, the phase of Vi(ju>)/V 
becomes negative, approaching —360° as the frequency becomes 
infinite. The phase and magnitude characteristics are shown in Fig. 
11-32. This network finds application as a phase-shifting network in 



U> 


Fig. 11-32. Phase and magnitude characteristics of a symmetrical 

lattice network, 

telephone circuits. Note, incidentally, that for the first time we have 
found zeros located in the right half plane. As discussed in the last 
chapter, zeros are permitted in the right half plane for (output/input) 
transfer functions, but poles are not. This is true only for the transfer 
function; neither poles nor zeros are permitted in the right half plane 
for driving-point immittances. 

FURTHER READING 

For further reading on analysis in the sinusoidal steady state in 
terms of poles and zeros, see LePage and Seely, General Network Analy¬ 
sis (McGraw-Hill Book Co., Inc., New York, 1952), pp, 8-12, 193-196; 
and Guillemin, Introductory Circuit Theory (John Wiley & Sons, Inc., 
New York, 1953), Chap. 6. See also D. F. Tuttle, Jr., Network Syn¬ 
thesis, 2 vols. (John Wiley & Sons, Inc., New York, in preparation). 

PROBLEMS 

11 - 1 . By manipulating unit phasors as in Art. 11-1, show that 

sin 2 (at + cos 2 (at = 1 

(That is, start with the phasors e iwt and e~ iut and manipulate these 
phasors to prove the identity given above by a graphical construction.) 
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11 - 2 . Find the steady-state solution of the differential equation 

Ri{t) j i(t) dt = v(t) 

for a sinusoidal v(t), by letting v(t) have the form Ve^ at . 

11 - 3 . Find the steady-state solution of the differential equation 

L IT + 5 / m dt = v(t) 

for a sinusoidal driving force v(t), by letting v(t) have the exponential 
form Fe :b '"^ 

11 - 4 . For the network shown in the figure, find the steady-state 
component of i{t) when v(t) = V sin (at, by using Eq. 11-14. 



Prob. 11-4. Prob. 11-5. 


11 - 6 . For the network shown in the figure, sketch G(ju>) = V 2 (ju)/ 
Vi(j<a) as a function of w for (a) polar coordinates M((a) and and 
(b) rectangular coordinates M vs w and <f> vs <a. On the plots, clearly 
indicate the low- and high-frequency asymptotes. 

11 - 6 . Repeat Prob. 11-5 for the network shown. 



Prob. 11-6. Prob. 11-7. 


11 - 7 . Repeat Prob. 11-6 for the network shown. 

11 - 8 . Show that the phasor locus representation of Eq. 11-48 given 
as Fig. 11-9 is a semicircle centered at Re G(ju>) — 0.5. 

11 - 9 . For the one-terminal-pair network shown in the figure, sketch: 
(a) the driving-point impedance Z(J<a) as a function of «, and (b) the 
driving-point admittance Y(jca) as a function of <a, using polar coor¬ 
dinates as in Fig. 11-13. The sketches should have one point located 
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accurately and the low- and high-frequency asymptotes clearly 
indicated. 



Prob. 11-9. Prob. 11-10. 


11-10. Repeat Prob. 11-9 for the one-terminal-pair network shown. 
11-11. Repeat Prob. 11-9 for the one- 
terminal-pair network shown. 


Prob. 11-11. 

11 - 12 . The pole-zero configuration 
shown in the figure represents the admit¬ 
tance function for the series RLC circuit 
shown in Fig. 11-19. From the pole-zero 
configuration, determine: (a) the undamped 
natural frequency w„, (b) the damping ratio 
f, (c) the circuit Q, (d) the bandwidth (to 
the half-power points), (e) the actual fre¬ 
quency of oscillation of the transient re¬ 
sponse, (f) the damping factor of the 
transient response, (g) the frequency of 
resonance, (h) the parameter values (in 
terms of L if the values cannot otherwise be 
uniquely determined), (i) Sketch the mag¬ 
nitude of the admittance |F(j<a)j as a func¬ 
tion of frequency, (j) If the frequency 
scale is magnified by a factor of 1000, how 
do the values of the parameters, R, L, and 
C change? Answers, (a) 4.04, (b) 0.124, 
(c) 4.04, (d) 1.0, (e) 4.0, (f) 0.5, (g) 4.04, 
(h) R = L, C - 0.061/L. 




Prob. 11-12. 
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11 - 13 . The passive network shown in the accompanying figure is 
known as a double-tuned circuit. It consists of two parallel RLC net¬ 
works coupled with a capacitor C c . For a certain combination of 


h ii- _...u. 



-0.5+./2.0 x 

ju -0.5+>2x 


-0.5+> 1.5 * 

(Scale factor - 1) 


(Scale factor-1) 

-0.5+; 1 x 


3 zeros^ 

v< \. 1 

3 zeros. 

.51 ..._ .. ^ 

<T 


-0.5->1 * 


-0.5->1.5* 



-0.5-> 2 x 

-0.5 “> 2 x 


ia) 

(6) 



Prob. 11-13. 


parameters, the pole-zero configuration is as shown in the figure as (a) 
and (b) for the transfer impedance, Z 2 i(s) — V 2 (s)/Ii(s). From the 
pole-zero configuration (accurately plotted), plot the magnitude of the 
transfer impedance as a function of frequency o>. 



11 - 14 . The frequency response shown in the figure is observed for a 
given network. Draw a pole-zero configuration that can give this 
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response. (Note: there is no unique solution to the problem, but every 
solution must be such as to meet the requirements at low frequencies, 
high frequencies, and resonance.) 

11-15. A black box is marked “RLC Series Circuit” but no compo¬ 
nent values are indicated. You are seeking a circuit that will oscillate 
if a battery is connected to the box by the closing of a switch. In your 
laboratory, you have standard test equipment such as vacuum tube 
voltmeters, ammeters, sine wave generators—any frequency range. 
However, you have no adequate cathode ray oscillograph. You are 
not certain that you could detect oscillation with the instruments you 
have, since the frequency of oscillation may be very high. The prob¬ 
lem you face is this: with measurements made in the sinusoidal steady 
state, how can you determine whether the current through the black 
box will oscillate when the switch is closed and what will be the fre¬ 
quency of oscillation. Describe the experiment you would perform. 

11-16. Show that the bandwidth B varies inversely with the circuit 
Q for a series RLC circuit. 

11-17. Show that for an RLC series network the product of |Y(m» x 
and the bandwidth B equals 1/L, where L is the inductance. 

11-18. Draw the phasor locus corresponding to the transfer function, 
G(s ) - l/(s 2 + a). Carefully identify the high- and low-frequency 
asymptotes. 

11-19. Draw the phasor locus for the function G(s ) = l/s(s 2 + as 
+ 1). Carefully identify the high-frequency and low-frequency 
asymptotes. 

11-20. The two poles and zero shown in the s plane of the accom¬ 
panying sketch are for the transfer function of a two-terminal-pair 
network, G(s) = F 2 (s)/Fi(s). The zero is on the 
real axis at a position to correspond with the 
same real part of the poles. The poles have 
positions corresponding to f = 0.707(0 = 45°); 
w„ is the distance from the origin to the pole as 
shown. In this problem, we will investigate the 
effect of the finite zero by computations with 
and without the zero, (a) The bandwidth of the 
system is modified from the definition given in 
the chapter as the range of frequencies from 
w = 0 to the halfpower point. Compute the 
bandwidth of the system with the pole-zero 
configuration shown above; compute the band¬ 
width with the zero removed. In which case is the bandwidth greater 
and by what factor? A graphical construction is suggested, (b) We 
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define the per cent overshoot in response to a step function input as 


maximum value — final value 
final value 


100 % 


Compute the per cent overshoot for the two cases described in (a). In 
which case is the overshoot greater? By what factor? Check point: 

4.3 % without the zero, (c) Discuss qualita¬ 
tively the effect of another pole on the real 
a axis but with a position ten times further 
from the origin than the zero with respect 
to (1) the transient response and (2) the 
bandwidth. 

11-21. For the pole-zero configuration 
shown in the figure, compute a curve of 
bandwidth (as defined in Prob. 11-20) as 
a function of zero position from er = —4 to 
<7—0. Show any changes in curvature 
carefully. 

11-22. Consider the pole-zero configuration of Prob. 11-21 without 
the “test zero.” To the configuration is added a so-called “dipole” 
of a zero at a — —0.1 and a pole at <r = —0.105. Show that this dipole 





Frequency In cycles/sec 

Prob. 11 - 28 . 
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does not appreciably affect the bandwidth or the transient response 
to a step input. (The use of a dipole to change certain characteristics 
of network response without changing bandwidth is described in the 
literature relating to servomechanisms as lag or integral compensation.) 

11-23. For a series RL circuit, the phase of the voltage waveform 
with respect to the current waveform is measured and plotted in the 
figure. Plot (with coordinate values) the pole-zero configuration for 
the driving-point admittance of the RL circuit. 



0 10 20 30 40 50 60 


Frequency in cycies/sec. 

Prob. 11-24. 

11-24. The curve of the accompanying figure represents the current 
magnitude as a function of frequency with constant input voltage for 
an RLC series circuit. From this plot, determine the locations of the 
poles and zeros in the s plane for the network under study. 



CHAPTER 12 

ONE-TERMINAL-PAIR REACTIVE NETWORKS 


12-1. Reactive networks 


The networks to be studied in this chapter will be restricted in two 
ways. (1) The networks will be assumed to be made up of inductances 
and capacitances only. Since these networks contain no resistive ele¬ 
ments, they are said to be dissipationless . (2) Only one-terminal-pair 
networks will be considered. The appropriate network function for the 
one-terminal-pair network is the driving-point immittance (either 
impedance or admittance). The driving-point impedance and admit¬ 
tance are 


Z(s) 



Y(s ) = 


m 

V (s) 


( 12 - 1 ) 


respectively, where F(s) is the voltage and I(s ) is the current at the 
driving-point terminals. 

Driving-point immittances are found by combining impedance or 
admittance expressions for elements in the network. These expressions 
for inductance and capacitance are summarized in the following table. 

Impedance Admittance 
Inductance Ls l/Ls 

Capacitance 1/Cs Cs 

Any arbitrarily complicated network can be broken into parts con¬ 
sisting of series and parallel combinations of elements. For a series 
combination of any number of inductances and capacitances, the total 
impedance is 

Z t (s) - Z x {s) + Z 2 (s) + ... + Z n (s ) (12-2) 

or Z t (s ) — (Li 4- L 2 + L% -f- ... )s + 4- ^ 4* •. ^ (12-3) 

— L eq s 4- (12-4) 

In this expression L eq is the equivalent inductance and C eq is the equiv¬ 
alent capacitance of the series system. Equation 12-4 may be manip¬ 
ulated algebraically to the form 


Zt(s) — L eq 


$ 2 4 * l/L«qC aq 


(12-5) 
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Similarly, the total admittance of a parallel combination of any 
number of inductances and capacitances is 

Y t (s) - Y 1 (s) + Y t (s) + ... + Y n (s) (12-6) 

or Fj(s) = (C , x + C , 2 + C3 + . ..)s -b — b jf—b .. .^ - (12-7) 

= C tq s -f y—~ (12-8) 

where C eq and L tq are the equivalent capacitance and inductance of the 
parallel combination of elements (hence this set of equivalent values 
is different from those symbolized identically in Eq. 12-4). The last 
equation may be rearranged in a form similar to Eq. 12-5; thus 

Y t (s) = C eq — (12-9) 

s 

for a parallel system. The only difference in the form of the two equa¬ 
tions for Y t and Z t is the multiplying constant. 


o——'Tnrcn- |f—If -o o——|f-° 

cTcT oT 

(c) 



lb) 

Pig. 12-1. Equivalent immittance function representations. 


The driving-point immittance for a complex network is found by 
adding impedances and the reciprocals of admittances, or admittances 
and the reciprocals of impedances. Since all networks can be arbi¬ 
trarily divided into a number of series and parallel networks, the 
expression for driving-point immittance will be a combination of terms 
of the form of Eqs. 12-5 and 12-9, and 
their reciprocals. Several examples 
will illustrate such combinations. 

Example 1 

The network shown in Fig. 12-2 
is seen to be made up of a series 
LC network in series with a parallel 
LC network. The driving-point impedance is given as 

Z ac ~ Z„b 4* TF" 

r be 


a o ——j{— 
Cj 

l 2 


co— - 1 

Fig. 12-2. LC network. 



(12-10) 
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Z a c — E\S * 1 " 


1 


+ 


1 


(12-11) 


CiS C 2 S -j- 1/Z/ 2 S 
This equation may be rearranged in the form of Eqs. 12-5 and 12-9 as 

s 


„ _ r s' + 1/LtC, , 

hoc ~ -:- “T 


or Z a 


Li 


s C 2 (s 2 + I/L 2 C 2 ) 

s* + (1/LtCi + 1/L 2 C 2 + l/LiC*)« 2 + 1/L,L 2 CiC 2 


( 12 - 12 ) 


J r . 


l'o- 


1 henry 2 
1 farad: 


2* 

_o_ 




s* Hh 8/L2C2 

(12-13) 

Example 2 

The network shown in Fig. 12-3 is a ladder network with specific 
element values designated. The driving-point admittance for this 

a _ network will be found by grouping 

the network elements into several 
series and parallel combinations. 
The impedance from node a to node 
6 is 

M , W .)-2. + ?-S£±i> (12-14) 

Fig. 12-5. LC ladder network. 8 S 

The reciprocal of this impedance Y& can be combined with the admit¬ 
tance of the 1-farad capacitor; thus 


. 2 henry 

i farad • 


Y n >(s) 


Vae + Zai S + 2(s* + 1). 


or 


F 22 '($) = 


2s 3 + 3s 
2(s* + 1) 


(12-15) 


(12-16) 


The driving-point impedance at terminals 1-1' is found by combining 
the impedance of the 1-henry inductance with the reciprocal of Y t f] 
thus 


Simplifying, 


Zn'(®) — Zi a 

Zn'(s) — 


8 


2 ( 8 * + 1 ) 


Yt* ' 2s 3 + 3s 

2s* + 5s* + 2 
2s 3 + 3s 


(12-17) 

(12-18) 


The driving-point admittance is the reciprocal of Zw and so is given 
by the expression 

28* + 3s 


or 


Y n <8) - 
Yw(8) - 


2s* + 5s* + 2 

s* + 1.5s 

______ 


(12-19) 

(12-20) 
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A comparison of the various derived expressions for driving-point 
immittance will show a number of common features: 

(1) All the equations—Eqs. 12-5, 12-9, 12-13, and 12-20, as well as 
intermediate steps—are quotients of polynomials in a with a 
constant multiplier. 

(2) The order of the numerator and denominator polynomials never 
differs by more than unity. 

(3) The polynomials have only even powers of s or odd powers of a 
in any one polynomial. Further, if the numerator polynomial 
has only odd powers of a, the denominator polynomial always 
has only even powers of a, and vice versa. 

(4) In a polynomial with even powers of a, no even term of degree 
less than the term of maximum degree can be missing. The 
same condition holds for odd terms in odd polynomials. 

Now a polynomial with only even powers of a (or whatever the var¬ 
iable may be) is by definition an even polynomial . Similarly, a poly¬ 
nomial with only odd powers of a is by definition an odd polynomial. 
Hence statement (3) may be expressed in different words as: the 
driving-point immittance functions are all odd to even or even to odd 
quotients of polynomials. 

To illustrate further the concept of even and odd polynomials, the 
equation 

Pi(a) — a 8 a 8 + a 6 s 6 + a 4 a 4 + 02 a 2 + ao«° (12-21) 

is an even polynomial, since it contains only even powers of a. Sim¬ 
ilarly, the equation 

P 2 (s) — atf 1 + a 6 a 5 + a i 8 i + a 18 (12-22) 

is an odd polynomial containing only odd powers of a. The equation 

P 3 (a) = a 4 s 4 -j- a 3 a 3 + a 2 a 2 + ais + a 0 (12-23) 

contains both even and odd powers of a and so is neither an even nor 
an odd polynomial, but has both an even and an odd part. 

The four statements just given are made on the basis of only a 
limited number of examples. However, these statements are shown 
to be true in general for LC networks in advanced textbooks.* Fur¬ 
ther, statements (1) and (2) are true for the driving-point immittance 
of any network— RL, RC, or the general RLC. Only statements (3) 
and (4) apply only in the case of the dissipationless LC network. 

•See Guiliemin, Communications Network, Vol. II (John Wiley & Sons, Inc., 
New York, 1935), pp. 184 ff., or Tuttle, Network Synthesis, 2 vole. (John Wiley St 
Sons, Inc., New York, in preparation). 
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On the basis of the above discussion, we will assume that driving- 
point immittances for dissipationless ( LC) networks are quotients of 
even to odd polynomials or odd to even polynomials. Further, the 
order of the numerator and denominator polynomials will never differ 
by more than unity. Such a general impedance (and the same will hold 
for admittance) can be written in the form 

_ fl 2nS 2n + a 2n -2S 2n - 2 +...■+• «2 s 2 + Go nn 

W “ 6 2 »- 1 s 2n - 1 + 6 2n _ 3 s 2 "- 3 + . .. + b* {u ~^ } 


as a quotient of an even to odd polynomial, and with a 0 = 0 such that 
an s may be factored out of both numerator and denominator, an odd 
to even polynomial. The numerator polynomial may be considered to 
be an equation in s 2 which may be factored into its n roots. After the 
common s is factored from the denominator of the last equation, the 
equation can be factored into n — 1 roots in s 2 . In factored form, the 
equation becomes 


7( s _ rr (« 2 + si 2 )(s 2 + s 3 2 ) •.. (s 2 + s 2n _, 2 ) 
W n S{S 2 + s 2 2 ) (s 2 + s 4 2 ). . . (s 2 + S 2 n- 2 2 ) 


(12-25) 


where 


H — r— j a constant (12-26) 

0 2 n—I 


Typical form of the factors in Eq. 12-25 is (s 2 + Si 2 ), which factors into 
two roots as 

s 2 = —s x 2 ; s — ±jsi (12-27) 

The roots are thus purely imaginary. Such imaginary values of roots 
have previously been associated with radian frequency. To emphasize 
this identification, we will change notation at this point by letting 
terms of the form s„ become Hence typical roots of the impedance 
equation will have roots occurring in pairs as purely imaginary numbers 
of the form 

8 = ±jw» (12-28) 

Then the driving-point impedance expression becomes 


# (S 2 + C«!»)(«» -Mfl... 
S (S 2 -f* « 2 2 ) (s 2 -f” <*>4 2 ) • • • 


or, if oo = 0 in Eq. 12-24, 


(12-29) 


Z(s) 


tt (S 2 + C«>2 2 ) (S 2 + t>>4 2 ) • • • 

(s 2 -{- wi 2 )(« 2 4- W 3 2 ). • • 


(12-30) 


The reason for the particular choice of subscripts for o> will be discussed 
later. 
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From this point on, we will restrict our considerations to the special 
case of the sinusoidal steady state. The mathematical consequence of 
this restriction is that s = ju and that the s 2 terms in the previous 
equations become s 2 — — <*> 2 . For the two cases of the last two equa¬ 
tions, the substitution s — jot gives 


or 


Z(jo>) = ± 


H (a ? 2 — o)i 2 )(cj 2 — (»?8 2 ) • • . 

jo) (a) 2 — tt > 2 2 )(« 2 “ «4 2 )- • • 


Z(j») - 


±j*H 


(q> 2 — fa?2 2 )(t«? 2 ~ tt>4 2 ) . .. 
(« 2 — 0)i 2 )(w 2 — (i) 3 2 ). . . 


(12-31) 

(12-32) 


The ± sign in these equations is introduced to account for there being 
more ( — 1) factors removed from the numerator than the denominator 
or vice versa. 

In the sinusoidal steady state, the general driving-point immittance 
functions are complex and of the form 

Z(jio) - R («) + jX («) (12-33) 

or F(j«) = G(u) + jB («) (12-34) 

where R(w) = resistance, X(«) = reactance, G(w) — conductance, 
B(o>) = susceptance. According to Eqs. 12-31 and 12-32 written for 
the driving-point impedance (and of the same form for the driving- 
point admittance), Z(ju>) is purely imaginary. This follows because 
terms of the form (w 2 — o>„ 2 ) are always real, and likewise the multiply¬ 
ing constant H is always real as well as positive. Thus for LC networks, 


Z(j») - jX {«) and = i*(«) (12-35) 

Since the impedance function is purely reactive, LC networks are 
spoken of as reactive networks. 


12-2. Separation property for reactive networks 

When the reactance function X(o) discussed in the previous section 
is differentiated with respect to radian frequency co, the resultant func- 



Pig. 12-4. Geometry of positive and negative slope. 


tion is always positive; that is, 


dX 

d(ii 


> 0 


(12-36) 
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We will postpone the proof for this statement until the partial fraction 
expansion of X(to) is studied. In terms of a plot of X as a function of 
frequency, the slope of the curve must always be positive; that is, 
must be increasing with increasing to. If we start with a given value 
of reactance, X\ at some frequency on, then as frequency increases, X 
must increase, finally to an infinite value. This is illustrated in Fig. 
12-5. At the frequency of infinite reactance, the sign of X changes. 



Fig. 12-5. Reactance as a function of frequency. 

Starting again at X(to) = — °°, the slope must again be positive. The 
curve of X is shown to increase to zero value, thence increase to infinite 
value before the cycle of change is repeated. The reactance function 
has a magnitude which varies from zero value to infinite value as fre¬ 
quency changes. Those values of frequency which result in a zero value 
for the reactance are zeros (of frequency). Frequencies resulting in 
infinite magnitude of reactance are poles (of frequency). The zero fre¬ 
quencies are also sometimes spoken of as resonant frequencies (frequen¬ 
cies of zero reactance), and the pole frequencies are called antiresonant 
frequencies (infinite reactance). 

Because of the property of reactive networks that the derivative 
dX/do) always be positive, the poles and zeros of the reactive network 
function must alternate . The poles must be separated by zeros and the 
zeros by poles. This is referred to as the separation property for reac¬ 
tive networks. 

The poles and zeros of the reactance function illustrated in Fig. 12-5 
can be located by inspection of the reactance function. A term of 
the form (to 2 — to» 2 ) in the numerator of X(to) locates two zeros at 
a — ±to». Similarly, a term (to 2 — to m 2 ) in the denominator of X(<o) 
locates two poles at to = ± <a m . There remain only to consider the poles 
and zeros at zero frequency and at infinite frequency. We will start our 
study of these lower and upper limit frequencies by considering the be¬ 
havior of elements and combinations of elements at to = 0 and to = *> . 

The reactance of an inductance varies with frequency as given by 
the equation 
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X L = (12-37) 

Thus Xl has a zero at w ~ 0 and a pole at w = », since X L varies 

directly with u>. The expression for the reactance of a capacitance 

*0 = 3 (12-38) 

showing that since X c varies inversely with «, X c is infinite at zero 
frequency so that zero frequency is a pole and is zero at infinite fre¬ 
quency so that infinite frequency defines a zero. These relationships 
for inductance and capacitance are summarized below. 


0) 

Xc 

Xl 

0 

pole 

zero 

00 

zero 

pole 


In the case of LC networks, we can attach a physical significance to 
the terms pole and zero. A pole of reactance means an infinite value 
of reactance which we interpret physically as an open circuit. The 
capacitance does appear to be an open circuit at zero frequency (direct 
current) since the capacitor plates are not in physical contact. Sim¬ 
ilarly, an inductance appears to be an open circuit at very high 
(approaching infinite) frequencies. The word “ choke ” is applied to 
the inductor because of this high reactance at high frequency. By dual 
reasoning, a zero of reactance means zero value of reactance. Zero 
reactance (and thus zero impedance, since there is no resistance pres¬ 
ent in the networks being considered) is interpreted as a short circuit. 
An inductance appears to be a short circuit at zero frequency (direct 
current) because ( d/dt)(Li ) = 0 and no voltage appears across the 
inductance. Likewise, the capacitance appears to be a short circuit at 
infinite frequency. This physical interpretation of poles and zeros at 
w = 0 and to = oo allows the zero and infinite poles and zeros of a net¬ 
work to be found by inspection. Several examples will illustrate this 
feature. 



la) lb) 

Fig. 12-6. LC networks for examples. 


Figure 12-6(a) shows a simple series LC network. At zero frequency 
(direct current) the capacitor acts as an open circuit. Hence the 
driving-point impedance for this network has a pole at zero. At infinite 
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frequency, the inductance acts as an open circuit. Thus the impedance 
function also has a pole at infinity. A more complicated network is 
shown in Fig. 12-6(b). At zero frequency, C\ acts as an open circuit, 
making the behavior of any other elements in the network at zero fre¬ 
quency irrelevant. The driving-point impedance thus has a pole at 
zero frequency. At o) — <*>, Ci, C 2 , and C 3 behave as short circuits, 
and L? and L 2 as open circuits. There is a zero impedance path from 
terminal to terminal through C1-C2-C3. Then the driving-point imped¬ 
ance has a zero at infinite frequency. We conclude that the network 
of Fig. 12-6(b) has a pole at zero and a zero at infinity. 

The behavior of the driving-point impedance at zero and infinite 
frequencies can be determined from the mathematical form of the 
impedance function. Using s in place of jw to simplify notation, the 
driving-point impedance given as Eq. 12-24 may be rewritten as 


rj/ \ 0/ n S n -f” 0>n— 2& n 2 ”1“ • • • "i” 

^ ~~ b m s m + b m - 2 s m ~ 2 + ... + bis 


(12-39) 


where n is even and m odd. As s — jia approaches a very large value, 
only the highest-ordered term of the numerator and denominator 
polynomials need be considered. This is to say that 


lim Z(.) - lim £•£ 


(12-40) 


Now n and m can differ at most by unity and are never equal, as 
discussed in the last section. Hence as s approaches infinity, Z(s ) 
approaches either zero or infinity, depending on whether m is larger 
than n or n larger than m. In either case, because n and m can differ 
by unity at most, the pole or zero at infinity will be simple (not mul¬ 
tiple). In summary: If the order of the numerator polynomial is greater 
than the order of the denominator polynomial, there will be a simple 
pole at infinity. If the converse is true, there will be a simple zero at 
infinity. 

For the low-frequency case, only the lowest-ordered terms in the 
polynomials of the impedance function need be considered. In Eq. 
12-39, the higher-order terms may be ignored as 


m = 


... + U2S 2 + ao 

... + b%s* + bis 


(12-41) 


The two possible cases of an even-to-odd or odd-to-even quotient of 
polynomials can be taken into account by considering two possibilities 
in this equation: (1) Oo 3 ** 0, and (2) o 0 = 0. For case (1), 
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lim Z(s) - lim— = +« (12-42) 

and there is a pole at zero frequency. For case (2), 

lim Z(s) ~ lim Hs = 0 (12-43) 

and there is a zero at zero frequency. From this discussion, we see that 
when the lowest-ordered term of the numerator is of higher order 
than the lowest-ordered term of the denominator, there will be a sim¬ 
ple zero at zero. If the converse is true, there will be a simple pole at 
zero. 

In all cases, zero and infinity (frequency) are either poles or zeros 
for LC networks. Further, these poles and zeros are always simple. 
Two examples will illustrate these conclusions. 


Example S 


For this example, suppose that the driving-point impedance is given 
by the expression 


Z(s) 


(s» + l)(s* + 9) 
s(s 2 + 4) 


(12-44) 


The order of the numerator polynomial is 4, and that of the denom¬ 
inator is 3. Applying the rule for infinite frequency stated on page 282, 
infinity is a pole, since the order of the numerator is greater than that 
of the denominator. Since for small values of s, Z(s) approaches the 
form H/s, zero frequency is also a pole. By inspection, there are finite 



Pig. 12-7. s plane and reactance plot of Example 3. 


zeros at a) = ±1 and a> = ±3, and a finite pole at a> = ±2. The pole- 
zero configuration and a plot of this reactance function are shown in 
Fig. 12-7. The reactance function X(u) may be found from Eq. 12-44 
and different values of co substituted into this equation to make the plot. 
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Example 4 

For this example, consider an impedance function with the order 
of the denominator greater than that of the numerator. Let 


Z(s) - 3 


s(s 2 + 4) 

(s 2 + l)(s 2 + 9) 


(12-45) 


In this equation, the order of the numerator is 3 and that of the 
denominator is 4. Analysis of this equation shows that both zero and 
infinity are zeros and that there are finite poles at co = ±1 and co — ±3 



-*-O-M-<j> 

w-0 «-l w-2 «“3 u> - w 


Fig. 12-8. Plots of Example 4. 


and one finite zero at co = +2. The s-plane representation and the 
reactance function plot are shown in Fig. 12-8. 


12-3. The four reactance function forms 

It has been shown in the previous section that zero and infinite 
frequencies are always either poles or zeros. The four possibilities for 
the two possible conditions at the two frequencies are tabulated below. 


Case 

co — 0 

Ca> — 1 

1 

pole 

pole 

2 

zero 

zero 

3 

pole 

zero 

4 

zero 

pole 


There remains the task of finding the form of the driving-point imped¬ 
ance (or admittance) corresponding to each of these four cases. There 
are but two forms of factors for the numerator and the denominator: 
(«* + «„*) and 8 . 

Case 1. With a pole at both zero and infinity, there must be an 
8 in the denominator and one more (s 2 + s» 2 ) type factor in the 
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numerator than in the denominator. The general form for this driving- 
point impedance is 


where 


Z(8) 


— ($ 2 + Otf! 2 ) ■ • . (g 2 + Q>» 2 ) 

8 (« 2 + ttj 2 ) . . . (« 2 + C0»-1 2 ) 


«1 < 0)2 < 0>3 < . . . < < (tin 


(12-46) 

(12-47) 


The first and last finite critical frequencies (poles or zeros) are in the 
numerator of this equation. The general form of the corresponding 
reaction function is shown in Fig. 12-9. 



Fig. 12-9. Reactance plot for Case 1. 


Case 2. This is the inverse of Case 1. With a zero both at zero and 
at infinity, it is necessary that there be an s term in the numerator and 
an additional (s 2 -j- s„ 2 ) type term in the denominator. For Case 2, the 
driving-point impedance has the form 


Z(s) = Hs 


(& 2 + (tij^) ■ . ■ (S 2 + (tin —l 2 ) 

(« 2 + (til 2 ) . . . (S 2 + (tin 2 ) 


(12-48) 


where the same relationship exists for the w's of this equation as given 
in Eq. 12-47. The reactance function plot for Case 2 is shown in Fig. 
12 - 10 . 



Case 3. To have a pole at zero frequency requires an H/s multiplier 
for the impedance function. For there to be a zero at infinity, the total 
order of the denominator must be greater than that of the numerator. 
Since there is already an s in the denominator, there must be just as 
many (« 2 -f* s„ 2 ) type terms in the numerator as in the denominator. 
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The driving-point impedance becomes 

, H («* + Wi 2 )...(s 2 + co n _i 2 ) 

W s (s 2 + « 2 2 )...(s 2 + «n 2 ) 

The Case 3 reactance function is plotted in Fig. 12-11. 



Pig. 12-11. Reactance plot for Case 3. 
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(12-49) 


Case If.. For this case, there must also be an equal number of 
(s 2 + s„ 2 ) factors in the numerator and denominator with, in addition, 
an ( Hs ) multiplying factor in the numerator. The driving-point imped¬ 
ance for Case 4 is 


Z{s) = Hs 


(s 2 j~ q>2 2 ) . . . Q? 2 -j~ OJn 2 ) 

(s 2 + wx 2 ) . . . (s 2 + W„_1 2 ) 


The Case 4 reactance function is plotted in Fig. 12-12. 



(12-50) 


From the four cases just discussed, it is seen that in the sinusoidal 
steady state (s = jo>) the form of the reactance function for Case 1 and 
Case 3 is 


y/..\ _ a. K (fa > 2 - i»i 2 )(a > 2 - co 3 2 ). •. 

~ CO (to 2 — C02 2 )(c0 2 — CO 4 2 )... 


(12-51) 


and that for Case 2 and Case 4, the form is 


X(cc) = ±Ha> 


(co 2 — co 2 2 )(co 2 — CO 4 2 ). ■. 
(co 2 — C0i 2 )(c0 2 — C 03 2 ). • . 


(12-52) 


In each case the sign of the reactance function must be selected to give 
a positive slope to dX/du (see Prob. 12-7). In order to have this posi- 
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tive slope, the value of X at« « 0 must either be zero or negative 
infinity. The sign of X changes each time the frequency passes a pole 
or a zero. Consider the factor 

(« 2 - oj„ 2 ) (12-53) 

For a less than w n , the sign of the factor is negative. When <a exceeds 
(j) n , the sign of the factor becomes positive. Since the poles and zeros 
must alternate (the separation property), the sign of the reactance 
function alternates from positive to negative, changing successively 
at the pole and zero frequencies. In the two forms of the reactance 
function given above, the pole and zero frequencies must satisfy the 
condition 

0 < < &>2 < «3 < o>4 < ... (12-54) 

The statements made in this section for the reactance function X(u) 
apply directly to the admittance case, where Y(jv) = jB(ai), and B(<a) 
is the susceptance function. 

The factor H which appears in all the reactance equations is a posi¬ 
tive real constant known as the multiplying or scale factor. The func¬ 
tion of H in terms of the reactance is to fix the scale of the reactance. 
Doubling the value of H, for example, doubles the values of the react¬ 
ance function for all values of frequency. Thus H fixes the level of 
impedance. 

12-4. Specifications for reactance functions 

In this section, we will discuss the nature and number of quantities 
which must be known to completely specify the impedance function 
for an LC network. The term critical frequency will be defined to mean 
either a pole or a zero frequency. From the last section, we know that 
zero frequency and infinite frequency are always critical frequencies. 
These poles and zeros at zero and infinity (frequency) are defined as 
external critical frequencies. Poles and zeros at finite, nonzero frequen¬ 
cies are defined as internal critical 
frequencies. The internal and exter¬ 
nal critical frequencies for a particu¬ 
lar pole-zero configuration are iden¬ 
tified in Fig. 12-13. We know that 
the poles and zeros must alternate 
as frequency increases because of the 
separation property for LC networks, 
are specified as poles or zeros, there remains no choice for the external 
critical frequencies. They must be the opposite of the nearest finite (or 
internal) critical frequency in order that the poles and zeros alternate 


Internal 

w 

External 

Fig. 12-13. Designations for critical 
frequencies. 

If the internal critical frequencies 
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as required. In summary: If the nature of the internal critical frequen¬ 
cies is specified, the nature of the external critical frequencies is fixed. 
The specification of internal critical frequencies specifies all critical 
frequencies. 

We next observe, from Eqs. 12-51 and 12-52, the only possible forms 
of the reactance function, that if all critical frequencies are known, 
there remains only the scale factor H (or the equivalent) to be specified 
in order to determine completely the driving-point impedance function 
for reactive networks. In place of the value of H, an equivalent spec¬ 
ification would be either (a) a value of the reactance at some noncritical 
frequency, or (b) a value of the slope of the reactance curve dX/dw at 
some frequency other than a pole frequency. This information is sum¬ 
marized below. 


Specifications for Reactive Networks 

A. The internal critical frequencies. 

B. One additional bit of information to give H or to allow H 
to be computed. The three most common forms of this second 
specification are: 

(a) the value of H, 

(b) the value of X at a noncritical frequency, or 

(c) the value of dX/doi at some nonpole frequency. 

When these two types of specification are made, Z(s) can be found by 
making the substitution «*> = s/j in the equations of the form of Eq. 
12-51 or Eq. 12-52. We will next study the problem of designing net¬ 
works to meet the Z(s) specification. 

Reactance functions of the type studied in the chapter thus far 
were first investigated in 1924 by R. M. Foster, then of the Bell Tel¬ 
ephone Laboratories but now at Brooklyn Polytechnic Institute. 
Features of this study are classified under the heading of Foster’s 
reactance theorem. 


12-5. Foster form of reactive networks 


The partial fraction expansion of reactance functions may be studied 
by considering Case 1 and then specializing to the other three cases, 
The driving-point impedance function for Case 1 is given in Eq. 1246, 
which is 


S (S 2 + 0>2 2 ) ($ 2 + «4 S ) • • • 


(12-55) 


where there is one more factor of the form (s 2 + «i 2 ) in the numerator 
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than in the denominator. In the partial fraction expression of this 
equation, terms of the type (s 2 -f « a 2 ) will expand as 

W) _ N(S ) _ if* . * 2 * H2-561 

(a 2 + « 2 2 ) (s + jo} 2 )(s — ju 2 ) (s + jm) (« — M 

where K 2 * is the conjugate of K 2 . It is shown in advanced texts that 
the if-coefficients in the partial fraction expansion of terms with imag¬ 
inary roots are always positive and real. This being the case, K 2 and 
K 2 * are equal, so that 

if2 , if2* _ 2jf 2 * n9 

( iT >*) + (8 - M s 2 + <->* 2 v ' 


Using this form of expansion for the (a 2 + <*> 2 2 ) terms, Eq. 12-55 for 
Case 1 expands as 

Z(») - ^ + (12-58) 

v J s a 2 + « 2 2 s 2 + 


The last term in the expansion, Hs, is necessary to give the pole at 
infinity in Case 1. The H value of the coefficient may be verified either 
by application of rHospital’s rule or by direct division. 

For a series combination of impedances, the total impedance will be 
the sum of the series impedances; that is, 


Z(s) = Zi(a) + Z 2 (s) + Z t (s) + • • • + Z n (s) (12-59) 


The philosophy of the design procedure to arrive at a Foster network 
is to identify each term in the last equation as the impedance of a sim¬ 
ple network configuration. These configurations will then be combined 
in series to give a composite network having the required driving-point 
impedance Z(s). 

Following this philosophy, we will associate the impedance Z\ in 
the last equation with the term Ko/s in Eq. 12-58. Thus Zi(s) = K 0 /s 
represents a capacitor of value C — 1/ifo. Similarly associating Z n (s) 
and Hs leads to the conclusion that Z n (s) represents an inductor of 
value L — H henrys. All other terms in the impedance expression are 
of the same form and represent a parallel combination of inductor and 
capacitor. The impedance of such a network is 


Z(s) 


1 

Cs + l/Ls 


a/Qs 

s 2 + 1/LC 


(12-60) 


Comparing this equation with, for example, Eq. 12-57, gives values 
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r - ±- 

” 2 Kn 

1 __ 2 K n 

Ln ~ a> n *C n o >„ 2 
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(12-61) 

(12-62) 


for the nth term in the partial fraction expansion. These conclusions 
are summarized in Fig. 12-14. 

Term Network Element values 



Cn 

Fig. 12-14. Impedance expressions and equivalent networks. 


The realization of the network corresponding to the expanded 
expression for Z(s ) is shown in Fig. 12-15. This realization is known 
as the first Foster form (series impedances). The network of the figure 
is for Case 1. There remains the problem of specializing to the other 



Fig. 12-15. Network of the first Foster type. 


three cases. Before undertaking this study, let us consider the role 
of each element in the network in terms of the known pole-zero 
configuration. 

(1) Capacitor Co. Capacitor Co appears in the network because of 
the term K 0 /s in the partial fraction expansion. This term corresponds 
to a pole at the origin. Hence the presence of Co depends on there being 
a pole at the origin. 

(2) Inductor L 0 . Inductor Lo appears in the network from the imped¬ 
ance expression Hs in the partial fraction expansion. This term is pm- 
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ent because of the pole at infinity. Hence the presence of L 0 depends on 
there being a pole at infinity. 

(3) Parallel L„C„ network. Each term of the type (s 2 + «» 2 ) in the 
denominator of Z(s) gives rise to a parallel LC network. The frequency 
u* of each term is a pole frequency. Thus antiresonance in the individ¬ 
ual LC parallel networks gives rise to the poles of Z(s). The zeros of 
Z(s) cannot be associated with any specific elements. In terms of the 
reactance function X(o>), each of the parallel circuits changes sign as 
the frequency increases through antiresonance. At some frequency, 
the reactance of a group of parallel circuits is equal to and opposite in 
sign to the reactance of all remaining parallel circuits. Under this con¬ 
dition there is a zero of Z(s). There will be as many zeros as there are 
poles because of the separation property. These zeros can be thought of 
as being caused by the first parallel network being in “series” res¬ 
onance (the resonance of zero impedance) with the rest of the network, 
then the first and second parallel networks in resonance with the 
remaining network and so on, until finally the last parallel network 
resonates with the combined preceding network. 

Since the distinguishing features of the four cases of reactive net¬ 
works considered are the poles and zeros at zero and infinity, it follows 
that Cases 2, 3, and 4 can be specialized from Case 1 simply by leaving 
out either or both of Co and L 0 . For example, if there is no s term in the 
denominator of Z(s), there will be no K 0 /s term in the partial fraction 
expansion. Similarly, if the order of the denominator polynomial is 
greater than the numerator polynomial, there will be no Hs factor in 
the partial fraction expansion, and consequently, in terms of the phys¬ 
ical elements, no series inductor in the circuit. The nature of the “end 
elements” for the four cases is summarized below. 


End Element Values in First Foster Networks 


Case 

a; = 0 

u> = 00 

Co 

Lo 

1 

pole 

pole 

present 

present 

2 

zero 

zero 

short-circuited 

short-circuited 

3 

pole 

zero 

present 

short-circuited 

4 

zero 

pole 

short-circuited 

present 


In his 1924 paper, Foster pointed out that if the admittance corre¬ 
sponding to a given impedance function Y(s ) = l/Z(s) is determined, 
it is possible to realize a physical network for the admittance function. 
Networks found by an admittance expansion are known as networks 
of the second Foster form. 

Consider an admittance function of Case 1 with a pole at both zero 
a nd infinity. This function has the same form as Eq. 12-55 with F(s) 
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replacing Z(s). The partial fraction expansion for F(s) is the same as 
Eq. 12-58. There remains the problem of identifying individual terms 
in the partial fraction expansion as admittance expressions for LC 
network configurations. The driving-point admittance of parallel net¬ 
works is the sum of the admittances of the networks in parallel; that is, 

Y(s) - Y l (s) + F 2 (s) + F,(«) + ... + F„(s) (12-63) 


Comparing this equation with Eq. 12-58, we see that the term K 0 /s 
corresponds to the first admittance, so that F x (s) = Kq/s. Then Yi(s) 
represents the admittance of an inductor of value L — I/Kq henry. 
Similarly F„(s) = Hs is the admittance of a capacitor of H farad value. 
All other terms in the admittance expression are the same and represent 
the admittance of a series inductor and capacitor (the dual of the net¬ 
work found for the first Foster form). The admittance of the series 
LC network is 

... . 1 s/ij . 

Y( S ) = Lg + y/C~s = s 2 4- ljLC ( 12 ‘ 64 > 


Comparing this equation with Eq. 12-57 permits identification of the 
required values of L and C for the network corresponding to the nth 
pole of admittance as 


L n - 

C n - 


1 


2 K n 
1 

L n U } n 2 


2 K n 



(12-65) 

( 12 - 66 ) 


These conclusions are summarized in Fig. 12-16. 


Term 

Network 

Element values 

h. 

» 

o-W-< 

L 0 

L q - ~ henry 
K o 

Ha 

°-If- 0 

Cq-H farad 

2K n , 

•*+«i 

Co 

o . ‘j 

Ln Cn 

L n - 2 ^* henry 
C* - — farad 


Fig. 12-10. Admittance expressions and equivalent networks. 

The combination of networks of the types shown in Fig. 12-16 to 
conform with Eq. 12-63 for parallel admittances is shown in Fig. 12-17. 
The network shown is for Case 1 but specializes to the other three cases 
just as in the first Foster type of network. The role of each type d 
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network configuration in terms of the poles and zeros of the driving- 
point admittance function is summarized as follows: 

(1) Inductor Lo. Inductor Lo appears because of the pole (of Y) at 
the origin which gives rise to the Ko/s term in the partial fraction 
expansion. 

(2) Capacitor Co. Capacitor Co appears because of the pole (of F) 
at infinity which causes the Hs term to appear in the partial fraction 
expansion. 

(3) Series L n C n network. Each series LC network corresponds to a 
factor of the type (s 2 + w„ J ) in the denominator of F(s). The fre¬ 
quency co„ of each such term is a pole frequency which is associated 



Fig. 12-17* Network of the second Foster type. 


with resonance (in contrast to antiresonance in the series impedance 
realization) of the LC networks. Thus all poles can be associated 
directly with specific elements in the sense that resonance within 
individual networks cause the entire network to have a pole of admit¬ 
tance. As in the case of the first Foster form, the zeros of F(s) cannot 
be so identified. Every element contributes some part to the condi¬ 
tions associated with a zero of admittance, in much the same way as 
discussed for the first Foster form. 

The “end elements” (that is, L 0 and C 0 ) are associated with the poles 
of F(s) at zero and infinity (frequency). The presence of a zero in 
place of a pole thus infers the absence of an end element. End condi¬ 
tions for the four cases of the second Foster type of networks are sum¬ 
marized below for impedance functions. 


End Element Values in Second Foster Networks 


Case 

co — 0 

CO — 00 

L 0 

Co 

1 

pole 

pole 

present 

present 

2 

zero 

zero 

absent 

absent 

3 

pole 

zero 

present 

absent 

4 

zero 

pole 

absent 

present 


From this discussion, we see that from any specifications two com¬ 
pletely equivalent networks can be designed. The first Foster network 
form is a series impedance realization of Z(s); the second Foster net- 
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work form is found by forming F(s) by inverting Z(s), as F(s) = 
\/Z{s), and then expanding as parallel admittance functions which 
are identified with specific network forms. It is important to observe 
that Z(s ) and F(s) will never be of the same case classifications for one 
set of specifications. Inverting a function interchanges poles and zeros, 
and since Z(s ) will never have the same number of internal poles as 
internal zeros, the case designation will differ for Z(s ) and Y(s) — 
l/Z(s). The following conclusions can easily be verified. 

If a given Z(s) is: The corresponding Y(s) is: 

Case 1 Case 2 

Case 2 Case 1 

Case 3 Case 4 

Case 4 Case 3 

An example will illustrate the procedure for finding the first and 
second Foster networks for a given Z(s). Consider the impedance 

(s 2 + l)(s 2 + 9) 


Z(s) = 2 


(12-67) 


s(s 2 + 4) 

This impedance function is of Case 1 and the partial fraction expansion 


is 


■ft 


Z{s) 


| farad 


Z(s) 


Ao K* 

5 ^ 5 + j2 


+ 


K % * 


-f* Hs 


( 12 - 68 ) 


The constants of this equation may 
^ farad I— eva l ua ted by the Heaviside rule 


l - \ Q Q 0 y — 1 
^ henry 


2 henry 


as follows. 


K 0 = 


2X9 


9 

2 


Fig. 12-18. First Foster network of 
example. 

and since H — 2 by inspection, 

z( s ) = 5Z? 


Ko 


2(s 2 + l)(s 2 + 9) 
s(s - j2 ) 


-j2 


15 

4 




(12-69) 


s 2 + 4 

Using the equations displayed in Fig. 12-14, the element values and 
first Foster form network are found as shown in Fig. 12-18. 

To determine the second Foster form of network, the admittance 
function is found as 


Y(s) = 


+ 4) 


Z(s) 

2 K lS 


1 

2 (s 2 + l)(s 2 + 9) 
, 2KzS 

~V 


s 2 + 1 1 s 2 + 3 2 


(12-70) 

(12-71) 
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The two constants Ki and K t are found by the Heaviside method as 


K % - 
K* = 


s(s 2 + 4) 

2(s - jl)( S 2 + 9) 

s(s 2 + 4) 

2 (s 2 + !)(«- j3) 


« *= 


-yi 



3 

32 

5 

32 


♦ 


Making use of the chart of Fig. 12-16, the network configuration and 
element values are determined as 
shown in Fig. 12-19. The two equiv¬ 
alent networks have the same number 
of elements. 

Before we consider two other forms 
of equivalent networks, let us digress 
to consider the unfinished business of 
a proof for the separation property. 

Now that we have completed the partial fraction expansion for immit- 
tance functions, we know that any immittance function is composed 
of, at most, three types of terms: 

t’ ^7 Hs (12 - 72 > 

The reactance expressions for these terms are 


Xi = 

_ Ko 

0) 

(12-73) 

x n - 

3 

e 

* 

CM 

(12-74) 

-CO 2 + co„ 2 

x 3 - 

0)H 

(12-75) 


Z{s) 



■If henry < 


farad: 


Fig. 12-19. Second Foster net¬ 
work of example. 


(Susceptance expressions have exactly the same form.) The deriva¬ 
tives of these three expressions are 


dX i 
do) 



dXn = +2 if„CQ 2 + 2K„q,n 2 

do) (»n 2 “ CO 2 ) 2 


dX 3 

do) 




(12-76) 

(12-77) 

(12-78) 


Each of the three typical terms is positive for both positive and neg¬ 
ative values of frequency o. Since the reactance function for the 
driving-point terminals (and the same thing might be said for the sus- 
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ceptance function) is given as a sum of reactances, 


• X - ^ Xi (12-79) 

> = i 

which may be differentiated term by term to give 


Then dX/dw is positive, 


dx _ y dXj 

dot Zv da> 

j s* 1 

(12-80) 

O 

A 

an 

(12-81) 


for both positive and negative values of frequency <a. From this con¬ 
clusion, the separation property follows. 

12-6. Cauer form of reactive networks 

An important extension to the Foster reactance theorem was made 
in Germany by W. Cauer* in 1927. He first pointed out that the react¬ 
ance function could be represented by two different network configura¬ 
tions by a continued fraction expansion of the driving-point impedance. 
The basic form of the network for the Cauer realization is the ladder 



Fig. 12-20. Ladder network. 


shown with impedance and admittance designations in Fig. 12-20. The 
driving-point impedance of such a network may be written in the form 
of a continued fraction as 


Z(s) = + 


Y t + 


(12-82) 


Z% + 


f 4 + 


z b + 




* W. Cauer, Arch. Elektrotech., 17, 355 (1927). 
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Let us restrict our discusssion to an impedance function with a pole 
at infinity. In the general expression for the driving-point impedance 


Z(s) - 


q w s n -f- a»- 2 s w ~ 2 4~ ■.. 
b m s m + 6 m- 2 S m-2 + ... 


(12-83) 


this means that n is greater than m. The procedure for forming the 
continued fraction is to divide, then invert and divide, invert and 
divide, and continue this process until the expansion terminates (as 
it must). This procedure can best be illustrated with a numerical 
example. Consider the impedance function 


Z(s) - 


12 s 4 + 12 s 2 + 1 
6 s 3 + 3s 


(12-84) 


Direct division proceeds as follows. 


6 s s + 3s) 12s 4 + 12s 2 + 1 (2s 

12 s 4 + 6 s 2 


so that 


Z(s) = 2s + 


6 s 2 + 1 
6 s 2 + 1 


6 s* + 3s 

Inverting the remainder term and dividing gives 

6 s 2 4 * 1 ) 6 s* 4 * 3 s (s 

6 s 3 4* s 
2 s 

1 


or 


Z(s) - 2s 4- 


s 4 * 2 s/ ( 6 s 2 4 - 1 ) 
Continuing the invert and divide procedure, 


2s) 6 s 2 4~ 1 (3s 

6 s 2 


such that, finally, 


1 


Z(s) = 2s 4- 


s 4- 


3s 4- 


2 s 


(12-85) 


( 12 - 86 ) 


(12-87) 


Comparing this expression with Eq. 12-82, we see that: Z\ — 2s rep¬ 
resents an inductor of 2 henrys, Y 4 = s represents a capacitor of 
1 farad, Z 3 = 3s represents an inductor of 3 henrys, F* — 2 s represents 
a capacitor of 2 farads. The network configuration for this specific 
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example is shown in Fig. 12-22. For this case, a pole at infinity, the 
first Cauer network will always be of the form of Fig. 12-21 with 
“series” inductors and “parallel” capacitors extending as far as 
required by the continued fraction expansion. There is only one other 



..."" 


.. 


Lx 

l 3 

L* 

Ly 


o • .— 

=c 2 - 

^C 4 ^ 

^ Cs ~ 

-C 8 


Fig. 12-21. General form of first Cauer network {pole at »). 


case to be considered: a zero at infinity. For this case, m exceeds n by 
unity in Eq. 12-83, and before the continued fraction expansion can 
be made, it is necessary to invert the polynomial. The form of the 
expansion will be 


Z(s) 


F 2 + 


( 12 - 88 ) 


Z a + 


Y 4 + 


1 


Zb + ... 


Comparing this equation with Eq. 12-82, we see that the only differ¬ 
ence is that Zi = 0 in the second case. If Z\ — 0, then L X} the first 

series inductor, is absent from Fig. 
12-22. The form of the first Cauer net¬ 
work with a zero at infinity is shown 
in Fig. 12-23. In summary, the first or 
“end” element in the first Cauer net¬ 
work form is determined by the behav¬ 
ior of the network function at infinite 
frequency. A pole at infinity requires 



Fig. 12-22. First Cauer network 
for Eq. 12-84. 


that the first element be a series inductor. A zero at infinity requires 
that the first element be a parallel (or shunt) capacitor. 


£l«) 




SfiTiTilS 

ShTifilS 

MM 

mm 


msM 




HI 


:Cio 


Fig. 12-28. General form of first Cauer network (zero at »). 


Let us focus our attention on the way the Cauer network ends now 
that we have studied the factor controlling the way it begins. There 
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are but two possible ways the ladder network can end. One is with an 
inductor as shown in Fig. 12-24 (a); the other is with a capacitor as in 
Fig. 12-24(b). Imagine these networks attached to the general form 
of the network (with any number of elements in a ladder arrangement) 
shown in Figs. 12-22 and 12-23. With the inductor as the last element, 
there are series inductors in a path from one terminal to the other. At 



(a) (6} 


Tig. 12-24. Last element forms for first Cauer network. 

zero frequency (direct current), these inductors offer zero impedance 
such that zero frequency is a zero of impedance. Alternately, if the 
last element is a capacitor, there is a “break” in the path from ter¬ 
minal to terminal and at zero frequency there is a pole of impedance. 
In summary: The last (or far end) element in a first Cauer network is 
determined by the nature of the impedance function at zero frequency. 
A zero at zero requires that the last element be an inductor. A pole at 
zero requires a capacitor as the last element. These conclusions are 
summarized below. 

First Catjer Network End Elements 


Case 

CO — 0 

CO s= OO 

First element 

Last element 

1 

pole 

pole 

L 

C 

2 

zero 

zero 

C 

L 

3 

pole 

zero 

C 

C 

4 

zero 

pole 

L 

L 


The basic form for the second Cauer network is again the ladder 
network, but with the position of capacitor and inductor interchanged. 



Fig. 12-26. Second Cauer network form (pole at 0). 


Such a ladder network is illustrated in Fig. 12-25. The impedance of 
the first element is Z x (s) — 1/Chs; similarly, the admittance of the 
second (parallel or shunt) element is Y 2 = 1/L 2 s. The continued frac- 
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tion expansion for the realization of this network form must be 


Z(s) - 


^ j_ 

CiS + 1 


1 


L a S + JL_ 
CzS 


+ 


(12-89) 


To obtain this form of continued fraction expansion will require a 
different procedure than that used for the first Cauer network. To 
illustrate, consider the case of an impedance function with a pole at 
zero. An example of such a function is 


Z(s) - 


s 4 4 7s 2 4 6 
2s 8 4 3s 


(12-90) 


To expand this function in the form of Eq. 12-89, we first turn it end 
for end as 


Z(s) - 


6 4 7s 3 4 s 4 
3s 4 2s 8 


(12-91) 


The “invert-and-divide” procedure may now be started. We divide 
the denominator into the numerator to obtain one term; the remainder 
is then inverted and the division repeated. In our example, 


3s 4 2s 8 ) 6 4 7s 2 4 s 4 (2/s 
6 4 4s 2 

3s 2 -f s 4 

rj( % 2 . 3s 2 -f- s 4 

or Z(S) - 7 + 37+2? 

Inverting the remainder term and dividing gives 

3s 2 4 s 4 ) 3s 4 2s 8 (1/s 
3s -f s 8 


such that Z(s) is 


Z(S) = Hr 

5 1 




s 3s 2 4 s 4 

The final “invert-and-divide” step gives 


(12-92) 


(12-93) 


s 8 ) 3s 2 4 s 4 (3/s 
3s 2 
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z « = * 


Comparing this expression with 
identifications are made: 

2 

Zi(s) = - represents a capacitor of ? farad. 
s 

Yi(s) — - represents an inductor of 1 henry, 
s 

Z 3 (s) = - represents a capacitor of | farad. 

& 

F 4 (s) = - represents an inductor of 1 henry. 

The network configuration of the second Cauer form, which is equiv¬ 
alent to the last equation, is shown in 
Fig. 12-26. The impedance function for LC 
networks must be an even-to-odd or odd- 
to-even quotient of polynomials. For the 
procedure just shown by example to work, 
the quotient must be an even-to-odd poly¬ 
nomial. This is equivalent to saying that 
the function expanded must have a pole 
at zero. If the impedance function has a zero at zero, it is necessary 
to invert first before dividing such that the continued fraction will be 
of the form 

2(a) = - -;- (12-95) 

& + « ,- 1 — 

C,s + J_ , 

L,s' r ' 




* 


I farad 
Z[s) l henry* 


I-farad 
1 henry < 


Fig. 12-26. Second Cauer net¬ 
work for example. 


+ =- - (12-94) 

1 + 3T1 
8 + I 
8 

Eqs. 12-82 and 12-89, the following 


Comparison of Eq. 12-95 and Eq. 12-89 shows that with a zero at zero 
the first element is an inductor and that C i is not present. In summary: 
The first element in the second Cauer network is a capacitor if the 
impedance function has a pole at zero; it is an inductor if the impedance 
function has a zero at zero. 
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By analogy to the other Cauer case, the infinite frequency behavior 
of the network is determined by the way the network ends; that is, 
whether the last element is an inductor or a capacitor. The two pos¬ 
sible networks are shown in Fig. 12-27. Attaching these terminating 



(c) (6) 

Fig. 12-27. Last element forms for second Cauer network. 

networks to the general network of Fig. 12-25, we can see that if the 
last element is a capacitor, the network has zero impedance at infinite 
frequency, there being a short-circuited path from terminal to ter¬ 
minal. On the other hand, if the last element is an inductor, the net¬ 
work has a pole of impedance at infinite frequency. In summary: The 
last element in the second Cauer network is an inductor if the imped¬ 
ance function has a pole at infinity; it is a capacitor if the impedance 
function has a zero at infinity. These conclusions are summarized 
below. 

Second Cauer Network End Elements 


Case 

6) — 0 

03 = OO 

First element 

Last element 

1 

pole 

pole 

C 

L 

2 

zero 

zero 

L 

C 

3 

pole 

zero 

C 

C 

4 

zero 

pole 

L 

L 


12-7. Choice of network realizations 

In discussing the specifications for a reactive network leading to the 
summary on page 288 it was found that the specification of (1) the 
internal critical frequencies and (2) the scale factor H } or some equiv¬ 
alent specification, was sufficient to fix the driving-point impedance 
Z(s). In the last two sections, we have shown that a network can be 
realized in four basic forms from the driving-point impedance only. 
In any network there are as many unknowns as there are elements, 
and these unknowns must be specified by Z(s). In the solution of any 
system of equations, there must be as many specifications as there are 
unknowns. The total number of specifications that we have found 
sufficient is one more than the number of internal critical frequencies. 
The total number of unknowns equals the total number of elements. 
From the equality of specifications and unknowns, we conclude that 
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the minimum number of elements in a network realization is one more 
than the number of internal critical frequencies. It should be noted 
that in this statement each pair of conjugate critical frequencies count 
as one critical frequency. We do not distinguish between o>„ and —w„. 

A knowledge of the number of elements required to realize a net¬ 
work specification along with our association of end elements with 
network behavior at zero and infinite frequency can be used in drawing 
the four possible network configurations directly by inspection of the 
pole-zero configuration. As example will illustrate the procedure. 

Example 5 

Consider the pole-zero specifications given in Fig. 12-28. The inter¬ 
nal critical frequencies consist of two poles and one zero for Z(s). The 



4 - 

w-0 


W m CO 


OJ 


Fig. 12-28. Pole-zero configuration of Example 5 . 

external critical frequencies are constrained by the separation prop¬ 
erty to be zeros. Since there are three internal critical frequencies, 
there must be four elements in each network realization. Consider the 
realizations one at a time. 

(1) First Foster network. Because zero and infinity are both zeros, 
the end elements are missing in the basic Foster form of network 
Fig. 12-15. The network must have two parallel LC networks to give 
the two poles (antiresonant frequencies). The network is shown in 
Fig. 12-29 (a). 

(2) Second Foster network. In finding the critical frequencies for 

Y(s ) = l/Z(s), the poles of Z(s) become zeros of Y(s) and vice versa. 
Since both zero and infinity are poles, both end elements are present. 
The one internal pole is caused by a single series LC network in the 
basic network shown in Fig. 12-17. The four-element network is shown 
in Fig. 12-29(b). * 

(3) First Cauer network. The end elements will first be found for the 
first Cauer network. Referring to the table of page 299, we see that 
a zero of Z(s) at infinity means the first element is a capacitor. Also 
since there is a zero of Z(s) at zero, the last element is An inductor. 
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There being only four elements in the network, specification of the 
first and last element determines the schematic shown in Fig. 12-29(c). 

(4) Second Cauer network. The table of page 302 may be used to 
advantage in investigating the second Cauer network form. From the 



1c) id) 


Fig. 12-29. The four network realizations of Example 5. 

table, a zero at zero implies that the first element is an inductor. The 
zero at infinity identifies the last element as a capacitor. The four- 
element realization is shown in Fig. 12-29 (d). 

To find element values, the value of H must be given, and the partial 
or continued fraction expansions must be completed. 

There are a number of practical matters involved in selecting a net¬ 
work from the four possible forms for a specific application. These 
include: 

(1) Element component values. There are but a limited range of com¬ 
ponent sizes available in commercial quantities. For example, 1-farad 
capacitors with any reasonable voltage rating are hard to come by. 
Economic factors may thus give one network form the advantage over 
the other three. 

(2) Stray capacitance. It is impossible to construct inductors with¬ 
out stray capacitance. This capacitance can be taken into account by 
reducing the size of the parallel capacitor in the first Foster form of 
realization. This is especially important when specifications are rigid 
or when the operating frequency is high. 

(3) Use in vacuum tube circuits. Vacuum tube circuits frequently 
require blocking capacitors in interstage coupling networks. This 
requirement may specify which network must be used. 

12-8. Use of normalized frequency 

The examples given in this chapter have made use of small integer 
critical frequency values to advantage in simplifying numerical opera- 
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tions. In many practical problems, the critical frequencies are in thou¬ 
sands or millions of radians per second. In such cases, the arithmetic 
can be simplified by normalizing frequency to some value that makes 
the critical frequency values small integers. To normalize frequency 
and observe the effect on element values, let 

Xl ~ OiLact — MlJjact ^ =s LnormO)' (12-96) 

and Be ~ 0>Cact “ Wo Oaet “ Cnormf^ (12-97) 

where L««. { = the actual inductance, C aet — the actual capacitance 

Lnom — the normalized inductance = wqL^, (12-98) 

Cnorm — the normalized capacitance = oioCaet (12-99) 

«' = the normalized frequency = w/wq (12-100) 

The actual element values can be found from the normalized values 
from the equations 

L aet - ( 12 - 101 ) 

0)0 

C«, = — (12-102) 

0)Q 

With frequency normalized, the actual values of capacitance and 
inductance can be found from the normalized values found in the 
partial fraction or continued fraction expansion. An example will 
illustrate the procedure in normalizing an equation in frequency. 


Example 6 

A driving-point impedance is known to have zeros at 1000 and 4000 
cycles per second and a pole at 3000 cycles per second. From the data, 
the reactance function is 


XW) « 


[-a> 2 4- (2*r X 10 3 ) 2 ][ —O, 2 + (Sir X 10 3 ) 2 ] 
W [-« 2 + (6r X 10 1 ) 2 ] 


(12-103) 


Let the normalizing frequency be 

«o = 27r X 10 s radians/sec (12-104) 


Several other choices of normalizing frequency might have been made. 
Substituting w = w 0 w' into Eq. 12-103 gives 


Hm (—<«/* “f* 1)(—-f" 16) 
-• (-«'* + 9) 


XW) - 


(12-105) 
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Suppose that it is required that the reactance be 100 ohms when 
(i) — 4ir X 10 8 radians/sec corresponding to a' = 2. Substituting 
these values into Eq. 12-105 fixes the value of Hu o at 1000/36 so that 
the normalized impedance function becomes 


, _ 1000(s' 2 + l)(s /2 -f 16) 
' “ 36s'(s' 2 + 9) 


(12-106) 


^ After normalized values of the elements are found by the expansion of 
this equation, the actual values can be found by division by u Q as 


Laet 2ir X 1000 (12-107) 

C act = — - 100() (12-108) 


FURTHER READING 

For further study on the topic of one-terminal-pair networks, 
E. A. Guillemin's Communications Networks , Vol. II (John Wiley & 
Sons, Inc., New York, 1935), Chap. 5, is recommended, as well as 
D. F. Tuttle, Jr., Network Synthesis, 2 vols. (John Wiley & Sons, New 
York, in preparation). Source material may be found in articles by 
R. M. Foster, “A reactance theorem,” Bell System Tech. J 3, 259 
(1924), and W. Cauer, “Die Verwirklichung von Wechselstromwider- 
standen vorgeschriebener Frequenzabhangigkeit,” Arch. Elektrotech., 
17,355 (1927). 

PROBLEMS 

12-1. For the networks shown in the figure, find the driving-point 
impedance as a quotient of polynomials. Identify the even and odd 




(a) 


(6) 


Prob. 12-1. 


polynomials. Compare the order of the numerator and denominator 
polynomials. Answer, (a) (s* + 4s* + l)/(3s s + s ); (b) 3$/(** + !)• 
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12-2. Repeat Prob. 12-1 but find the driving-point admittance of 
the networks shown below. Answer, (a) ( s 4 + lls 2 /6 + l/6)/(s 8 s/2 ); 

(b) 3(s 8 + 7s/2)/(s 4 + 14s 2 + 30). 



Prob. 12-2. 


12-3. A certain LC network is known to have a driving-point imped¬ 
ance with poles at the frequencies of 0 and 2 radians/sec and zeros at 
1 and 3 radians/sec. Determine the driving-point impedance as a 
quotient of polynomials (expanded) if H, the multiplying factor, is 
unity. Answer. Z(s) — (s 4 -j- 10s 2 + 9)/(s 3 + 4s). 

12-4. Which of the following functions may represent driving-point 
impedances for LC networks? In each case, why? 


W±7 3X^M 0» ± * X - 2S)( t7 36} 

(« 2 — 16) (to 2 — 64) jw (oj 2 — 49) 


(c) ± ja> X 


(* 2 - 3) 

(w 2 - 1)(« 2 - 5) 


(d) ±j'5w X 


(w 2 - 16) (a) 2 - 25) 
(o> 2 - 4)(w 2 - 9) 


Answer, (a) No—no pole or zero at <x>; (b) No—separation property. 

12-5. For the LC networks shown in the figure, determine; (a) 
whether zero frequency represents a pole or a zero, and (b) whether 
infinity (frequency) represents a pole or a zero of the impedance func¬ 
tion. Do this by inspection of the networks (and not by determining 
the driving-point impedance). 



Prob. 12-6. 
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12-6. For the following network functions (representing LC net¬ 
works), (a) sketch the pole-zero configuration in the s plane, and 
(b) sketch the reactance function X as a function of frequency «. 
Examples of the type of sketches desired are given in Fig. 12-7 and in 
Fig. 12-8. 

. (s 2 4- 36) (s 2 + 100) . 10 (s 2 + l)(s 2 + 36) 

W os + 3.6) (s 2 + 81) 1 ' s (s 2 + 9)(s 2 4- 64) 

s(s 2 + 5) (s 2 + 49) , (s 2 + 25) (s 2 + 81)(s 2 + 144) 

W (s 2 + 4)(s 2 + 25) (s 2 4- 81) W s(s 2 4- 64) (s 2 + 100) 

12-7. In this problem, we will consider which sign should be used in 
Eqs. 12-51 and 12-52. Show that for Case 2 and Case 3 the sign of the 
equation should be negative and that for case 1 and Case 4 the sign 

should be positive. 

12-8. A network function has a pole 
at w = 4 and a zero at w — 10. These 
two are the only internal critical fre¬ 
quencies. It is required that the magni¬ 
tude of reactance be 100 ohms at a ~ 6 
radians/sec. Determine (a) the sche¬ 
matic diagrams of the two Foster net¬ 
works corresponding to these specifications, and (b) the element values 
for the two networks. 

12-9. A reactive network is to be designed to serve as the load for a 
vacuum tube amplifier. The following specifications are given for the 
LC impedance function. (1) The internal critical frequencies are: 
1000 cycles/sec (a zero), 3000 cycles/sec, 4000 cycles/sec. (2) The 
slope of the reactance vs. frequency curve must be 100 ohms per kilo¬ 
cycle/sec at a frequency of 1000 cycles per second. From these spec¬ 
ifications: (a) Sketch the pole-zero configuration and the X{<a) curve. 

(b) Determine the schematic diagrams for the two Foster networks. 

(c) Determine each element value in the two networks of part (b). (d) 
Which of the two networks would you select for a practical applica¬ 
tion? Consider such factors as estimated cost of elements, taking into 
account the stray capacitance of coils, etc. 

12-10. A driving-point impedance is given by the equation, 

. _ 15s 5 -}- 29s 3 4* 6s 
Z{8) ~ 7.5s 4 4- 7s 2 + 1 

For this impedance function: (a) Determine the first Cauer network 
configuration, (b) Determine the value of each element in the network 
(c) Find the nature of the external critical frequencies (that is, does 
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zero frequency represent a pole or a zero, etc.), (d) Sketch the pole- 
zero configuration for Z(s). 

12-11. A driving-point impedance is given as 


Z(s) - 


2s 4 + 13s 2 + 5 
12s* + 5s 


For this impedance function: (a) Determine the second Cauer network 
configuration, (b) Find the value for each element in the network, 
(c) Investigate the nature of the external critical frequencies (are they 
poles or zeros?), (d) Sketch the pole-zero configuration for Z(s). 

12-12. For the pole-zero configuration shown, draw the schematic 
diagrams of the two Foster and two Cauer networks. (Do not deter¬ 
mine element values.) Plots are of impedance unless otherwise noted. 

j[- » — -* - 0 -*-|-x-e—x- 0 

u -0 »“°° w-0 «”°° 

w w 

Prob. 12-12. Prob. 12-13. 


12-13. For the pole-zero configuration shown, draw the schematic 
diagrams of the two Foster and two Cauer networks. (Do not deter¬ 
mine element values.) 

12-14. Repeat Prob. 12-13 for the pole-zero configuration of the 
figure. 

4 -*- 4 

<4 m 0 <4 "* CO 

w 

Prob. 12-14. 

12-15. Starting with Eq. 12-103, verify Eq. 12-106. 

12-16. Draw the two Foster and two Cauer networks for the pole- 
zero configuration shown in the figure. 

}--- 1 

w-0 w- 00 

w 

» 

Prob. 12-16. 

12-17. The following specifications are made for an LC network: 

(a) the first element must be a capacitor in series (to avoid a d-c path), 

(b) the network must have zero impedance at w = 2 radians/sec, (c) 
at 1 radian/sec, the impedance must have a magnitude of 10 ohms; 
that is, \Z(jl)\ = 10, (d) the network must have the smallest possible 
number of elements. Draw the network schematic and indicate ele¬ 
ment values. Answer. L = ^ henrys, C — An farad. 



CHAPTER 13 

TWO-TERMINAL-PAIR REACTIVE 
NETWORKS (FILTERS) 


The discussions in Chapter 12 were confined to networks with one 
terminal pair (the driving-point terminals). In this chapter, we will 
study ^ipo-terminal-pair networks. One of the terminal pairs will be 
identified as the input, the other as the output. Our ultimate objective 
is to design networks to give a specified relationship between voltages 
or currents at one terminal pair and voltages or currents at the other. 

The concepts in this chapter are thus 
transfer as well as driving-point in 
nature in contrast to exclusively 
driving-point in Chapter 12. A rep¬ 
resentation of a two-terminal-pair 
network is shown in Fig. 13-1. In 
the work to follow, the two terminals 
marked 1-1 will be identified with the input and the two marked 2-2 
with the output unless otherwise specifically noted. 



Pig. 13-1. Two-terminal-pair net¬ 
work. 


13-1. The ladder network 

Most of our studies will concern the ladder network structure. The 
ladder structure is important historically; it was the first structure used 
in constructing a design procedure for filters. In addition, the concepts 
developed for the ladder structure can be applied to other structures 



Pig. 13-3. Standard ladder network designations. 

such as the lattice. A standard ladder network is shown in Fig. 13-2. 
By convention, the impedance of all series elements is Zi(s) and of all 
shunt elements is Z,(«). For our studies, it will be convenient to sep¬ 
arate the standard ladder network into two other network structures: 
the T section and the t section. This separation and the resulting 
values for the series and shunt impedances is illustrated in Fig. 13-3. 

310 
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The network shown in Fig. 13-3 (c), together with the specific imped¬ 
ance designations, will be adopted as a standard T section. The net¬ 
work of Fig. 13-3 (d) will likewise be adopted as a standard v section. 
All equations we shall develop for T or ir sections will refer to these 
specific standard networks. The T and tt section building blocks can 




(c) id) !e) 


Fig. 13-3. Evolution of the ladder network into tandem networks 
of (a) T sections; (b) w sections; (c) a T section; (d) a v section; and (e) 
an L section. 



Fig. 13-4. (a) T section from two L sections; (b) section from two 

L sections. 


be divided one step further into a more primitive network shown in 
Fig. 13-3(e). This primitive network is designated as a standard L 
section (although the term “inverted L,” or gamma network when 
turned end-for-end, might seem more appropriate from the point of 
view of geometrical similarity). The construction of the standard T 
section and the standard t section from the primitive L section is shown 
in Fig. 13-4. These three network structures will form the basis of the 
studies to follow. 
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13-2. Image impedance 

The T section and r section just discussed are symmetrical in the 
sense that terminals 1-1 and 2-2 could be interchanged. The L sec¬ 
tion, however, is unsymmetrical. In order to derive an equation that 
will apply to either a symmetrical or an unsymmetrical network, con¬ 
sider the unsymmetrical T section shown in Fig. 13-5. Let the gen¬ 
erator impedance be Z g and the load impedance be Z L . We will also 



define Zu as the impedance at terminals 1-1 with Z L connected (and 
Z, disconnected), and similarly Z 2J as the impedance at terminals 2-2 
with Z g connected (but Z L disconnected). When the impedances Z g 
and Z L are adjusted such that 

Zg * Zn and Zl — Z 3 % (13-1) 


an image match is said to exist at terminals 1-1 and 2-2. To add empha¬ 
sis to the special impedance defined by Eq. 13-1, Zn will be written 
Zu, the image impedance at terminal pair 1, and similarly Z i2 will be 
written Zu, the image impedance at terminal pair 2. 

The reason for using the word image is suggested by Eq. 13-1. 
Under the specified conditions, the impedance seen “looking in” at 
terminals 1-1 is the same as that “seen” in a mirror (constructed to see 
impedance) which views the generator impedance. An image match 
exists when the driving-point impedance is the same as the image 
impedance of the generator if terminals 2-2 are also terminated in their 
image impedance. 

For the network of Fig. 13-5, expressions for Z u and Z 3i can be 
written in terms of Z\, Z 3 , and Z%. These equations are 


Zu 


= Z\ -J- 


Zi(Zjl -f- Zu) 
Z% -j- Z% -f- Zu 


Zu = 


Zi(Zx ~4~ Zu 
Z\ + Z% -j- Zu 


(13-2) 

(13-3) 


We have here two equations in two unknowns, Z u and Zu- By routine 
algebraic operation, it is possible to solve for the unknowns. However, 
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a more useful result is found by solving for Z u and Za, in terms of open- 
circuit and short-circuit impedances. Let 
Zu - the impedance at terminal-pair 1 with terminal-pair 2 open, 

Zu - the impedance at terminal-pair 1 with terminal-pair 2 short- 

circuited, 

Zu - the impedance at terminal-pair 2 with terminal-pair 1 open, 

Zu - the impedance at terminal-pair 2 with terminal-pair 1 short- 

circuited. 

For the network of Fig. 13-5, the open-circuit and short-circuit imped¬ 
ances for terminal pair 1 have the values 

Z u ~ Zi *+■ Zi (13-4) 

Z u = Z, + Z f+ Zt (13-5) 


By algebraic manipulation of the last four equations, it is found that 

Zu = (13-6) 

Similarly, Zu — s/Z^Zu (13-7) 

These two equations are the foundation of much of the analysis to fol¬ 
low. For the symmetrical network, the image impedances are equal. 
For this case, the notation will be simplified by letting 

Zu - Zu = Zi (13-8) 


Several examples, important in terms of the discussion to follow, will 
be given next. 

Image Impedance of the T Section. For the T section shown in Fig. 
13-3(c) the image impedance is 


- \/(f + (I + z ) < 13 - 9) 

Z iT = y/Wfi -h ZiZ 2 (13-10) 

Image Impedance of the ir Section. The ir section is shown in Fig. 
13-3(d). The image impedance is found as follows: 


7 __ „ PT~w _ I 2Z2(Zi -j- 2 Zi) 5 

Z iT VZi 0 Zu - yJ 2 Z 2 + 2Z 2 + Zx (Zi 

rr Z1Z2 


2Z1Z5 


+ 2Z 2 ) 


(13-11) 




V% 2 /4 + Z 1 Z 2 


(13-12) 
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Image Impedance of the L Section. The L section shown in Fig. 
13-3(e) is reproduced below as Fig. 13-6. This network is unsymmet- 
rical, and the image impedance must be computed for each terminal pair. 

At terminals 1-1, the image impedance is 

AA/V 


lo 


-o2 


Zi/2 


>HL 


V(Z x /2 + 2Z*)Z 1 /2 


2Zy 


1°~ 


-02 


Fig. 13-6. L section. 


- a/^i 2 /4 + ZxZ 2 (13-13) 
Comparison with Eq. 13-10 shows that 
Zul = Z iT (13-14) 


or that the image impedance of the L section at terminals 1-1 is the 
image impedance of the T section. At the other terminal pair 


2Z *( Z i/2) __ _ ZiZ 2 _ 

K 2) 2Z 2 + Zi/2 ~ ^/zT/i + Z&2 

Comparison of this equation with Eq. 13-12 shows that 

Zul — Z ir 



(13-15) 


(13-16) 


Thus at terminal pair 2 the image impedance is that of the symmetrical 
7T section. The image impedance of the L section appears as a T section 
looking in one direction, and as a r section looking in the other. From 
another point of view this conclusion seems reasonable. Two L sections 
can be combined with an image match to form a T section, with the 
image impedance Z iT on each end as shown in Fig. 13-7. Similarly, 




- - 0“* 


AAA r° 


Zi 


Z ir 


iT 


Zi 


iT 


•* 

(c) 



aa yv -0 —©-AAA/ 


Z iT 


—-O-O— 
16) 



Fig. 13-7. Combination of image matched L sections to form (a) the 
T section, and (b) the ir section. 


L sections combine with an image match to form a v section with Z„ 
at both terminal pairs as required. 

13-3. Image transfer function 

It is evident that we need something in addition to the image imped¬ 
ance concept in the two-terminal-pair problem. The image impedance 
is a driving-point concept. We need a function to relate variables at 
one terminal pair to the other terminal pair. For the time being, we 



Ait. 13-3 


TWO-TERMINAL-PAIR REACTIVE NETWORKS 


315 


will restrict the transfer function to the ratio of currents; thus 

where h is the input current, / 2 is the output (or load) current, and 
G(s) is the transfer function. In the sinusoidal steady state, the trans¬ 
fer function becomes a complex number which may be expressed as a 
magnitude and phase angle as 

G(jo>) = \G(j<a)\e iAn90(ia) (13-18) 

In practice, the magnitude \G(j(a) | is measured in a logarithmic unit 
(the neper) so that 

\G(jo>)\ = e- (13-19) 

The angle of G(ju>) is designated 0, so that 

G(jw) = e“e’ fi = e T (13-20) 

where a — the attenuation (nepers), 0 — the phase shift (radians), 
7 = the image transfer function. As a practical matter, the most com¬ 
mon unit for attenuation is the decibel, abbreviated db, even though 
the definition for the decibel involves the ratio of powers—not voltages 
or currents—as follows. 

aa6 = 10 logio (P1/P2) db (13-21) 

If the power ratio is related to the voltage or current ratio as 

Pi _ Ei 2 Pi h 2 

P 2 ~ P 2 ° r P 2 h 

Jg / 

Then a d b = 20 logio et or 20 logio -J- 

£j 2 [ i 2 

To find the number of decibels corresponding to a neper, under the 
restriction that Eq. 13-22 applies, we substitute for the current ratio 
in the last equation as 

a d b = 20 logio e a — 8.686 a db (13-24) 

Thus adb in decibels is found by multiplying a in nepers by the factor 
8.686 (the neper being the larger unit). 

It should be emphasized that the quantities a and ft are transfer in 
nature. The attenuation is a measure of the ratio of the magnitude of 
the input current (which must be sinusoidal for a to have meaning) 
to the magnitude of the output current. The phase angle 0 is the phase 


(13-22) 

(13-23) 
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of the input sinusoid measured with respect to the output sinusoid. 
Knowing the input current and the image transfer function, the out¬ 
put current is determined when the network is terminated in the image 
impedance. 



Fig. 13-8. Network for computing image transfer function. 


To find the image transfer function for a symmetrical network, 
consider the T section shown in Fig. 13-8. The currents are related 
by the equation 


h _^ + Zi/2 + Zt _ , , Zi ^ Zi 

U " " Z 2 " + 2Z 2 ^ Z 2 


(13-25) 


Solving this equation for Zi, there results 


Zi = Zj 


[V - 


1) 


Zi 
2 Z 2 


(13-26) 


This image impedance is the image impedance of the T section which 
is given by Eq. 13-10, which is 


z<r' = ^ + ZiZ, 


(13-27) 


Squaring Eq. 13-26 and equating this squared equation to Eq. 13-27, 
there results, after common terms are canceled, 


or 


Z 2 2 (e 21 ' - 2e y + 1) - ZiZtfV = 0 

e 2y — 2e y + 1 _ Zi 
e y ~ Zi 


(13-28) 

(13-29) 


This equation can be put in hyperbolic form by recognizing that 
\(e y -j- e~ y ) — cosh y, so that finally 

cosh 7 = 1-}- (13-30) 

A similar expression for the hyperbolic sine is found by making use of 
the identity 


cosh 7 4 - sinh y = e y 


(13-31) 
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Comparing this equation with Eq. 13-25, it is seen that 

sinh y ~ ^ (13-32) 

6 2 

Dividing Eq. 13-32 by 13-30 and canceling the common Z 2 , an equa¬ 
tion is found for the hyperbolic tangent of y, which is 

tanh * - zjrz, (13 - 33) 

This equation can be expressed in terms of the open- and short-circuit 
parameters by making use of Eq. 13-6. 

Zi = V^Z7. (13-34) 

(which could be written for side 2 by replacing the l’s by 2’s, since the 
network is symmetrical) and the expression for the open-circuit imped¬ 
ance for the T network. 


Zi /2 + Z 2 - Z io (13-35) 

Using these two identities, Eq. 13-33 may be written 

tanh y = y/Zu/Z* (13-36) 

This is a most useful form of the equation for the image-transfer func¬ 
tion, which with Eq. 13-34 forms the basis of much of the discussion 
to follow. This equation is more general than is implied by our deriva¬ 
tion. It holds for any passive reciprocal network. (See Prob. 13-2, for 
example.) 

13-4. Application to LC networks 

In a very important class of two-terminal-pair networks, all the 
elements within the network are inductors and capacitors. Since all 
practical elements have resistance, any result based on the assumption 



of purely LC networks is approximate. The results conform to meas¬ 
urements sufficiently well, however, to be of engineering value. From 
Chapter 12, we know that the driving-point impedance of an LC net¬ 
work is purely reactive (and the admittance purely susceptive) such 
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that 

Z(ju) = ±jX(a) and Y(ju) = ±jB(a) 

(13-37) 

The foundation equations for our analysis are 



Zi — y/ZuZu — y/ZioZu 

(13-38) 


tanh y = y/Zu/Zio — y/Zu/Zio 

(13-39) 


for symmetrical networks. In the equations to follow, the subscript I 
will be used with the understanding that it can be replaced by a 2 as in 
these equations given above, as long as the network is symmetrical. 
For reactive networks in the sinusoidal steady state, equations for the 
image impedance and image transfer function become 

Zi — \/(±jXi 0 )(±jXu) (13-40) 

tanh W Wr» (13 ' 41) 

From our knowledge of the properties of LC networks discussed in 
Chapter 12 , we know that the sign of the reactance function changes 
with frequency for driving-point reactances. Here X u and Xu, are 
driving-point reactance functions, although their quotient relates to 
a transfer function. As frequency changes, the sign as well as the 
magnitude of X u and X Xo changes. There are four possible sign con¬ 
ditions summarized below. 


Case 


Xu 

Zi 

tanh 7 

1 

+ 

+ 

jXi 

real 

2 

— 

— 

jXi 

real 

3 

+ 

— 

Ri 

imaginary 

4 

— 

+ 

Ri 

imaginary 


If the signs are the same for Xu and X Xo , the image impedance is 
imaginary and tanh y is real. For opposite signs, Z, is real and tanh y 
is imaginary. These are the only choices. Both and tanh y must be 
real or imaginary, but can never be complex. We next turn our atten¬ 
tion to an investigation of the conditions under which tanh y can be 
real or imaginary. Since y — a + j' 0 , tanh 7 can be expanded as 

, , sinh y sinh a cos 0 -f j cosh a sin 0 ,, n ... 

cosh y cosh a cos 0 -+• j sinh a sin 0 

Dividing both numerator and denominator of the equation by the 
factor cosh a cos 0 gives 

= taiAo +jtaM 
T 1 + 3 tanh a tan 0 


(13-43) 
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Our problem is to make this expression either purely real or purely 
imaginary. There are several possibilities. 

( 1 ) Let a = 0 such that tanh a — 0. For this condition, 

tanh y — j tan 0 (for a — 0) (13-44) 

and tanh y is purely imaginary. 

( 2 ) Let 0 = 0 such that tan /3 = 0; then 

tanh 7 = tanh a (for 0 = 0, ±ir, +2ir, ...) (13-45) 

and tanh y is purely real. 

(3) Let 0 = v/2 (or odd multiples of this angle) such that tan 0 
approaches infinity. In the limit, 

tanhT = tS3T^ (f°r0= ±|> ±y. ±% ...) (13-46) 

and again tanh y is purely real. 

Any other values of a and 0 will make tanh y complex, and this is 
not permitted. Hence there are only three possibilities for values for 
a and for 0, as summarized below. 


Value of tanh y 


Heal 


Imaginary 


Conditions of a and 0 

tanh_l Vfe 


a 


0 


a 


0 


a 


0 


0, +ir, jr2ir, . 
or 


tanh" 


IXu 

VX U 


, * . 3» 
± 2’ ± T 
0 

tan -1 


IXr , 

yjx l0 


It is now possible to extend the table given on page 318 to 
the values of a and 0 for the four cases. 


(13-47) 


(13-48) 

(13-49) 

include 


Case 

jX lt 

y jo 

Zi 

tanh y 

a 

0 

1 

+ 

+ 

jXi 

real 

a 7 ^ 0 

0 or v/2 

2 

— 

— 

jXi 

real 

a ^ 0 

0 or t /2 

3 

+ 

— 

Ri 

imaginary 

0 

M0 

4 

— 

+ 

Ri 

imaginary 

0 

0 * 0 


We now have sufficient information to examine the different cases in 
terms of both a transfer quantity, the image transfer function, and a 
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driving-point quantity, the image impedance. At some value of fre¬ 
quency, assume that the signs of Xu and Xu are such that the con¬ 
ditions of Case 1 or Case 2 apply. Then the image impedance at 
terminals 1-1 is imaginary. This is the impedance of the network 
presented to the generator when terminated in Z,. We associate this 
reactive load with the condition of no power transfer. From the trans¬ 
fer point of view, the attenuation a is positive and real, which means 
that the load current It is smaller than the generator current h (see 
Eq. 13-17). The current is attenuated or, so to speak “stopped.” 
Under the conditions of Case 1 and Case 2, the frequencies are desig¬ 
nated stop frequencies, and the band of stop frequencies is designated 
the stop band. 

When the signs of X u and Xu are opposite, we have Case 3 and 
Case 4, where the image impedance is real and the attenuation a is 
zero. From the driving-point impedance point of view, the load is now 
resistive and there is power transfer. With no attenuation, the mag¬ 
nitude of It is equal to the magnitude of I x (although there will be a 
difference in the phase of the two currents). For these cases, the cur¬ 
rent is “passed.” Such frequencies as give the conditions of Case 3 
and Case 4 are designated pass frequencies. A band of pass frequencies 
is identified as a pass band. The frequency of transition from pass band 
to stop band or vice versa is assigned the name cutoff frequency. 

The reactance function X u and X Xo vary with frequency according 
to several rules discussed in Chapter 12: 

(1) The slope of the reactance curve dX/doi is always positive. 

(2) As a consequence of the slope property, the poles and zeros (or 
points of resonance and antiresonance) alternate as a function of 
frequency. 

(3) The external frequencies (that is, « — 0 and u> — °o) are always 
either poles or zeros. 

Since the critical frequencies of the reactance function determine the 
nature of the reactance versus frequency plot, we suspect that the 
critical frequencies somehow relate to the pass band, the stop band, 
and the cutoff frequencies. We can study the relationships by compar¬ 
ing the reactance curves made for Xu and X u . Both plots will have 
the general appearance of the plot shown in Fig. 13-10. In comparing 
the critical frequencies of Xu, and Xu, we recognize that there are three 
possibilities: (1) the critical frequencies will coincide but be opposite 
in nature, (2) the critical frequencies will coincide but be the same 
type, and (3) the critical frequencies will not coincide. These three 
possibilities are illustrated in Fig. 13-11. 
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The reactance plots for X u and X i0 for the first possibility are 
shown in Fig. 13-12. At noncritical frequencies, the signs for X u and 
Xio are always opposite. At critical frequencies, the two functions 
change signs at the same time to preserve this opposite sign nature. 
From the table on page 319, we see that opposite signs for X u and Xi „ 



Fig. 13-10. Reactance plot for LC network. 
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Fig* 13—11. Comparison of critical frequencies of i<> and X u . 



Rg* 13-12. Reactance plot for opposite signs of Ai, and Xu. 


correspond to Case 3 and Case 4 for which a = 0. At all frequencies 
where Xu and Xi 0 are opposite in sign, there is no attenuation and the 
frequencies are pass frequencies. A band of frequencies for which this 
condition holds is thus a pass band. 

The second possibility shown in Fig. 13-11(b) results in reactance 
plots having the same sign for all values of frequency. Such a reactance 
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plot is shown in Fig. 13-13. With the same sign for Xu and Xu,, we 
have Case 1 or Case 2 on the table of page 319, corresponding to 
attenuation, A band of frequencies with the same sign for Xu and Xu 
is therefore a stop band. 

The last possibility is illustrated in Fig. 13-14: a critical frequency 
exists in either Xu or Xu without being in the other one. At the crit- 



Fig. 18-18. Hcftctjincc plot for stiinc sign of A i, &nd .\ ]«. 



Fig. 18-14. Condition for cutoff frequency from .Y lt and Xu. 
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Fig. 18-15. Stop and pass bands and cutoff frequency. 


ic&l frequency, the sign of one reactance function changes but the 
other does not. This condition corresponds to changing from a pass 
band to a stop band or vice versa. Such critical frequencies are thus 
cutoff frequencies. An example of a plot with each of the three condi¬ 
tions existing and with the corresponding designation of pass band, 
stop band, and cutoff frequency is shown in Fig. 13-15. 
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We are now in a position to study further the nature of the image 
impedance in terms of the critical frequencies of the open- and short- 
circuit impedance functions, Z Xo and Z u . The image impedance is 
given by Eq. 13-6 as 

Zi = y/Z^Jl, (13-50) 

In terms of the poles and zeros of Z Xo and Z u , the image impedance 
may be written 


Zi = 



(S 2 -f <02 2 )(S 2 + fa?4 2 ) ■ ■ ■ Hj (s 2 + <»>a 2 ) • • • 
(s 2 -j- wi 2 )(s 2 + C0 3 2 ) ... S (s 2 + C 0 6 2 ) . . . 


(13-51) 


where two of the possible impedance forms have been assumed for Z Xo 
and Z u . In the pass band, the poles of Z i0 are zeros of Z u or vice versa. 
Such factors, for example (s 2 + « 2 2 ) and (s 2 -f- <o& 2 ) if o >2 = u>b, cancel 
term by term and hence are not critical frequencies of Zi. In the stop 
band, the poles and zeros of Z Xo and Z u coincide and so may be removed 
from the radical. Stop-band critical frequencies are thus critical fre¬ 
quencies of Z{. A cutoff frequency appears as a critical frequency in 
either Z Xo or Z u (never both). In a typical frequency term (in the 
sinusoidal steady state where s = j<a), 

(-C0 2 + CO! 2 ) (13-52) 

the sign of the term changes as to exceeds coi, causing a change of sign 
within the radical. This change of sign changes Z, from a real number 
to an imaginary number or vice versa. One plot of Z,- for a filter is 



Fig. 13-16. Image impedance variation in the pass band and stop 

band. 


shown in Fig. 13-16. Note that Z,- changes from a resistance to a react¬ 
ance at the cutoff frequency, and again, that the critical frequencies 
of Z u and Zu in the stop band are the critical frequencies of Z, in the 
stop band. 
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Example 1 

To illustrate the application of the concepts of this section to specific 
network configurations, consider first the T section shown in Fig. 13-17. 



Fig. 13 -17. T network of Example 1 with open-circuit and short- 

circuit networks. 


We will determine the poles and zeros of the impedance functions Z u 
and Z u, and from this determine the pass band, the stop band, and the 
cutoff frequency. The open-circuit impedance is 


Z i„(s) 


Ls , 

T + Cs 


1 LCs* + 2 


2 Cs 


(13-53) 


and the short-circuit impedance function is 

-z _ Ls , 1 _ ULCs* + 4s) /10 

Zu(8) - 2 + Cs + 2/Ls ~ 2(LCs* + 2) (13 ' 54) 


From these two impedance functions, the poles and zeros are found to 
have the values tabulated below. 



Zu 

Zu 

Poles 

zero 

infinity 

infinity 
w = \/2/LC 

Zeros 

« = V2 /LC 

zero 

2 

M = — 7=. 

Vlc 


These are shown in Fig. 13-18, together with the designations of the 
frequencies in the pass band and in the stop band. The value of the 
cutoff frequency for this network is seen to be 


2 



(13-55) 


which is a zero of Zu. As a filter, this network passes the low frequen- 
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together with the pass band, stop band, and cutoff frequency designa¬ 
tions. As a filter, this network rejects low frequencies but passes high 
frequencies. This type of filter is designated a high-pass filter. 

Example S 

The network for this example has element values given in order to 
simplify the algebra in computing impedances. The network is a T 



Fig. 13-21. T network of Example 3 with the open-circuit and short- 

circuit networks. 



Fig. 13-22. Band-pass filter poles and zeros. 


with two elements in each branch. From the schematic diagrams the 
impedance expressions are found to be 


_ s 1 1 _ s 4 + 4s 2 + 1 

*• 2 i " 2s “*■ s + 1/s 2s(s 2 + 1) 

and similarly, 


(13-58) 


s i 1 _ s« -f 7s 4 + 7s 1 + 1 

2 + 2s + s + 1/* + l/(s/2 + l/2s) ” 2s(s 4 + 4s 2 + 1) 

(13-59) 


This last equation looks rather formidable, being of sixth order (or 
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rather third order in s 2 ). However, the fact that an s 2 4 - 1 term appears 
in the equation for Z i0 as a pole leads one to suspect that (s 2 -f 1 ) 
might also be a zero of Z u . Inspection of the pole zero plot of Fig. 
13-22 with all poles and zeros plotted except the zeros of Z u adds to 
the suspicion. Factoring, there results 

s 8 7s 4 -f- 7s 2 + 1 = (s 2 4~ l)(s 4 4* 6s 2 4~ 1) (13-60) 

from which all zeros can be found using the quadratic formula. A 
summary of values for the poles and zeros follows. 



Z lo 

Zu 


zero 

zero 

Poles 

CO - 1 

CO = V 2 ± V3 


infinity 

infinity 

Zeros 

w = V 2 + \/Z 

CO = 1 

CO = V 3 ± 2 \/2 


A plot of these poles and zeros is shown in Fig. 13-22. It is seen that 
there are two cutoff frequencies and that both low-frequency and 
high-frequency bands are stop bands. Frequencies in a center band 
are pass-band frequencies. Filters of this type are designated band¬ 
pass filters. An opposite type of filter with pass bands at low and high 
frequencies and a stop band at a center band of frequencies is a band- 
elimination filter. 

Short-circuit and open-circuit measurements can be used as a prac¬ 
tical means of analyzing an unknown two-terminal-pair network in the 
laboratory. Suppose that the two-terminal-pair network is connected 


/ 


Sine wave 
generator 



Open or 
closed 


Fig. 13-23. Experimental apparatus to study filters. 

to a sine wave generator as shown in Fig. 13-23. If the current is 
measured by an ammeter marked I (or a dropping resistor together 
with a cathode ray oscillograph) as frequency is changing with output 
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voltage maintained constant, a plot shown in Fig. 13-24 will be 
obtained. The current will have a maximum value at a zero of imped¬ 
ance and a minimum value at a pole of impedance. The incidental 
resistance of the elements prevents the current from becoming zero or 
infinity. The same rules that have been used in our network analysis 
can be applied to the experimental results. If /,* is at a minimum value 
when /«* is at a maximum and vice versa, measurements are being 



made in the pass band. When a maximum or minimum is recorded for 
/« or It but not for the other, that frequency is a cutoff frequency. 
When It and It are both maximum or minimum at a given frequency, 
that frequency is in the stop band. The case illustrated in Fig. 13-24 
evidently corresponds to a low-pass filter. 

We now have practice in locating pass bands, stop bands, and cut¬ 
off frequencies. We next turn our attention to the problem of com¬ 
puting the attenuation a in the stop band, and the phase shift 0 in the 
pass band, for a number of important filter networks. We will also be 
concerned with the variation of the image impedance with frequency 
for these networks. 


13-5. Attenuation and phase shift in symmetrical T and r networks 

Expressions for the image impedance of symmetrical T and x net¬ 
works were derived as Eqs. 13-10 and 13-12. These equations may be 
rearranged to show the significance of the factor (Zi/4Zi) as 


z<r = VzmTZ^t - VZiZtd + Zi/4Z,) 


z, 


z»z. 


<> 


■v/Zi*/4 + Z»Zt 



ZxZt 

+ Z,/4Z, 


(13-61) 

(13-62) 


We have shown that in the pass band the image impedance is real and 
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that in the stop band the image impedance is imaginary. These equa¬ 
tions permit determination of pass bands and stop bands, using this 
image impedance criterion. When the factor 

1 + Z,/4Z 2 (13-63) 


changes sign, the nature of the image impedance must change, real to 
imaginary or imaginary to real. Hence cutoff frequencies occur when 


Zi_ 
4 Z, 


-1 


(13-64) 


This equation offers an alternate method for analyzing a network 
directly in terms of the series and shunt impedances rather than in 
terms of open- and short-circuit impedances used in the last section. 
The factor (Zi/ 4Z 2 ) is evidently of importance in the analysis of filters, 
since once cutoff frequencies are known, the nature of the network is 
readily established by knowing whether the network passes or stops 
at one additional frequency. 

An equation may be derived relating the image transfer function to 
the factor (Zi/ 4Z 2 ). The derivation begins with Eq. 13-30, which is 

cosh T = 1 + (13-65) 


This equation was derived for a T section, but also applies to a r sec¬ 
tion (see Prob. 13-2). Dividing both sides of the equation by 2 and 
rearranging, we have 


cosh 7 — 1 _ Zi 
2 Wi 


(13-66) 


By an identity for hyperbolic functions, 


cosh 7 — I 
2 


— sinh 2 1 = 


Zx 

4Z 2 


(13-67) 


Expanding this equation in terms of the real and imaginary part of 
7 gives 

gink a ... ±Jl — sinh ? cos ~-\-j cosh ~ sin ^ (13-68) 

Now for reactive networks, Zi — ±jX\ and Z 2 = ±j'X 2 , so that there 
are two possibilities in the radical expression depending on whether 
Zi and Z 2 have the same or opposite signs. We will consider these 
possibilities separately. 

(1) When Zi and Z 2 have opposite signs, that is, Zi = -j-jXi and 
Z 2 = —jXi or Zi — — jX i and Z 2 = +iX 2 , then (Zi/ 4Z 2 ) is negative. 
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The last equation may be interpreted in terms of a positive factor 
(—Zi/ 4Z 2 ). Then 



. , a j8 

sinh - cos ~ = 

0 

(13-69) 


, a . 

cosh — sm = 
Z Z 

, l~ z ‘ 

V 4Z 2 

(13-70) 

This equation may 

be satisfied in two ways: a — 0 or /S = 

- +7T, ±3x, 

etc. Thus either 





a — 0 


(13-71) 

and 

/3 — 2 sin -1 y/~- 

-Zi/4Z 2 

(13-72) 

or 

(3 = ±7T, + 3tT, 

± 5ir, . . . 

(13-73) 

and 

a = 2 cosh -1 \/--Zi/4Z 2 

(13-74) 


(2) When (Zi/4Zz) is -positive , the radical of Eq. 13-68 is real, and 


, a . |8 

cosh ~ sin ~ 


= 0 


sinh ~ cos ~ 
Z z 


IIl 

\4Z 2 


(13-75) 

(13-76) 


In this case cosh (a/2) can never equal zero, so that there is only one 
way in which these equations can be satisfied: /3 must be 0, ± 2ir, etc. 
Thus the solution is 

/3 == 0, ±27t, ±4x, ... (13-77) 

a = 2 sinh- 1 y/ZjIZ z (13-78) 

These two equations apply when (Zi/ 4Z 2 ) is positive. However, 
when (Zi/ 4Z 2 ) is negative there are the two possibilities corresponding 
to Eqs. 13-71 and 13-72 for a pass band, and to Eqs. 13-73 and 13-74 
for a stop band. 

Since we arrive at different conclusions for positive and for negative 
values of (Zi/ 4Z 2 ), zero value for (Zi/ 4Z 2 ) is evidently a point of 
division for the various forms of equations for a and /3. When (Zi/ 4Z 2 ) 
is negative there are two possibilities. The point of division for these 
two equations is given by Eq. 13-64 as Zi/4Z 2 = —1. The different 
possibilities are summarized in the following table. The equations for 
negative values of (Zi/ 4Z 2 ) find the most frequent application, because 
most of our studies will concern networks with opposite signs for Xt 
and Xt. 



Art 13-6 


TWO-TERMINAL-PAIR REACTIVE NETWORKS 


331 


Zi/4Z 2 

Type of 
band 

Attenuation 

a 

Phase shift 

0 

Lower 

limit 


— 00 

-1 

0 

-1 

0 

00 

stop 

pass 

stop 

2 cosh -1 \/--Zx/4Z 2 
0 

2 sinh -1 \/Zi/4Z 2 

±«r, ±3ir, ... 

2 sin -1 y/— Zi/4Z 2 
0, ±2tt, ±4tt, ... 


13-6. Constant-!? filters 

An important class of filters is designed under the condition that Zi 
and Z 2 (as defined for the standard T and standard v section) are 
related by the equation below, where A! is a constant both positive 
and real. 

ZiZ 2 = R 2 (13-79) 

This equality requires that the impedances Z\ and Z 2 be purely reac¬ 
tive and of opposite sign. In the first discussion of filters of this type, 
Zobel* used the letter K in place of the R of our equation. Actually 
R is a preferred symbol because the quantity is dimensionally ohms, 
and R turns out to be the value of the terminating resistance. Even 
though R has replaced K in the defining equation, filters designed on 
the assumption of Eq. 13-79 are universally designated as constant-K 
filters. The advantages, if not the justification of the assumed relation¬ 
ship between Zi and Z 2 , will become evident by algebraic simplifica¬ 
tion, and later by simple network structures. 

To simplify the equations derived in the last section, we will define 
a new variable for the quantity (Zi/ 4Z 2 ) as 


x 2 


~~Z 1 

4Z 2 


(13-80) 


This particular choice of sign is made in order to make x 2 a positive 
quantity, since Zi and Z 2 have opposite signs for constant-!? filters. 
The impedance expressions in Eq. 13-79 are, for reactive networks, 

ZiZ 2 - (±jX l ){+jX 2 ) = +XiX* = R 2 (13-81) 

It is now possible to write the expressions for the image impedance in 
very simple form in terms of R and x. Equations 13-61 and 13-62 


* See reference at end of chapter. 
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become 

Z iT = ft V 1 -x* (13-82) 

Z<, - R .. (13-83) 

V 1 — x 2 

Similarly, the expressions for the attenuation and phase of the last 
section become simple in form. Since we are considering only positive 
values for x 2 , only negative values for (Zi/ 4Z 2 ) in the table on page 331 
need be considered for the time being. In the stop band, by Eq. 13-74, 
we have 

a — 2 cosh -1 x (13-84) 

j8 = ±tt, ±3ir, etc. (13-85) 

In the pass band, by Eq. 13-72, 

a = 0 (13-86) 

0 = 2 sin -1 x (13-87) 

Plots of Z iT , Z iT , a, and /3 against x are shown in Fig. 13-25. These are 
generalized plots. In order for the plots to be specialized to specific 




Tig. 18-25. Normalized plots in terms of x = y/ —Zi/4Zt- 


networks, only z as a function of frequency to need be determined. 
Once x(co) is known, the coordinates may be adjusted for the special 
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cases. This procedure will be illustrated for several examples con¬ 
sidered earlier in the chapter. 

Example 4 

Consider the standard T section shown in Fig. 13-17, (page 324). 
For this network, Z x — juL and Z 2 — —j/wC (note that Z x and Z 2 
are opposite in sign as required). The normalized variable x then 
becomes 


l-Zi 1 0 >L 

1 \ 4Z 2 \4:/«C ' 

1— 

\4/LC 

(13-88) 

Now by Eq. 13-55, the cutoff frequency for this T section is 


2 

COO 2=5 .7= 

Vlc 

so that x becomes 


(13-89) 

(O 

x = — 

CO o 


(13-90) 

Then for this T section, we have the following information: 


<* = 0 and 0 = 2 sin -1 — 

Wo 

0 ^ w ^ wo 

(13-91) 

a — 2 cosh -1 —> 0 = T, 

Wo 

o 

3 

All 

3 

(13-92) 

2 

“° VLC 


(13-93) 

R = VL/C 


(13-94) 


The plots for Z iT , a , and 0 given in Fig. 13-25 apply directly to this 
network, with x replaced by w/w 0 . As discussed previously, the atten¬ 
uation a is usually computed in decibels using the relationship, a* 
= 8.686av P e r «. 

Example 5 

For this example, consider the T network of Fig. 13-19 (page 325). 
The variation of x with w is found as 

* = yj'Ln = = (13-95) 

where the cutoff frequency wo is identified from Fig. 13-20. This T 
section has an inverse relationship to that of Example 1. The equations 
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become 

a = 0 and 0 = — 2 sin -1 —» 

<0 

© 

3 

Al! 

3 

(13-96) 


a = 2 cosh“ l — and 0 = — x, 

0 ^ 03 5s 0)0 

(13-97) 


1 

too = ,- 

2 VLC 


(13-98) 


R = VL/C 


(13-99) 


These equations evidently identify a high-pass filter. In order to make 
use of the normalized plots of Fig. 13-25, only the x axis need be 
inverted, the origin becoming infinity and infinity becoming the origin. 
The resulting plots for Z iT , a, and 0 are shown in Fig. 13-26. 




Fig. 13-26. Characteristics of high-pass filter. 

Example 6 

For the x section of Fig. 13-27, Z, = j*>L and Z 2 - -j/<*C. The 
variable x for this network becomes 


^4/wC y/ 




4/LC 


u> 


O3o 


(13-100) 


lo 


lo— 

Fig. 


^ (J{J^— 
L 


: C/2 


;C/2 


since the cutoff condition, Zi/4Z 2 — — 1 defines o> 0 . This equation is 

identical with Eq. 13-90, indicat¬ 
ing that the attenuation and phase 
shift of this x network are identi¬ 
cal with those of the T network of 
Example 1, and are given in Fig. 
13-25. There is one important dif¬ 
ference, however. The image imped¬ 
ance variation with oj/wo is differ¬ 
ent, being that given in Fig. 13-25(5). For these two different networks, 
the impedance characteristics are quite different even though a and 0 
are identical. 



13-27. t section network 
Example 3. 


of 
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Example 7 

For this example consider the network of Example 3 shown in Fig. 
13-21. This network was shown to be a band-pass filter. The reactance 
functions for this network are 

an d z 2= -j^J ±-- (13-101) 

O) co — 1 

»o that 1 = = (13 ' 102) 

This last equation relates the frequency u> for the filter to the variable 
x of the standard attenuation, phase shift, and image impedance char¬ 
acteristics. By this equation, we perform a frequency transformation. 
The same technique can be used for any filter—band-pass, band- 
elimination, or any combination of such specifications. Plots of a and 
0 for the band-pass filter of this example as shown in Fig. 13-28. 



The networks of our four examples have been very simple, but the 
same concepts apply to more complicated networks necessary to 
accomplish multiple-pass or multiple-stop bands. All networks of the 
constant-# type must have Z\ and obeying the inverse relationship 

Zi = |- 2 (13-103) 

and this restriction limits the possible forms for Z\ and Z 2 . We are 
familiar with two forms of networks that obey this relationship, the 
Foster forms of networks. The relationship 

Y,- r 


(13-104) 
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is satisfied if, for example, 



7 _ r>2 (® 2 + Sl2 ) • * * 

1 s(s’ + s, ! )... 

(13-105) 

and 

y _ (S ! + S, ! )... 

2 s(s 2 + S2 2 ) . . . 

(13-106) 


(Other multiplying factors will also satisfy Eq. 104.) Hence if Z i is 
realized as a Foster No. 1 type of network and Y 2 is realized as a Foster 



Pig. 13-29. Foster network forms. 


No. 2 admittance network, the resulting filter will be constant-#. A 
typical term in the admittance expansion of Y 2 is given by Eq. 12-64; 
it is 


Y(s) - 


s/L n 

(s 2 + l/L n C„) 


(13-107) 


for a series LC network. Similarly, typical terms of the impedance 
expansion of Z(s) will have a form given by Eq. 12-60, as 


m = 


s/C m 

(S 2 + l/L m C m ) 


(13-108) 


Since by Eq. 13-104 these equations for F(s) and Z(s) containing the 
above typical terms must be equal, we have 

Zi(s) - fi 2 F 2 (s) (13-109) 

or, in terms of the product forms for F(s) and Z(s), 

_ Nl(8) __ ___ d 2 _ ^2(^8) _ /■*« 1 in\ 

(s* + l/i„C„)(s* + l/L„ +> C m+2 )... (« ! + l /LjC.)... ' ' 

This equality is possible only if, term by term, 

L„C„ = L n Cn = -i, (13-111) 

«» 

or, for similar network configurations, in the two Foster forms, 



(13-112) 
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for the constant-# network. As an illustration of these conclusions, 
consider the network shown in Fig. 13-30. In order for this network to 
be constant-#, it is necessary that 

L,C, = L,C t = -1 (13-113) 

0)0 

This concept is useful in the design of constant-# filters. 



Fig. 13-30. Constant-A filter when LiCi — L 2 C 2 . 



Fig. 13-31. Ladder networks satisfying the requirement of recipro¬ 
cal impedances, ZiZ 2 = R*. Note that Z x is the driving-point imped¬ 
ance and that Z\ is the impedance of a ladder element. 



Fig. 13-32. Composite filter of T sections. 

The networks used for Z x and Z 2 need not be of the Foster forms. 
The two ladder structures shown in Fig. 13-31 satisfy the requirement 
that Z\Z 2 — R 1 . 

We will define a composite filter as a filter made up of the cascade 
connection of a number of standard T or standard ir sections. Con¬ 
stant-# networks can be connected in tandem to form a composite 
filter provided an image impedance match exists at each terminal pair. 
To illustrate, consider a standard T section. Figure 13-32 shows a 
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representation of n such sections connected in tandem. Note that at 
each terminal pair in the composite structure there exists an image 
match (such that the equations we have derived hold). The attenua¬ 
tion of n sections is 

a — 2n cosh -1 — (13-114) 

0)0 

from Eq. 13-92. Attenuation curves 
for several values of n are shown in 
Fig. 13-33. Evidently the effective¬ 
ness of the composite filter in provid¬ 
ing attenuation in the stop band is 
increased by increasing the number of T sections in tandem. However, 
if a “sharp” cutoff is required by specifications, a large number of T 
sections must be used in the composite filter. The limitations of eon- 
stant-A composite filters are: 

(1) A large number of T sections is required to attain high atten¬ 
uation in the stop band near the cutoff frequency. This large 
number of elements may make the cost of the composite filter 
prohibitive. 

(2) The composite network cannot be terminated in the required 
image impedance shown in Fig. 13-25(a), because no such ter¬ 
minating impedance exists. Terminating the filter with a con¬ 
stant resistance R introduces mismatch at all but one frequency. 

13-7. The m-derived filter 

The need for a filter section with high attenuation in the stop band 
near cutoff frequency led to development of the m-derived filter by 
O. J. Zobel in 1923. The filters considered in the last section were a 



Fig. 13-33. Attenuation in com¬ 
posite filters. 


o -— 

Z{/2 


-A/W- 

Z[!2 


r -.T 




'iT 


(a) 


o-VA—I—VA—° 

Zi/2 l Zi/2 

Z iT -*- ^#2 -*—Z ir 

o-1-o 


16) 


Fig. 13-34. Networks with the same image impedances: (a) new; (b) 

old. 


very restricted class of filters satisfying the requirement that the prod¬ 
uct ZiZi be a constant. If other combinations of elements are per¬ 
mitted, it seems intuitively possible that some arrangement of elements 
will give the required high attenuation near cutoff frequency. Zobel 
approached this problem with one specification for the new network. 
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Anticipating that the resulting section might be used in tandem with 
constant-# filter sections, he specified that the image impedance of 
the new network be the same as the standard T or standard ir section. 
This requirement is illustrated in Fig. 13-34. The new impedance terms 
are designated Z x and Z 2 '; the impedance terms for the constant-# 
sections are designated Z x and Z 2 , We have the requirement that the 
two networks have the same image impedances; we need some further 
premise in order to relate Zi, Zz, Z x ', and Z 2 '. Zobel assumed that 
Zi and Zj were related by the equation 

Zx — mZ\ (13-115) 

where m,is a constant. This may seem to be an unusual assumption to 
make. We should expect that our assumption might instead relate to 
the attenuation properties of the new filters, or perhaps the desired 
form of image impedance. It is difficult to anticipate the surprising 
results that follow from this simple beginning. 

With Z\ fixed, let us see what happens to Z 2 ' in terms of Z x and Z 2 . 
Equating image impedances, 

! K1 + ZiZi - X + Z,Zs (13-116) 

Substituting the condition Z x - mZ x into this equation and solving 
for Zz, there results 

z ’'-C^r) z ‘ + 4 z * < 13 - 117 > 

The schematic representation of the new m-derived network is shown 
in Fig. 13-35. 

A similar derivation may be given 
for the ir section by assuming that 
any new network structure must 
have the same image impedance as 
the standard ir network and further 
making the assumption that 

Zz' = — (13-118) 

m 

The image impedance of the ir section is given by Eq. 13-12. Using this 
equation and 13-118, the impedance Z x is found to have the value 



Fig. 13-35. m~derived T section. 


1 



340 TWO-TERMINAL-PAIR REACTIVE NETWORKS Chap. 13 

which is the impedance of a parallel combination of the impedances 

mZ\ and - — i Z 2 (13-120) 

1 — m 2 

The resulting m-derived w section is shown in Fig. 13-36, together with 
the schematic for the standard v section. 


(4m/I - m 2 )Z 2 



(a) (6) 

Fig. 13-36. Comparison of (a) standard section, and (b) m-derived 

section. 


Now that we have the m-derived structures, our next task is to 
compute the attenuation to see that we have attained our objective. 
First, a physical interpretation of the results thus far can be seen in a 
specific example. Suppose that we select a low-pass filter of the type 
shown in Fig. 13-17 and in Fig. 13-27 for the T and ir sections, respec- 


mL 



(a) (6! 

Fig. 13-37. m-derived low-pass filter sections: (a) T section; (b) * 

section. 


tively. The equivalent m-derived sections are shown in Fig. 13-37. 
For these networks, let us ask, what can possibly give infinite attenua¬ 
tion at a particular frequency? The m-derived T section shown in 
Fig. 13-37 will have infinite attenuation (or no transmission) when the 
series LC circuit is in resonance. Under this resonance condition, the 
series LC circuit is the equivalent of a short circuit, such that all cur¬ 
rent by-passes the load. This resonant frequency is thus a frequency 
of infinite attenuation designated as It has the value 

= _ 1 _ 

V[(l - m 2 )/4m]L(mC) 


(13-121) 
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or .- (13-122) 

V1 “ 

since the cutoff frequency w 0 has the value 2/ y/LC by Eq. 13-55. 

At this same frequency, the parallel circuit of Fig. 13-37(b) will be 
in parallel resonance (antiresonance) having infinite impedance. Under 
this open-circuit condition, no current can pass through the series ele¬ 
ments, and hence there will be no current in the output. This corre¬ 
sponds to infinite attenuation for the ir section. We now begin to see 
that altering Z\ in the T, and Z 2 in the r has introduced a new element 
either in series or in parallel in such a way as to prevent transmission 
at one particular frequency. 

The equations for attenuation and phase shift in the m-derived filter 
sections can be found by computing the factor x defined by Eq. 13-80 
in terms of the new reactance functions Z\ and Z%. Thus 


,, _ -Z x ' _ -mZ x 

X " 4 Zt' 4[Zi(l - m 2 )/4m + Z%/m] 

__ — m 2 _ 

1 — m 2 -{- 4Zx/Z\ 


(13-123) 

(13-124) 


In this expression, we recognize that ~4Z%/Z\ — l/x 2 , where x is the 
factor used in the study of the constant-# filter sections. When this 
factor is substituted into Eq. 13-124, there results 


x 


'2 


m- 

— (1 — m 2 ) -f- l/x 2 


(13-125) 


From this equation, we see that as x approaches the value given by 


x 2 


1 

1 — m 2 


(13-126) 


then x' 2 approaches infinity such that cosh” 1 x', the attenuation, also 
approaches an infinite value. The value of x causing infinite attenua¬ 
tion will be designated x« such that 



(13-127) 


With this definition, Eq. 13-125 may be written 

„ __ m 2 _ 

X -i/x« 2 + l/x 2 


(13-128) 


In this equation, x — a normalized frequency relating to constant-# 
filters, x' — a normalized frequency derived for m-derived filters as a 
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function of x, = the value of x causing x' to be infinite, and m = a 
constant for the m-derived filter section. Inspection of this equation 
shows that when x is less than x m , then x' 2 is negative, while for x 
larger than x„, x' 2 is positive. In order to associate these conditions 
with pass band or stop band and the equation for attenuation, we will 
refer to the table on page 331. Comparing this table with the different 
possibilities for the sign of x 2 , we reach the conclusions summarized 
below. 

Sign of Limits of Type of Attenuation Phase shift Derived as 
x n x 2 band p equations 

positive 0 | i 1 | 1 pass a — 0 p — 2 sin"" 1 x' 13-71, 13-72 

positive 1 g x 3 g x m 2 stop a — 2 cosh -1 x' ±jr 13-73, 13-74 

negative x x 2 £ x 2 sj « stop a — 2 sinh" 1 x' 0 13-77, 13-78 

, m 1 

V{ -1 /*.** VIwi* 

A plot of these equations (for positive values of x) is shown in Fig. 
13-38, together with the same characteristics for the constant-A filter 



Pig. 18-38. Characteristics of the m-derived filter: (a) m-derived; 

(b) constant-K. 

section. The plot illustrates the high attenuation near the edge of the 
stop-band feature of the m-derived filter. Comparing the plot with 
that for the constant-A filter, it is seen that the attenuation for the 
m-derived filter approaches a minimum value for large values of x, 
whereas the constant-A filter attenuation approaches a large value for 
large x. Each type of filter sections has advantages and disadvantages. 
Since both sections have the same image impedance, there is a pos¬ 
sibility of use of a combination of both filter types to get both the high 
attenuation near the edge of the stop band and at large values of x. 

Figure 13-38 shows that when x — z x , the phase shift in the m-derived 
filter section changes abruptly from r to 0 degrees. In terms of the 
equations, this is caused by the sign of x' 2 changing from positive to 




Ait. 13-7 


TWO-TERMINAL-PAIR REACTIVE NETWORKS 


343 


negative. A physical reason for this phenomena can be seen in the low- 
pass filter illustrated in Fig. 13-37(a) in terms of the series LC circuit. 
As frequency increases through resonance, the LC circuit reactance 
changes from negative to positive (or from capacitive to inductive). 
Since no phase shift is possible in a network with the same kind of 
reactance in all arms, the “effective” inductive network above res¬ 
onance gives no phase shift. This resonant frequency, incidently, 
corresponds to 

In designing m-derived filters, the question will arise, why not make 
x m = 1 by making m = 0 to make the filter have an extremely sharp 
cutoff in the stop band? More generally, what happens to the atten¬ 
uation characteristics as m is varied? To answer this question, we will 
investigate the attenuation of the m-derived filter at large values of 
x. From the equation for attenuation given in the table on page 342, 
the attenuation for large x approaches a value a tim given as 


otiim = 2 sinh -1 


m 


y/\ ~ m 2 

or, from the identity cosh 2 a lim — sinh 2 a lim = 1, 


(13-129) 


cosh 2 ^ - 1 + sinh 2 ^ 


1 + 


‘> 

ra~ 


1 — m 2 1 — m 2 


(13-130) 


Now 

Hence 


= tanh = m/ ^ 1 ~ m '' = m (13-131) 
cosh (a Hm / 2) 2 1/Vl - rn 2 


ociim = 2 tanh -1 m 


(13-132) 


From the last equation, it is seen that as m becomes small, approach¬ 
ing zero, the attenuation for large x, 
aum also becomes small. Also, from 
Eq. 13-125, x' is seen to become small 
as m becomes small (for any value of 
x), and this in turn reduces the mag¬ 
nitude of the attenuation for all 
values of x. Thus the price paid for 
sharp cutoff is reduced attenuation for 
ail frequencies, x being some func¬ 
tion of frequency. These conclusions 
are illustrated in Fig. 13-39 for two 
values of m* 



Fig. 13-39. Variation of attenu¬ 
ation characteristics of m-derived 
filters as moves closer to cutoff 
(x « 1). 


* Another reason for avoiding small values of m is that finite dissipation in the 
filter elements results in finite attenuation at x mt this finite attenuation being 
smaller as m —* 0. 
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From this discussion, the value of the constant m of the m-derived 
filter is seen to determine the nature of the variation of attenua¬ 
tion with x. The constant m also determines element values in the 
m-derived T and x sections. Since in these structures, element values 
are determined by a multiplying factor (1 — m l ), it follows that m 
cannot exceed unity in value; that is, 

0 < m < 1 (13-133) 

(Note: This limitation applies only to the ladder structures. Values of 
m larger than 1 are used in lattice structures to give linear phase char¬ 
acteristics.) There is another significance attached to the value of m 
in terms of image impedance of the m-derived sections. This will be 
our next subject for study. 

13-8. Image impedance of m-derived half (or L) sections 

The m-derived T section is shown in Fig. 13-35, and the m-derived 
x section in Fig. 13-36. These sections were found under the assumption 
that the image impedances are the same as the constant-# filter sec¬ 
tions. If the T and x sections are divided into half (or L) sections , an 
unexpected image impedance characteristic is found. This result we 
must regard as a bonus; certainly it is not a consequence of any require¬ 
ments made of the m-derived filter. A different image impedance 


(2m/l-m2jZ 2 



(a) (A) 

rig. 13 - 40 . m-derived filter half-sections: (a) m-derived half T; (b) 

m-derived half r. 


behavior at the other terminals of a divided T or x section (the half 
section) might be expected from the discussion of the image impedance 
of the L section on page 314. There it was found that the image 
impedance at one ter minal pair was Z iT , and at the other terminal pair 
was Z iM . The half-sections for the m-derived filter are shown in Fig. 
13-40. The image impedances at the “back door” terminals are des¬ 
ignated ZiTm and Z iwm . They may be determined by using Eq. 13-6. 
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For the T section, we have 


(13-134) 

(13-135) 

Since R 2 = Z\Z 2 , the image impedance becomes 

Z ( ,_ = R I 1 - ( / - ^ (13-136) 

Vl — x 2 

where x 2 — —Z 1 /AZ 2 is the factor defined for the constant-iC filter. 

The same procedure may be used to find Z iltm for the filter of Fig. 
1340(b); thus 




In Fig. 1341, Z iTm and Z irm are shown plotted as a function of x for 
several values of m. The plot for m — 0.6 gives an image impedance 
constant within 4% over 90% of the pass band. Other values of m 
give variations greater than this. This image impedance variation is 
much more constant than the constant-iC image impedance functions 
We note that for m — 0, Z iirm — Z i1t by Eq. 13-83, and that for m — 1, 
L = Z iT by Eq. 13-82 and vice versa for Z iTm . In other words, the 
m-derived filter sections reduce to constant-/^ filter sections with 
m - 1. The new image impedance function Z irm or Zi Tm for m — 0.6 
more nearly approximates a constant, and so an image impedance 
match with a constant terminating resistor is a reasonable approxima¬ 
tion. This is a very important advantage for the m-derived half sec- 
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tion. With these remarkable properties of the m-derived filter estab¬ 
lished, we next turn to the use of such filters in combination with 
constant-# filters. 



13-9. Composite filters 

The following table summarizes the advantages and disadvantages 
of constant-# and m-derived filters. 


Constant-# 


m-derived 


Attenuation near cutoff (x = 1): small 

Attenuation at large x: large 


Image impedance in pass band: not constant 


large 
small 
more nearly 
constant; depends 
on m; best when 
m — 0.6. 


The table illustrates the inverse attenuation characteristics of the two 
types and suggests that a combination of the two types would have 
advantages over either type alone. Such a filter is called a composite 
filter. The constant-# filter which forms the nucleus about which the 
composite filter is designed is known as the prototype. The m-derived 
filter sections will have the same image impedance as the prototype 
and will have element values found in terms of the constant-# section 
element values. 

In designing a composite filter, two factors must be kept in mind: 
(1) there must be an image impedance match at the terminals of each 
filter section, and (2) the attenuation properties of each section must 
be so selected that the composite attenuation characteristic is that 
desired. The impedance and attenuation properties of the various net- 
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work configurations are summarized in Fig. 13-42 and Fig. 13-43. 
These building blocks are the basis of filter design on the image basis. 
Several examples will illustrate. 



Id) 


Fig. 13-42. Image impedance properties of networks: (a) con¬ 
stant-^ filter sections; (b) constant-# half (L) sections; (c) m-derived 
filter sections; (d) m-dcrived half (L) sections. 

Example 8 

For the first example, one prototype constant-iC filter and one 
m-derived filter will be used in a cascade connection. This is to be a 
low-pass filter. For this case, we have shown in Eq. 13-90 that x — 
w/W The prototype (a T section in this case) and the m-derived sec¬ 
tion are shown in Fig. 13-44. These two sections will make up the com¬ 
posite section of filter. The m-derived section is first split into half 
sections in order to realize the best impedance properties. An arrange¬ 
ment of the three sections such that there is an image match at each 
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input is shown in Fig. 13-44. The match, however, is only approximate 
at the load, so that the computed properties are only approximately 



Fig. 13-43. Attenuation, phase and image impedance properties as a 

function of x. 


correct. The input impedance is Z iTm for this arrangement of sections. 
The attenuation is found by adding the separate attenuations, 

a t — ctk + a m (13-140) 

as shown in the figure. Similarly, 

Pt = Pk + Pm (13-141) 

The input impedance and attenuation of the composite filter are supe¬ 
rior to those of either the constant-# filter or the m-derived filter 
separately. The series inductors of the prototype and the m-derived 
half section are lumped together when actually constructing the filter. 








WO Wo WO WO Wq 


Fig. 13-44. Composite low-pass filter characteristics. 

Example 9 

In some cases, the attenuation property of the low-pass filter of 
Example 8 would not be satisfactory, either because the attenuation 
near cutoff frequency was not sufficiently sharp or because the a t curve 
dropped to too low a value before beginning to rise again. In this case, 



(a) 16} 

Fig. 13-45. (a) Constant-# prototype and (b) m-derived low-pass 

sections. 


two or more m-derived sections can be used as long as an image match 
is realized at each input terminal of the cascade connection of sections. 
To illustrate, suppose that a v section is selected for the prototype of 
the low-pass filter and a decision is made to use two m-derived sections, 
one with m = 0.0 and one with m = 0.3. The prototype and m-derived 
section are shown in Fig. 13-45. Since the m = 0.0 section has superior 
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image impedance characteristics, it will be divided into two half sec¬ 
tions for use at the ends of the filter. An arrangement of sections and 
half sections giving an image impedance match at each terminal pair 
is shown in Fig. 13-46. The input impedance in this case is Z ivm and 
the total attenuation is 

= <Xk + a m (0.3) + a m (0.6) (13-142) 

The impedance and attenuation properties of the resulting filter section 
are also shown in Fig. 13-46. Note the improvement in the attenuation 





Fig. 18-46. Composite low-pass filter characteristics. 


with higher attenuation at all frequencies and sharper cutoff in the 
stop band. 

In practice, the various parallel capacitors of the schematic of Fig. 
13-46 would be combined into equivalent capacitors. 


Example 10 

From the conclusions of the first two examples, let us now formulate 
a design procedure to use on any filter sections. 


(1) First, we should decide on the specifications to be required for 
the attenuation as a function of frequency. The attenuation 
requirement may be met with some combination of constant-iC 
filters and m-derived filters according to the equation 


at 


Aotk 4 * 



(13-143) 
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where A is the number of constant-# sections, B, is the number 
of sections for a specific m, and n is the number of different m 
used. There is usually no unique solution to the type and num¬ 
ber of sections required, and cut-and-try must often be used to 
find a solution to meet the specifications. 

(2) Select a constant-# prototype and find the element values. 
From these element values, find all element values for the 
m-derived sections. 

(3) Include at least one w-derived filter section with m — 0.6 for 
the beginning and ending section of the filter. This gives the 
optimum image impedance properties. 

(4) The type of prototype selected and the number of sections used 
are usually limited by cost considerations. 

13-10. The problem of termination 

The constant-# and m-derived sections and half sections can easily 
be arranged such that there is an image impedance match at each point 


Zi resistive r 



Fig. 13-47. Actual termination of image designed filters. 


of connection. But when we come to the beginning or to the termina¬ 
tion of the filter, we have a problem in approximating an image match. 
There are no resistors with the properties of our image impedances, 
especially the ability to change from resistance to reactance at the 
cutoff frequency. The best that can be done is to terminate (and make 
the generator impedance) a constant. What value should this constant 
resistance be? Let us review the expressions for image impedances as 
a function of x. By Eqs. 13-82 and 13-83, 


Zir = R Vi — z 2 

(13-144) 

z _ R 

Vi - * 2 

(13-145) 
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(13-146) 

(13-147) 


Note that all these impedance expressions reduce to Z< = R when 
x — 0. This constant value is a good approximation to either Z, T m or 
Z*rm with m — 0.6 in the pass band. This is the termination commonly 
used.* The terminating resistor has a value determined from the con- 
stant -K prototype as 

R i = + ZiZi (13-148) 


All results given thus far have been found on the basis of (1) dissi¬ 
pationless elements in the network and (2) an image match throughout 
the filter network including the termination. What are the conse¬ 
quences of using elements with finite dissipation (primarily the resist¬ 
ance of inductors) ? What are the consequences of terminating the filter 
in a nonimage impedance, R? 

In answer to the first question, the computed values of attenuation 
are only approximately correct because of finite dissipation. This dis¬ 
sipation causes attenuation in the pass band and finite attenuation 
at the so-called frequencies of infinite attenuation. A rule of thumb 
states that the results of image basis design will be acceptable in most 
engineering applications if the Q of the inductors is 15 or higher. 

An answer to the second question requires that we first define the 
quantity insertion loss as the loss resulting when a network is intro¬ 
duced between a generator and a load. The insertion loss is defined by 
the equation 

e* - I ^ (13-149) 

I ij 


where N is the insertion loss in nepers, JY is the current in the load 
connected directly to the generator, and I % is the load current with the 
network in place. For numerical computation of insertion loss, we let 
It ' = It. We thus assume that the generator current is the same with 
and without the network and so have a basis for comparison. This 
computation is best made by assuming a unit value for /* and then 
tracing through the network to find the corresponding value for h. A 

• A slightly better approximation results if the terminating resistor is smaller 
than R for the m-derived half * section or larger than R for the m-derived half T 
section as the termination. 
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comparison of insertion loss N and attenuation a for the network of 
Fig. 13-44 with m — 0.6 is shown in Fig. 13-48. 

Even though the image basis attenuation is only approximately 
equal to the actual insertion loss, the results are usually sufficiently 



0 1 Ua/u>0 w/«0 

Fig. 13-48. The effect of non-image termination on filter attenuation. 

close to be useful. Design on the image basis has the advantage of 
being simple and routine. Tables showing various networks with their 
corresponding attenuation characteristics are found in handbooks. * 

13-11. Lattice filters 

The discussion to this point has related to the ladder structure of 
networks. Another common structure used in filter design is the lattice. 
A symmetrical lattice is shown in Fig. 13-49(a), and the “bridge cir- 



(O) (6) 

Fig. 13-49. Lattice network structure for filters. 


cuit” equivalent is shown in Fig. 13-49(b). The advantage of the 
lattice representation over that of the bridge is that sections connected 
in cascade are more easily drawn as lattice structures. 

For the symmetrical lattice, the image impedance may be computed 
from open-circuit and short-circuit impedances. Since 

Zio = - y - (13-150) 

* For example, see Terman, Radio Engineers' Handbook (McGraw-Hill Book 
Co., Inc., New York, 1943), pp. 228-236. 
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and Z u = (13-151) 

it follows that Zi = \/Z^Z~ u = \/ZjT b (13-152) 

The equation for the image transfer function is also a function of Z a 
and Z b as 

7 = 2 tanh~ l y/ZJZ b (13-153) 

Comparing these equations with Eq. 13-6, which is 

Zi - VzTJI, (13-154) 

and Eq. 13-39, y — tanh -1 \^Zu/Z io (13-155) 


it is seen that the analysis made previously for pass-band, stop-band, 
and cutoff frequency in terms of the poles and zeros of Z u and Z i0 
holds for the lattice filter, with Z a replacing Z u and Z b replacing Ziol 
In summary, when poles of Z a coincide with zeros of Z b , or vice versa, 
there is defined a pass band. When poles or zeros of Z a coincide with 
poles or zeros, respectively, of Z b , there is defined a stop band. A critical 
frequency in Z a but not in Z b , or vice versa, defines a cutoff frequency. 
These rules assume that Z a and Z b are reactance functions (that is, 
LC elements only). 

We also have the results we need to compute the attenuation and 
phase shift. By Eq. 13-43, 


t L y _ tanh (a/2) + j tan (0/2) _ IZ* 
iann 2 ~ 1 +j tanh (a/2) tan (0/2) \Z b 


(13-156) 


If the sign of Z a is opposite to that of Z b , then tanh (y/2) is imaginary, 
and 

tan I - < 13 - 157 > 

a = 0 (13-158) 

If Z a and Z b have the same sign, then either 

tanh ^ = tanh ^ and 0 = 0 (13-159) 

by Eq. 13-45, or 

tanh ^ = -— . \ /n . and 0 — v (13-160) 

2 tanh (a/2) ' 


by Eq. 13-46, Now tanh (a/2) cannot exceed unit value corresponding 
to infinite a. It follows that the choice of these two possibilities 
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depends on the magnitude of Z a and Z b . Then 

a = 2 tanh -1 y/ZJZ'b, p — 0 when Z b > Z a (13-161) 
a = 2 tanh- 1 ^/Z h /Z a , p = ir when Z h < Z a (13-162) 


These equations permit computation of a and P in the pass and stop 
bands. 

From Eq. 13-161, we see that the attenuation becomes infinite as 
ZjZh approaches unit value. Similarly, the attenuation is small when 
Z a fZb is small. In selecting positions for the poles and zeros for Z a 
and Zb, the pass-band poles and zeros determine the phase variation, 
and their position is determined by the desired form of phase variation 
(for example, linear variation is often required). In the stop band, 
however, the poles and zeros of Z a and Z b are selected so that the quo¬ 
tient Za/Z b remains as nearly unity as possible as frequency varies. 
A procedure for locating these poles and zeros has been given by Bode 
and Dietzold.* 

From Eqs. 13-161 and 13-162, it is seen that as Z b exceeds Z a in 
magnitude, or vice versa, the phase of the output changes by 180°. 
Under this condition, the output voltage of the lattice effectively 
reverses polarity. The filtering action in the case of the lattice takes 
place by there being a balance of the bridge circuit shown in Fig. 
13-49(b). For a perfect balance, corresponding to infinite attenuation, 
the components must be of high quality and carefully matched. This 
is one disadvantage of lattice filters. However it is possible to get 
infinite attenuation at the frequency of balance even with finite 
dissipation, if the effective resistances also balance. 


1 henry 



z 


pass 


stop 


00 


Fig. 13-50. Lattice and poles and zeros of Z a and Z b . 


Example 11 

The lattice shown in Fig. 13-50 has element values such that 

Z a = s and Z b = (13-163) 

s 

*H. W. Bode and R. L. Dietzold, “Ideal Wave Filters,” Bell System Tech. J., 
H, 215 (1935). 
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The pole-zero plot shown in Fig. 13-50 indicates that this is a low- 
pass filter with a cutoff frequency of a> 0 — 1. Since Z a = ju> and Z fc = 
j (« 2 - 1 /<*>), 

a = 0, 0 = 2 tan -1 -\A>> 2 /(w 2 — 1), 0 ^ w ^ 1 (13-164) 

by Eqs. 13-157 and 13-158 and 

a = 2 tanh” 1 V(^ 2 - l)/«*, 0 = tt, 1 ^ o> £ «> (13-165) 

by Eq. 13-162, since Z a > Z 6 for <■> 2* 1. For this particular lattice, the 
image impedance is 

Zi = \/l - « 2 (13-166) 

Another example illustrating properties of the symmetrical lattice 
was given in Art. 11-6, page 263. For that particular case, the entire 
frequency range was pass band, and the phase characteristic was given 
by an equation of the form of Eq. 13-157. 

1 3-12. Bartlett’s bisection theorem 

A relationship between the lattice impedances Z a and Z b and the 
open-circuit and short-circuit impedances was suggested on page 354. 
The equivalence of these quantities is given in a theorem originally due 
to Bartlett, This theorem applies only for symmetrical two-terminal- 
pair networks. Bartlett’s bisection theorem provides a means for find¬ 
ing the lattice impedances for a lattice network equivalent to a symmet¬ 
rical ladder network. 

The first step in the application of this theorem is bisection of the 
symmetrical ladder network. By the term bisection , we mean that we 
divide the network into identical parts such that the two networks, 
when reversed end for end, have identical geometrical as well as elec¬ 
trical properties. Such a bisected network with only connecting wires 



Half section——Half section 
Fig. 13-61. Bisected symmetrical network. 


showing appears in Fig. 13-51. Bartlett's bisection theorem,* given 
here without proof, states: The lattice equivalent of a symmetrical 
ladder network has a series arm Z a equal to the impedance of a half 

* Bartlett, A. C., Theory of Electrical Artificial Lines and Filters, (John Wiley & 
Sons, Inc., New York, 1931), pp. 63-58; Brune, Otto, “Note on Bartlett’s bisec¬ 
tion theorem,” Phil. Mag., 14, 806 (1932). 
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of the bisected network measured at terminals 1-1 or 2-2, with the 
other terminals short-circuited; the shunt arm Zb is equal to the imped¬ 
ance of the half network with the bisected terminals open. Two exam¬ 
ples will illustrate the application of this theorem. 

Example IS 

The standard T section is shown in original form and also bisected 
in Fig. 13-52. Following Bartlett’s bisection theorem, the open-circuit 



(o) (6} (c) 

Fig. 13-52. Application of Bartlett’s theorem: (a) original network; 
(b) bisected network; (c) equivalent lattice. 

L/2 



C/2 


la) i b) (cl 

Fig. 13-53. Networks of Example 13: (a) original network; (b) 
bisected network; (c) equivalent lattice. 

and short-circuit impedances are found for the half network. The 
resulting equivalent lattice is shown in the figure. 


Example 13 

For this example, the standard v 

section is shown for the low-pass 

filter case. The bisected network and 

resulting equivalent lattice are also 

shown in the figure. 

To avoid the complicated struc- Fi « 13 -M. Conventional repre^a- 
. . .. .... . . . ., . tation of the lattice network. 

ture of the lattice in drawings, it is 

usual practice to replace one of the series arms and one of the shunt 
arms by a dashed line. Thus the lattice of Fig. 13-54 is defined to be 
identical with the lattice of Fig. 13-53. 
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FURTHER READING 

The original articles on the constant-# and m-derived filters by 
O. J. Zobel are found in the Bell System Technical Journal under the 
titles, “Theory and design of uniform and composite electric wave 
filters” in the volume for 1923 and “Extensions to the theory and 
design of electric wave filters” in 1931. For additional discussion of 
these topics see: Guillemin's Communication Networks, Vol. II (John 
Wiley & Sons, Inc., New York, 1935), Chaps. 5, 8, 9; D. F. Tuttle, 
Jr., Network Synthesis, 2 vols. (John Wiley, & Sons, Inc., New York, 
in preparation); W. L. Everitt, Communication Engineering (Mc¬ 
Graw-Hill Book Co., Inc., New York, 1937), pp. 179-240; J. D. 
Ryder, Networks, Lines, and Fields (Prentice-Hall, Inc., New York, 
1949), pp. 114-163; LePage and Seely, General Network Analysis 
(McGraw-Hill Book Co., Inc., New York, 1952), pp. 218-236; and 
Reed, A-C Circuit Theory (Harper & Brothers, New York, 1948), 
pp. 553-597. 

PROBLEMS 

13-1. The T and t networks shown in the accompanying figure are 
also known in electrical engineering literature as Y and delta networks, 



AAA r 
Zi 


•AAA/ . o 

Zz 


:* 3 


( 6 ) 


Prob. 13-1. (a) x or delta network; (b) T or wye network. 


respectively. Networks can sometimes be simplified by converting 
from a Y to an equivalent delta or from a delta to an equivalent Y.* 
(a) Show that, if a delta equivalent of a Y network exists, the following 
relationships hold. 

y _ _^2_ 

Z\Z% -f- Z%Zz -|- ZiZx 

y __ Zz _ 

B Z\Zz + Z%Zz -f- ZzZ\ 


Yc 


Zy 

H&xZ% Hh ZjZg -j- ZzZx 


* The notion of delta-Y equivalence is originally due to A. E. Kennedy in 1899. 
BBb article, “The equivalence of triangles and three-point stars in conducting net¬ 
works,” appeared in Electric World and Engineering. 
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(b) Find the corresponding transformation for the Y network equiv¬ 
alent of a delta network. Give the values for Z i, Z 2 , and Z% in terms of 
Y* Y a , and Yc 

13-2. A two-terminal-pair v netw ork is s hown in the figure. Show 
that for this network, coth 7 = \/Zi 0 /Z u , where 7 = a -f j(3 and 
I 1 /I 2 — e y , and Z\ a = the impedance at terminal pair 1 with terminal 
pair 2 open, Zu = the impedance at terminal pair 1 with terminal- 
pair 2 short-circuited. 



Prob. 13-2. 


lo 


lo 


lh 


-'thjip —02 

lh 


Prob. 13-3. 


o 2 


13-3. For the T network shown above in the figure, determine and, 
plot the image-impedance Zi for the frequency range co — 0 to w = 1 . 
Answer. = \/l — w 2 . 

13-4. Repeat Prob. 13-3 for the ir network shown in the figure. 
Answer. Zi = 1/\A — o> 2 . 


1 > 


lo- 


I 

I 


2h 

If 



Prob. 13-4. 


o 2 


o 2 



* 


*4-i-!- 

w~0 wj c*?2 

* 

Prob. 13-5. 


T-f 

I-1 

o>3 (a “°o 


13-6. A pole-zero plot for Z u and Z Xo is shown in the accompanying 
figure. From the plots, Determine: (a) the pass bands, (b) the stop 
bands, (c) the cutoff frequencies. 

13-6. Repeat Prob. 13-5 for the pole-zero plot shown in the figure. 


Xuj- 


101 n 
w -0 


1 


«2 <*>3 «4 

Prob. 13-6. 
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Prob. 13-7. 


-o 2 


-02 


13-7. The symmetrical T network shown in the figure has element 
values as indicated. Starting with Eqs. 13-30 and/or 13-32, which 
apply to the T network, derive an equation in terms of L, C, and w for 
the attenuation a in the stop band and for the phase shift jS in the pass 
band. Answer, a — cosh -1 (2 — co 2 LC)/2, /3 = cos -1 (2 — « 2 LC)/2. 
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13-8. For the schematic shown in the figure, (a) Analyze the net¬ 
work to determine the pass bands and the stop bands, (b) Determine 
all cutoff frequencies. Answer. u C i — 0.781, w C 2 = 1.282. 


2 


2 




13-9. Repeat Prob. 13-8 for the w section shown below. 


2 


13-10. Design a low-pass filter having a cutoff frequency of 1000 
cycles per second and a purely resistive image impedance of 100 ohms 
at 0 cycles per second. Give element values. Answer. C — 3.18 nf, 
L = 31.8 mh. 

13-11. In Prob. 13-3, it was found that — y/l — w 2 in the pass 
band. The attenuation found, for example, in Prob. 13-7 applies only 

1 


I 

Prob. 18-11. 

when the T section is terminated in this Z t . As a practical approxima¬ 
tion, let Zi = R ~ 1 ohm (constant). To investigate how good such 
an approximation is: (a) Plot the insertion loss of the circuit shown 
above by solving for \I%/Ii\ = e N defined by Eq. 13-149 for 0 < o> < 2. 
(b) On the same coordinates, plot the function, a — 2 cosh -1 « for 
1 < <a < 2. This is the approximate result. 

13-12. For the filter given in Prob. 13-8, determine the value of x 
as a function of «. Make a careful sketch of: (a) the attenuation a as a 




Prob. 18-9. 
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function of «, (b) the phase shift j8 as a function of a>, (c) the image 
impedance as a function of «. Make use of the normalized plots of 
Fig. 13-25 in working this problem, (d) What is the value of R in 
Eq. 13-81? 

13-13. Repeat Prob. 13-12 for the network given in Prob. 13-9. 

13-14. Show that if F is the number of cutoff frequencies, a single 
section of a constant-# filter requires 3F elements. 

13-16. Design a composite m-derived low-pass filter to the following 
specifications: (a) the termination is a 600-ohm resistor, (b) the cutoff 


—i— 

> 0.127 h 


0.085 hB 


0.133 Mf 


O— 


1 

x. 




0.136 h 


"0.442 Mf 
0.313 pi 



0.104 h 
0.028 h 



600 0 


Prob. 13-16. Solution. 


frequency is 1200 cycles per second, (c) the frequencies of infinite 
attenuation, co*, are 1500 and 1700 cycles per second. Draw the sche¬ 
matic diagram for the filter with all possible series and parallel elements 
combined. Indicate all element values. 

13-16. Design a filter to the following specifications: 

Pass band: 0 to 2000 cycles per second. 

Cutoff: Output must be no more than 5% of the 

input at 2100 cycles per second and all higher 
frequencies. 

Termination: Load resistor will have a value of 600 ohms. 

End section: End sections should be m-derived half sections 
with m — 0.6. 

(a) Draw the schematic diagram of the filter and indicate all ele¬ 
ment values. (Note: As in most design problems, there is no unique 
solution to this problem.) (b) How many sections of constant-A filter 
are needed to meet specifications? 

13-17. A network is to be composed of the cascade connection of 
four constant-# half sections (or L sections) and two m-derived half 
sections. Draw schematic diagrams of all the possible ways these half 
sections can be combined such that there is an image impedance match 
at each of the cascaded terminal pairs. Consider both the re and T 
m-derived half sections. 
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13-18. For the lattice filter shown below, determine (a) the pass 
band, (b) the stop band, (c) the cutoff frequency, (d) the phase shift 



in the pass band, (e) the attenuation in the stop band, (f) the phase 
shift in the stop band and (g) the image impedance. Answer, (a) 
0 — 1 radians/sec, (b) 1 — « radians/sec, (c) a>„ = 1 radians/sec, 
(d) — 2 tan -1 \/ w 2 /(o> 2 — 1), (e) a = 2 tanh” 1 \/(w 2 — l)/w 2 , (f) r, 

(g) z< = l/vr^T 2 . 

13-19. Determine the lattice equivalent of the network of Prob. 
13-8. Show all element values. 

13-20. The network shown in the figure is known as a bridged T. 
Determine the lattice equivalent of the network if ~ L 2 . 



13-21. A lattice structure is shown without element values. Deter¬ 
mine a possible ladder equivalent of this lattice by studying Z a and Zb- 
Mark element values (Lx, L 2 , Ci, etc.) noting which elements in Z, 
and Zb must be equal. 






CHAPTER 14 

AMPLIFIER NETWORKS 


14-1. Shunt peaked amplifier network 

Frequency-sensitive networks are often used in conjunction with 
vacuum tube amplifiers to give a combination filter-amplifier. Such a 
network is shown in Fig. 14-1. In 
some practical networks, the inductor 
may be the only element connected to 
the plate of the vacuum tube, usually 
a pentode. The resistor R represents 
the resistance of the inductor, and the 
capacitor C may represent the wiring 
capacitance and interelectrode capaci¬ 
tance of the tube. If the plate resist¬ 
ance of the vacuum tube is very high (as in the case of pentodes), the 
output voltage is given by the equation* 

F 2 - ~g m ZV x (14-1) 

where g m is the tube transconductance and Z is the impedance of the 
network connected to the plate. The impedance for the network of 
Fig. 14-1 is 



Fig. 14-1. Shunt peaked amplifier 
network. 


ZM _ (1 /Cs)(Ls + R) _ 1 [ a + R/L 

l/Cs + Ls + R C |_s 2 + Rs/L + 1/LC 


(14-2) 


The denominator polynomial has been encountered many times before 
and may also be written in terms of the dimensionless damping ratio f 
and the natural undamped frequency w„. From Eq. 14-1, the voltage 
ratio transfer function may be written in terms of the impedance 
expression. The resulting equation is 


F 2 (s) _ _ gm s 

Fx(s) “ C s 2 + 2fw„s + w „ 2 ^ 

The pole-zero configuration of the transfer function is evident from this 
equation: there are a pair of conjugate poles and one real zero. How¬ 
ever, analysis is frequently made in terms of the circuit Q discussed 

* Equation 14-1 is derived in Ryder, Electronic Engineering Principles, 2d ed. 
(Prentice-Hall, Inc., New York, 1952), p. 220. 
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in Art. 11-4, and so this equation will be rearranged in terms of this 
quantity. Circuit Q is defined as 


q _ UnL 1 05 n 1 

W “ R " 2 R/2L ~ 2f 


(14-4) 


The complex frequency s will be normalized by division by o>„. This 
new frequency variable will be designated by the letter p and defined 
as 

P = s/0) n ~ <r/o> n + jo>/ £O n = <T p + jo) p (14-5) 


With these substitutions, the equation for the transfer function 
becomes 


F 2 (p) g m p + l/Q 
v x {p) o)„C |_P 2 + P/Q + 1 


(14-6) 


The poles of this function are evidently 


Pa, Pa* 



Q < v: 

Q > i 


(14-7) 

(14-8) 


In practical networks, Q is much larger than and so the second equa¬ 
tion will be considered the typical case. The pole-zero configuration 
in terms of circuit Q is shown in Fig. 14-2. The locus of the poles and 


p-piane 

ju)/ui n 

T . 

V1-(1/2Q)2| 

1 1 

-1I2Q 


Pi 0 1. \ 


ff/wn 

-l/Q i 

1 



A* 1 

V 




Fig. 14-2. Pole-zero location in terms 
of Q. 



Q- 


zero is shown in Fig. 14-3 for various values of Q greater than the crit¬ 
ical value of *. As Q decreases toward the zero approaches the point 
—2, and the poles approach the point —1. 

Frequency response of the shunt peaked amplifier is found by letting 
p — j(j) p and computing the gain and phase for a number of frequen¬ 
cies. The magnitude of the voltage ratio or the amplifier gain is found 
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from the relationship 

yz(jup) | = j7m_ 1 jup — Pil 

y i(i"p) I «»<? Ii«p - pa||iw p - p,* 


(14-9) 


As the frequency varies from 0 to », the length — p 0 | changes 
rapidly, going through a minimum value when is nearest p a . The 
response magnitude reaches a maximum value at a frequency near 
(but not at) this minimum. As frequency increases, the magnitude 
function falls at the rate of 6 db 
per octave for high frequencies. A ~ 
typical response curve is shown in 
Fig. 14-4. In contrast to the series Q a j n 
RLC circuit considered in Art. 11-4, 
the phase angle is not zero at res¬ 
onance for this network. This fact 12 3 w /« 

can be readily established by inspec- 

_ . rig. 14-4. Typical response curve for 

tion of the pole-zero configuration. a shunt peaked amplifier nefcwork . 

This method of visualizing the re¬ 
sults in terms of the pole-zero configuration is simpler than an alge¬ 
braic investigation which involves manipu'ation of complex numbers. 



14-2. Stagger-tuned amplifier networks 

An important property of the shunt peaked amplifier network, 
shown in Fig. 14-1, was not discussed in the previous section. This 
property follows from the fact that the input to the grid of the vacuum 
tube draws negligible current and thus has high internal impedance. 
Specifically, the property is that this amplifier network may be con¬ 
nected to another network without loading; that is, without causing 
any significant current to flow such that the output voltage of the 
other network would be altered by connecting the amplifier network. 
For this reason, successive stages of amplifier networks may be con¬ 
nected together in cascade (or tandem), and each network will be 
-independent of all others. 



Stage 1 Stage 2 Stage 3 

Fig. 14-6. Cascade connection of amplifier networks. 


A cascade connection of amplifier stages is shown in Fig. 14-5, where 
each stage is represented by a block. The output of the first amplifier 
is connected to the input of the second, the output of the second 
amplifier is connected to the input of the third, and so on. Any num- 
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ber of stages may be so connected. If the amplifier input has a very 
high impedance and the amplifier output has a low impedance, the 
stages of amplification and filtering will be independent in the sense 
that the second amplifier will not affect the first, the third will not 
affect the second, and so on. Each stage is isolated from all other 
stages; each stage lives in a world of its own, accepting the voltage it 
receives without influencing the “giver/’ and in turn without being 
influenced by the stage that receives its output. 

The practical reason for cascade connection of stages of amplifiers 
is that one stage does not provide enough voltage gain. The ordinary 
superheterodyne receiver uses at least two stages of amplification (the 
so-called intermediate frequency, or IF amplifiers); it is common for 
six to eight stages of amplification to be used in radar receivers. Each 
stage is ordinarily terminated in a network made up of resistors, induc¬ 
tors, and capacitors. For such networks, the output voltage is a func¬ 
tion of frequency. In this section, we will investigate desirable forms 
of the variation of the output voltage to the input voltage with radian 
frequency. 

Under the assumption of no loading, the voltage ratio transfer func¬ 
tions may be written 

r M _ ZiW r r.(») r .... r.w ... , m 

Gl() Fjfs)' G ^' Vt(t)' G ‘ V,(s) - 14 ‘ 10i 


where G h Gz, and <? 3 are successively the voltage ratio transfer func¬ 
tions for the first, second, and third stages. The output voltage F 4 (s) 
may be found in terms of the input voltage Vi(s) by the following 
manipulation. 


F.(«) F,(«) F 4 (s) 
Fi(s) Vt(8) F,00 


- O ,(*) = G.MGiWG.M 


(14-11) 


where G t (s) is the voltage transfer function for the three stages con¬ 
nected in cascade. This mathematical operation would not have been 
possible had not the output voltage been a function of the input voltage 
only for each stage (i.e., each stage isolated from the others). 

In the sinusoidal steady state, two properties of the total transfer 
function (?(jw) are important in design. The first is the maximum mag¬ 
nitude of the transfer function, or the maximum gain. The other is the 
variation of magnitude with radian frequency. It has been found that 
desired combinations of gain and gain variation with frequency cannot 
be attained by simply cascading identical amplifier network stages. 
Better performance can be realized if each stage is made slightly differ¬ 
ent. The composite amplifier network is then said to be stagger tuned. 
The design of stagger-tuned amplifier networks is easily accomplished 
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in terms of the pole-zero configuration. Our approach to this design 
problem will be to consider first the desirable pole-zejo configurations 
for stagger-tuned amplifiers. We will then show how such pole-zero 
configurations can be realized by the design of the amplifier networks 
of each stage. 

In the discussion to follow, we will restrict ourselves to the case of 
a low-pass filter; that is, a filter which passes low frequencies with 
high gain and attenuates high frequencies by means of a low gain. 
The techniques will apply directly to the case of band-pass filters and 
high-pass filters, as will later be illustrated by several examples. For 
the time being, we will also restrict our discussion to voltage ratio 
transfer functions having the form 


Y_ n+l( S ) _ _1_ 

Fi(s) boS n + bis*" 1 + ... + 6„ 


(14-12) 


where n is the number of stages of amplification. In the sinusoidal 
steady-state, the magnitude of this transfer function has the form 


V n+ i(ju>) 

Vi 0 «) 


= K' 


_ 1 _ 

“\/ CO 2 ” -j- A 1 03 2n ~ 2 -j- ... -j- A n 


(14-13) 


This magnitude is a function of w 2 , designated M (o> 2 ), as may be 
seen by reviewing the way the magnitude of a complex function 
is formed; that is, the magnitude is equal to the square root of the real 
part of the function squared, plus the imaginary part squared. The 
frequency w raised to either an even or an odd power has an even 
exponent when squared. For example, 


1 

d -j- jc 0 


1 

\/u 2 4* a 2 


(14-14) 


and the magnitude function contains w to even exponents only. 

The function represented by Eq. 14-13 has the value K'/y/~A n for 
w — 0. As frequency becomes larger, the magnitude decreases at the 
rate of — n X 6 db per octave. An 
ideal form for the magnitude as a 
function of frequency curve to have 
for intermediate frequencies is shown 
in Fig. 14-6. The curve is fiat from 
u = 0 up to a frequency called the 
cutoff frequency and then asymptoti¬ 
cally approaches the ~n X 6 db per 
octave rate of decrease. We now face a number of problems: Just how 
flat can the curve be made? How do we go about accomplishing this 
flat characteristic in terms of Eq. 14-13? 



Fig. 14-6. Ideal flat characteristic. 
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The slope of the voltage ratio function with frequency can be made 
equal to zero by requiring that the derivative of M with respect to 
o>* (rather than <a since M is a function of « 2 ) be equal to zero. If the 
rate of change of the slope of the M (w 2 ) curve is also made equal to 
zero, the flatness of the curve will be improved. The pattern becomes 
clear: make just as many derivatives of M( a> 2 ) zero as we can. The 
more derivatives that are zero at o> = 0, the flatter the curve will be 
at a band of frequencies above w = 0. 

If Eq. 14-13 is differentiated with respect to w 2 , there results 


d 

d<a 2 


V n +l(jo)) _ jr, Ai'd) 2n 2 4- Ai , u> in 4 4- ... + A n -i . . 

FiO'co) (aj 2n 4- A xa> 2 "- 2 4- ... 4- A n ) 3n u ; 


This expression can be made equal to zero at <a — 0 by setting 
equal to zero. Setting successively higher derivatives equal to zero 
will make all the A-coefficients zero up to A x . Under these conditions, 
Eq. 14-13 has the form 


y 10") v« !n + A* 


(14-16) 


To simplify the form of this equation, let A n — 0 2n and «/ ft = w p . 
Then 


Vn+ljjUp) _ f 

VK' \/i&) p 2n 4* 1 


(14-17) 


When staggered amplifiers are designed to satisfy the relationship 
given by this equation, they are said to be maximally flat. Such stag¬ 
gered amplifiers are also called Butterworth amplifiers after an author 
who first described such amplifier design in 1930. (Networks with no 
amplifiers and no isolation may also have the maximally flat character¬ 
istic and are called Butterworth fil¬ 
ters.) The actual curve realized by 
the last equation does not exactly 
fit the ideal shown in Fig. 14-6. 
The larger the value of n can be 
made, the better the approximation 
to the ideal curve. A plot of the 
function given by Eq. 14-17 for 
several values of n is shown in Fig. 
14-7. All the curves pass through 
the point 0.707 (the half-power point) at u> p = 1. This will be shown 
later in the chapter. 

The next problem is to find the positions of the poles of the voltage 
ratio transfer function that will give an absolute magnitude function 



Fig. 14-7. Maximally flat character¬ 
istic. 
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of the form of Eq. 14-17. To simplify notation, let p — ju p or <a p — 
p/j. The square root factor of Eq. 14-17 then becomes 

-p 2 " + 1 if n is odd (14-18) 

p 2n + 1 if n is even (14-19) 

We proceed in our investigation by taking what appears to be an 
indirect route. Consider the functions 

F(p) = rsrqri’ ” is even (14-20) 

H(p) = * + t . »is odd (14-21) 

The poles of F(p) occur when the denominator of the first of these 
equations is equal to zero; that is, 

pin 4 . i = o or p Zn — — 1 (14-22) 

Similarly, the poles of H(p) occur under the condition 

_p 2 n 4-1=0 or p 2n — +1 (14-23) 

To find the 2nth roots of ± 1, we write this number in polar form as 

— 1 = — e ±J ' 3ir = = ... (14-24) 

4-1 = e ±0r — e ±J ‘ 2,r sa — ... (14-25) 

These equations may be written in generalized form as 

-i - e±7(2*»-i)», m = 1, 2, 3, ... (14-26) 

4 -! = e ±mr > fc « 0, 1, 2, ... (14-27) 

Setting these equations eipial to p 2n and taking the 2 wth root of both 
sides of the equation gives 

p m = **<*—»*/* m = 1 , 2, 3, ..., n (14-28) 

Pk — e±* kr/n , k — 0, 1, 2, ..., n (14-29) 

These expressions locate the poles of F(p) and H{p) given above. The 
magnitude of each root of the last two equations is unity, and the roots 
are separated by ir/n radians. The location of the roots for an odd 
n (n ~ 3) and an even n (n — 4) are shown in Fig. 14-8. Similar plots 
for other values of n are readily made by following these rules: 
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(1) For odd values of n, a root is always located on the +<r„ and on 
the — <r p axis. Other roots are displaced from these real roots 
by ir/n radians. 

(2) For even values of n, no roots are located on the real axis. 
Roots are located t/2 n radians from the positive and negative 
real axis. All roots are displaced by r/n radians. 

(3) There is a symmetry with respect to both the real axis and the 
imaginary axis. No roots occur on th e jw p axis. 



Fig. 14-8. Location of roots of ±1: (a) n — 3 (odd); (b) n = 4 

(even). 

The roots plotted in Fig. 14-8 are really poles of the functions F(p) 
and H(p) defined by Eqs. 14-20 and 14-21. We know that impedance 
functions and transfer functions cannot have poles in the right half 
plane as F(p) and H(p) have. These functions, however, are not neces¬ 
sarily network functions. They are only arbitrary functions that have 
been invented in the expectation that they might somehow relate to 
the transfer functions having magnitudes of the maximally flat form. 

Because of rule (3) stated above, there are always as many poles of 
the functions F(p) and H ( p ) in the right half plane as in the left half 
plane. If the right half-plane poles are grouped together and desig¬ 
nated f r (p), and the left half-plane poles are similarly grouped as 
fi(p), we can write 

Pip) = frip)flip) (14-30) 

When p = jojp in the sinusoidal steady state, the magnitude of / r (p) is 
always equal to the magnitude of flip). This can be seen from the pole 
configuration: phasors drawn from each of the poles to a point on the 
ju p axis can be matched in identical pairs as far as magnitude is con¬ 
cerned. Because of this equality, 

\frij*p)\ = \fliMl (14-31) 

the magnitude of F(ju) may be written 

|F0« P )j = \friM\\MM\ = |/i(i«p)l a (14*2) 
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Extracting the square root of this equation gives 

i/»0"p)i = vwuuv) i 


(14-33) 


Now F(p) is defined by Eq. 14-20 for even n only. For these even values 
of n, F{j<j>) is a real number having the value 


FU») 


1 + 0 ) P S » 


(14-34) 


Substituting this magnitude into Eq. 14-33 yields 

fi(jw) = Vl/(1 + w p 2n ) (14-35) 

This equation is precisely of the form of Eq. 14-17 which defined the 
maximally flat function. Thus the pole configuration described by 
flip) is the one required to give a maximally flat magnitude character¬ 
istic. These poles are readily found by Eqs. 14-28 and 14-29—alter¬ 
nately by the rules of page 370—provided only poles in the left half 
plane are retained. Similarly, it follows that for odd values of «, that 

= y/H(j<a p ) = Vl/(1 + cV») (14-36) 

under the same requirement that only left half-plane poles be con- 
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Fig. 14-9. Polo locations for maximally flat frequency response (6 
measured from the negative real axis). 


sidered. The pole configurations to give maximally flat magnitude 
characteristics for several values of n are shown in Fig. 14-9. 
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Now the w p of the two network functions we have found, Eq. 14-35 
and Eq. 14-36, is normalized radian frequency. If this term is rewritten 
as w/co n , then in each case we are considering terms of the form 

(14-37) 

This function has the value 1 at a>/a>„ = 0. And when <*>/<*>» = 1 or 
o} = o„, the function has the value (l/\/2) independent of the value 
of n\ This frequency is designated the half-power frequency as was done 
in Eq. 11-79, and there is another half-power frequency at negative 
The response curve more nearly approximates a constant value 
for larger values of n. 

14-3. Overstaggered amplifiers (Chebyshev polynomials) 

This last discussion points to a disadvantage of stagger-tuning an 
amplifer for the maximally flat (or Butterworth) condition. The mag¬ 
nitude function approximates a constant for a range of frequencies, 
but as frequency becomes larger the approximation is poor. This is 
illustrated in Fig. 14-10. The ideal characteristic is a constant shown 

|G|| I G 

-1 

^^ 4 ^ 0.707 

_ 1 _ 

Wft 0) W* W 

(a) (6) 

Fig. 14-10. Comparison of responses. 

as a dashed line. The Butterworth response closely approximates the 
ideal characteristic for low frequencies, but the difference between the 
ideal and actual characteristic becomes large as frequency increases. 
All the error (the difference between the ideal and the actual) is lumped 
at high frequency. The total characteristic would seem to be better 
if this error could be spread out over the entire band of low frequencies 
(for this low-pass filter case). Such a frequency response is shown in 
Fig. 14-10(b). The error is spread out from w = 0 to w = o>„ as an 
“equal ripple,” a series of hills and dales. The maximum error is the 
same for several points. Such a frequency response appears to be 
better than the maximally flat response. We face two problems: Can 
we write an expression in mathematical form for this response? Can 
we find the pole configuration that gives this response? 

The equal ripple type of functions illustrated in Fig. 14-10(b) were 
originally studied by the Russian mathematician P. L. Chebyshev 
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some 100 years ago. Chebyshev found a certain type of polynomial 
useful in his studies of the action of linkages used in steam engines. 
These polynomials, which we will call Chebyshev* polynomials, 
approximate a constant in the characteristic equal ripple form we have 
illustrated. The general Chebyshev polynomial of order n is defined 


by the equation 

C»(to) = cos (n cos -1 «) (14-38) 

Chebyshev polynomials for several values of n are as follows. 

C\ — cos (cos -1 a) — o) (14-39) 

C 2 = 2w 2 - 1 (14-40) 

C 3 - 4o> 3 - 3to (14-41) 

C 4 = 8oo 4 - 8« 2 + 1 (14-42) 

C 6 = 16w 5 - 2Qo> 3 + 5« (14-43) 

C 6 = 32co 6 - 48o> 4 + 18« 2 - 1 (14-44) 

C n+ i = 2«C n - (14-45) 


The last equation may be used to calculate higher-ordered Chebyshev 
polynomials. 

The equation for the magnitude of the voltage ratio transfer func¬ 
tion (for the sinusoidal steady state) corresponding to the maximally 
flat case defined by Eq. 14-17 has the form, for n stages, 


Vn±l(M 

ViU»,) 


- 


1 

\/l -j- €<7„ 2 (a>p) 


(14-46) 


where«is a constant (to be defined). Just as in the maximally flat case, 
n will be related to the number and location of the poles (and hence to 
the number of amplifier stages). 

To construct this equal ripple function, we must start with a Cheby¬ 
shev polynomial of order n and square it. The squared function is mul¬ 
tiplied by the constant « and added to unity. The reciprocal of the 
square root of the resulting function is the transfer function magni¬ 
tude. This process can be duplicated by performing each step graphi¬ 
cally. The Chebyshev polynomial 

C n ( w) = cos (n cos -1 g>) (14-47) 

is defined for a range of o) from +1 to —1 (that is —1 ^ ^ -f 1 ). 


* Chebyshev is also variously spelled as Tchebycheff, Tchebichef, etc. These 
forms apparently resulted from repeated translation: Russian to German, Ger¬ 
man to French, etc. The spelling used is considered the best Russian to English 
translation. 
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C B (a>) — cosh (n oosh~ l a>) (14-48) 

This function does not have a “ rippling ” nature hut increases with w 
at a rate determined by the value of n. Plots of C„(«) for several values 
of n are shown in Fig. 14-11. The functions vary from +1 to —1 over 
the frequency range 0 ^ s£ 1. Several features of the Chebyshev 



W 


(a) (6) 

Fig. 14 -11. Chebyshev polynomials: (a) plot for 0 < « < 1; (b) plot 

for « > 1. 



0 1 w 0 1 w 

n -4 (even) n-5(odd) 

Fig. 14-12. Squared Chebyshev polynomials. 


polynomials can be seen from the plots of Fig. 14-11. For all odd values 
of n, C n (u) has zero value at « = 0 and the initial slope is alternately 
positive and negative. For even values of n, C'„(a>) alternately has the 
value +1 and —1 at to = 0. When the Chebyshev polynomials are 
squared, all the negative values of the C„(«) plot will be “reflected” 
as positive values. For odd n all plots of C» 2 (w) start from zero and have 
initially increasing values; for even n all plots of C w 1 (w) start from +1 
and have an initially decreasing values. Typical plots of the squared 
function are shown in Fig. 14-12. 
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To construct our equal-ripple frequency response, the curves of 
Fig. 14-12 above are multiplied by t (which will merely reduce the 
scale) and substituted into the equation 


\G{M\ - 


1 

Vi + <c„ 2 K) 


(14-49) 


When C„(« p ) has zero value, G(ju> p ) will have unit value; when C n (w p ) 
has the value of unity (the maximum value it can have), the magnitude 
function will be 


1 

vTTl 


(14-50) 


The ripples will vary between these two limits as shown in Fig. 14-13 
for two typical values of n (corresponding to Fig. 14-12). The ripple 



Fig. 14-13. Equal-ripple frequency response. 

width is often specified in decibels. This width and e are related by the 
equation 

ripple width — 5 — +20 logic 1 — 20 log™ .== (14-51) 

VI + e 

or 8 = 10 logio (1 + e) (14-52) 


where 8 is in decibels. From this equation e can be found if 8 is specified 
(in a design problem). 

At this point, the quantity e will be defined in terms of a new factor, 
a in order to simplify the computation. This relationship will be jus¬ 
tified later in this chapter and will appear as Eq. 14-71. Then, by 
definition, 


1 

sinh 2 ( na) 


(14-53) 


or 


a 


- sinh" 1 
n 


1 


(14-54) 


where n is the order of the Chebyshev polynomial. 
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In the maximally flat case, the frequency response curve had 
dropped to 0.707 at o> p = 1. For the Chebyshev equal-ripple frequency 
response, the curve has a value l/\/l + e at the same frequency. In 
the Chebyshev case, another frequency has significance. Let a> Pl = 
cosh a, corresponding to a particular frequency larger than o> p = 1. 
By the equation for the Chebyshev polynomial, 

C„(cosh a) = cosh [n. cosh -1 (cosh a)] (14-55) 

= cosh na (14-56) 

Now the factor a is defined by Eq. 14-54. Substituting this value for 
a in Eq. 14-56 gives 

C»(cosh a) — cosh ^sinh -1 —A (14-57) 

The hyperbolic sine and hyperbolic cosine are related by the identity 

cosh 2 x — sinh 2 x — 1 (14-58) 

If, from Eq. 14-57, sinh x — —(14-59) 

V« 

then, by the above identity, 

cosh x — \/l + i/« (14-60) 

or x — cosh -1 \/l -f 1/e (14-61) 

Then Eq. 14-57 may be written 

C*(cosh a) — cosh (cosh -1 \/l + 1/e) = \/l -f- 1/e (14-62) 

If this equation is squared and unity is added to both sides of the equa¬ 
tion, there results 

1 + eC„ 2 (cosh a) = 2 + e (14-63) 

This equation is in the form of the square root factor of the frequency 
response given by Eq. 14-49. Making this substitution gives 

\G(j cosh a)| — — ..'f,■ « 0.707 (14-64) 

y/2+1 

if e is much smaller than 1. Thus for the approximation that e is small 
(the usual case), the frequency <a Pl = cosh a corresponds to the “half- 
power” frequency in the maximally flat case. This is illustrated in 
Fig. 14-14 (along with other information that we have deduced thus 
far). The approximate half-power frequency, cosh o, is determined by 
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the value of o, which is determined by both n and e, For a large value 
of «, a is small and cosh a has a value only slightly larger than unity. 
In other words, the larger the value of n, the faster the frequency 
response falls off with frequency above a>„ = 1 (giving better filtering 
action). This steepness of the response characteristic is also dependent 
upon c, which is in turn dependent upon the size of the ripples in the 
frequency range u, = 0 to w p = 1. The summary of our knowledge 
of equal-ripple frequency response characteristics, shown in Fig. 14-14, 



Fig. 14-14. Half-power point of frequency response (» = number of 

half cycles of ripple). 

indicates that specifications are complete and given in terms of t, a, 8, 
and n. We next turn our attention to the pole configuration that will 
give the equal-ripple characteristics. 

The procedure for determining the locations for the poles parallels 
that for the maximally flat (or Butterworth) case. In this procedure, a 
function of the form of Eq. 14-49 with u> p replaced by some other var¬ 
iable is written, and the poles of this function are determined. As in 
the maximally flat case, the poles in the right half plane are rejected 
to give the magnitude function. Paralleling the discussion leading to 
Eqs. 14-18 and 14-19, we let p — ju p or u p = p/j and examine the 
function appearing under the radical in Eq. 14-49 which is 

1 + eC n *(p/j) = 0 or C n Kp/j) = -l/« (14-65) 

Now C„(x), where x is any variable, is defined as C n (x ) = cos n cos -1 x, 
\x\ S 1, so that the last equation becomes 

cos n cos -1 (p/j) = ±j/-\/t (14-66) 

Since the inverse cosine of a complex number is complex in general, we 
define cos" 1 (p/j) — a — ja such that 

cos (na — jna) = ±j /\A (14-67) 

Expansion of the cosine of the difference of two angles gives 

cos na cosh na -f- j sin na sinh na — ±j/y/l (14-68) 
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The real and imaginary parts of this equation may he equated to give 

cos na cosh na — 0 and sin na sinh na - ± \ fy/t (14-69) 

Since cosh na cannot equal zero for any value of a. a must have values 
given by the equation 


2N *4* 1 ir 

- . radians. 

n 2 


N = 0, 1.2, . ..,n (14-70) 


For these values of a, sin na = ±1 and 


a — ± - sinh" 1 (l/\/«) 


n 


(14-71) 


This equation was introduced without proof as Eq. 14-54 in order to 
simplify the discussion at that point. 

Since we have now determined the required values of a and a in the 
equation, p/j = cos (a — ja), we write 


(14-72) 


. (2N + 1 ir . \ .. n * o 

P = J cos I—-— 2 ~ J a r AT - 0, 1, 2, ...» n 

u / . u . 2N + 1 ir , . 2N + 1 r\ 

or p = cosh a [ — tanh a sm- s + J -o /’ 

\ n Z n Z/ 

N = 0, 1,2, ..., n (14-73) 

This equation defines the roots of Eq. 14-65 as required. Our next 
step will be to modify the form of this equation for comparison with 
the results of the maximally flat case. From the identities, cos x = 

sin ^ and sin x ** cos — x^> Eq. 14-73 may be written 

(14-74) 

(14-75) 


where 


p = cosh a (— tanh a cos b + j sin b) 
n _ 2N — 1 


2 n 


w* N = 0, 1, 2, ..., n 


We have already found that the poles for the maximally flat case are 
located on a circle with locations given by the equation 

p « c* v = cos 6' + j sin b' ( 14 ' 76) 

where b r values are given by Eq. 14-28 for even values of n and by 
Eq. 14-29 for odd values of n as 

b f « — - x, n even (14-77) 

2n 

(14-78) 


2n ’ 

b' =* kv/n, n odd 
We next compare these angles with those of Eq. 14-73. These two 
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angles are equal for the following integer values for m and k, found by 
equating Eq. 14-75 to Eqs. 14-77 and 14-78 

m — (n — 2N)/2 for even n ( 14 . 79 ) 

and k = (n — 1 — 2N)/2 for odd n 


where N - 0 , 1 , 2 , ..n. For a given value of n, the angles b and b' 
are equal although they are specified in different orders according to 
Eq. 14-79. The equality of these angles for the equal ripple and max¬ 
imally flat cases is the basis for a simplified method for locating the 
roots in the equal ripple case. 

Comparing the equations, pi = cos b’ + j sin ¥ and p* = cosh a 
(-tanh a cos b + j sin b), we see that the roots for the equal ripple 
case can be found from the roots for the maximally flat case by the 
following steps: ( 1 ) Change the radius of the circle of the maximally 
flat case from 1 to cosh a. (2) Multiply the real part of the poles located 
for the maximally flat case by tanh a. This construction is illustrated 
in Fig. 14-15. The angles tabulated in Fig. 14-9 will be found useful in 
constructing the new pole configurations for the equal ripple case. 



Fig. 14-15. Location of polos for 
Chebyshev case. Real parts of polos on 
circle are multiplied by (tanh a). 



Fig. 14-16. Pole locations for Cheby¬ 
shev case. 


The roots for the equal ripple case are located on the periphery of 
an ellipse. This can be demonstrated by noting from Eq. 14-74 that if 
p - <r p + ji» p , then <r p = — sinh a cos b and u p — cosh a sin b. From 
these two equations it follows that 


+ 


u. 


sinh 2 a cosh 2 a 


- 1 


(14-80) 


This is the equation of an ellipse with its major axis along thejo) p axis 
having a major semiaxis of length cosh a and a minor semiaxis of 
length sinh a. These features are illustrated in Fig. 14-16. 
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Ail computations thus far have been for unit transfer function mag¬ 
nitude and unit cutoff frequency. In a practical case where the cutoff 
frequency may be kilocycles/sec and the magnitude is large (as deter¬ 
mined by the gain of the tube), the magnitude and frequency can be 
scaled by multiplying all normalized frequencies by a> n (usually taken 
as the half-power frequency) and the magnitude which is the maximum 
gain of the system under study. In many cases, there will be advantage 
in leaving the scaling to the last step in the design, because of the 
relative ease of working with small numbers. We turn next to the actual 
amplifier networks used to realize these stagger-tuned characteristics. 

Low-Pass Filter Amplifier. An examination of the complex plane 
for the Chebyshev case shows that only poles are present; no zeros have 
been required. There are networks with this transfer characteristic, 
or a network can be constructed by using results that have already 
been found. Consider the shunt peaked amplifier network studied in 
Art. 14-1. The voltage ratio transfer function for this network has, 
for the high Q case, two poles (conjugate pair) and one zero. The 
location of the poles in the complex plane can be controlled by control¬ 
ling the Q of the network. This is ac¬ 
complished in practice by adjusting 
the inductance by means of a tuning 
slug (alternately, the resistance might 
be varied). But we still have a zero, 
and that zero cannot be ignored. Keep 
this problem in mind, and let us turn 
our attention to another network 
shown in Fig. 14-17. If the tube has 
a high plate resistance (and acts as a current source), the transfer func¬ 
tion for the voltage ratio is 

Y, - (14-81) 

where Z(s) is the impedance of the plate circuit (termination). For 
the network shown, the impedance has the value 

Z(s) = <5 T+rm (1M2) 

and the voltage transfer function is, in terms of p — s/w„ 

Trii = ~ z5c (p + i/<*.fic) (14-83) 

The network has a pole on the negative real axis of the s plane; its 
position can be adjusted by adjusting either R or C. Return now to our 



Fig. 14-17. RC amplifier network. 
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problem of the zero: Here we have a network with a single pole. Might 
this pole be used to cancel the unwanted zero? If the two stages can 
be connected together in cascade such that the two networks are iso- 
iated (and this is the case because of the isolating action of the ampli¬ 
fiers), the answer is yes. The cascade connection has a transfer function 


G(p) « Gi(p)Gi(p) (14-84) 


The two appropriate transfer functions are Eqs. 14-6 and 14-83; the 
over-all transfer function is 


Voutip) Qm iJm, 

1 

[ P + S 


r«(p) 

UP* + P/Q + 1 )(P + l/0>nRC)} 


(14-85) 


where p — s/w„ is normalized frequency. If we set 


1 = 1 
Q U) n RC 


(14-86) 


the pole and zero cancel, and the transfer function has only two poles 
defined in terms of Q. This cancellation is illustrated in Fig. 14-18.* 



* I 


Stage 1 x 


JW 


Stage 2 


JO) 


x 



Composite poles % 


j* 


<7 


* I 

Pig. 14-18. Use of two stages of amplification to give conjugate poles 

(no zeros). 

* Another amplifier network with the same characteristics is shown in Prob. 
14-6. For a discussion of stagger-tuned amplifier design, see McWhorter and Pettit, 
Proc. IRE, 48, 923 (1955). 
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This basic network unit shown in Fig. 14-18 may now be used to 
build a pole configuration to give either maximally flat or Chebyshev 
frequency response. This is illustrated in Fig. 14-19, where the net¬ 
works are adjusted by varying parameters to give maximally flat 
response. These poles might be adjusted to give a Chebyshev fre¬ 
quency response, using the same basic building blocks in the form of 
the networks of Fig. 14-18. 



Fig. 14-19. Cascade connection of networks to give maximally flat 

response (» = 4). 


Band-Pass Filter Amplifier. Since the poles and zeros can be moved 
to any position in the s plane by merely adjusting parameters (of 
course, within the range of practical adjustment: the network Q can 
be made only so large with practical elements), the poles can be 
adjusted to give band-pass filter characteristics, using the same basic 
ideas as in the low-pass filter case. As the building block in this exam¬ 
ple, we will make use of the shunt peaked network which is the first 
half of the network of Fig. 14-18. The transfer function of this net¬ 
work amplifier was derived as Eq. 14-6 and has two poles and one zero as 


Vt(p) __ 9rn [ (P “ Pi) 

Vl(p) » n CL(p-Pa)(p-p a *)J 


(14-87) 


where, as in the low-pass filter case, p = s/«„. Suppose that four such 
networks are cascaded and the poles are adjusted for the configuration 
shown in Fig. 14-20. This time we have zeros. The effect of the zeros 
must be taken into account. The over-all transfer function for the 
four stages is (using subscript numbers to designate the stage) 


vuv) 

V in (p) 


_ Qm\QrmQm$mi _ 

1C2C3C4 

w _ (p - Pn)(p - P12) _ 

(P - P«x)(P - P«.*)(p “ P«,)(P “ Pa*) 

v _ (P ~ Pia)(p - Pu) _ 

(P ~ P«,)(P “ P«,*)(P ~ Pa 4 )(p ~ Pa*) 


(14-88) 




Art. 14-3 


AMPLIFIER NETWORKS 


383 


The cascaded system thus has eight poles and four zeros. The position 
of the poles and zeros can be fixed by adjusting the circuit Q for each 
stage (fixing the poles also fixes the zeros, however). For a maximally 
flat response, suppose that the poles are assigned positions as shown in 
Fig. 14-20(b). One stage contributes one pole in the upper half plane, 
one pole in the lower half plane, and one zero. The poles have positions 



Fig. 14-20. Maximally flat band-pass filter characteristics (four 
stages of amplifier networks): (a) four cascaded stages; (b) pole-zero 
configuration for maximally flat response; (c) basic unit of each stage 
(shunt peaking network); (d) maximally flat response curve. 

on the periphery of a circle having a diameter (co p j — « p2 ), where « p2 
and o) p i are half-power frequencies for the maximally flat case. For 
the sinusoidal steady state, when p = j<a p , each frequency term in 
Eq. 14-88 can be represented by a phasor as shown in Fig. 14-20(b). 
For frequencies from w p i to « p2 , the poles in the upper half plane have 
the greatest effect on the transfer function magnitude. The phasors 
from these poles are changing rapidly in magnitude, while the phasors 
from the poles in the lower half plane and the zeros are changing slowly. 
In many practical designs, the mid-band frequency « 0 is high and the 
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band of pass frequencies (co p2 to w p i) is small. Under these conditions 
the last equation can be written in approximate form as 

Xr¥x = K 7 -y7- Yf -w-X (14-89) 

Vin(p) (P - P«,)(P - P«j) (p - P«,)(P ~ P« 4 ) 

where if is only approximately constant and is given as 
r - gm.gm.gm,g ro4 (p ~ Pll)(p - Pl8>(p ~ P») (p " Ph) 

V ~ m O} ni O)n t O}n t O)n i ClC2CsC i (p ~ P« t *)(p “ p« f *)(p ~ P«,*)(p “ Pa*) 

(14-90) 

This equation for the voltage ratio is of the form required for the two 
types of responses that have been studied. The poles of this equation 
can be adjusted to give either maximally flat (Butterworth) frequency 
response as illustrated or equal ripple (Chebyshev) frequency response. 
The response for the maximally flat case is shown in Fig. 14-20(d). 
The band-pass features of this response are evident. Such response 
characteristics are required in such applications as intermediate fre¬ 
quency amplifiers in superheterodyne receivers. 

The usual specifications for design are: (a) the mid-band frequency 
wo, (b) the over-all bandwidth, (c) the rate of decrease of the frequency 
response outside of the pass band, and (d) the over-all gain. From 
these specifications, n (the number of stages) is determined. 

For the maximally flat case (Butterworth), the pole configuration is 
then selected from the chart of Fig. 14-9 or from corresponding equa¬ 
tions. The parameters of the actual network are used and then 
adjusted to give the required real and imaginary part for each pole. 

For the equal ripple (Chebyshev) case, the ripple width is usually 
specified in addition to the list given above. From these specifications, 

(1) Determine 8 from Eq. 14-52 as 

8 — 10 logio (1 + e) decibels (14-91) 

(2) Calculate the factor a from Eq. 14-54. 

a = sinh -1 (14-92) 

» VI 

(3) Compute cosh a and tanh a. Draw a circle of radius (cosh a), 
equal to the bandwidth, with a center at the mid-band frequency. 
Locate the poles on this circle as in the maximally flat case (given 
above). Multiply the real part of each pole by tanh a. This 
gives the pole locations for the Chebyshev case. 

(4) Adjust the parameters of the network being used to give these 
pole locations. 
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An example will illustrate the design procedure just outlined. Three 
stages of amplification with shunt peaking are to be stagger-tuned 
with an equal-ripple characteristic. The mid-band frequency is to be 
5.0 megacycles/sec, and the bandwidth to the half-power frequencies 
is to be 500 kilocycles/sec. The ripple width is specified as 1.0 db. 
We are required to find the mid-band frequency and the Q for each of 
the three stages. The parameters R, L, and C of the shunt peaking 
network can in turn be found if one of the three is fixed (as it often is 
in practice—for example, the interelectrode and wiring capacitance). 

Following the steps just given we first find t from the equation 

5 — 10 logic (1 + c) decibels (14-93) 

Since 5=1 db, we have 

1 = 10 logic (1 + e) or e = 10 01 - 1 (14-94) 

and e = 0.259 (14-95) 

We next compute the factor a from Eq. 14-92 as 

a = - sinh~' -L = i sinh-> 1.963 - 0.475 (14-96) 

n Vc o 

For this value of the factor a, the hyperbolic tangent has the value 

tanh a = 0.442 (14-97) 

We next turn our attention on the pole-zero configuration in partic¬ 
ular to the location of the poles. Figure 14-9 shows the pole locations 
for n = 3 as occurring at 9 = 0° and ± 60° with respect to the negative 
real axis. These pole locations for a bandwidth of 0.500 megacycle are 
shown in Fig. 14-21. With respect to the midband frequency, the poles 



(a) 


Fig. 14-21. Pole location for maximally flat frequency response: 
(a) full scale (approximately); (b) region of interest. 
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= (-0.5 + >0.866)0.25, 
s 2 = (-1.0 + >0)0.25, (14-98) 

s 3 = (-0.5 - >0.866)0.25 

The actual locations in the s plane are shown in Fig. 14-21 (hardly to 
scale even so). For the equal ripple response, the real part of the pole 
location is multiplied by (tanh a = 0.442). The new locations for the 
poles then become 

s^ = (-0.221 +>0.866)0.25, 

s 2 ' = (-0.442 +>0)0.25, (14-99) 

s 3 ' = (-0.221 - >0.866)0.25 


where all measurements indicated by these equations are made with 
respect to 5.0 megacycles/sec. 

For the high-Q case (corresponding to f <SC 1), the bandwidth B is 
found from Eqs. 11-86 and 11-87 as 


B = 2 

(14-100) 

and Q is defined by Eq. 11-77 as 


<o 

II 

(14-101) 

Combining these two equations, we have 


/« 

* B B, 

(14-102) 


where f n is the natural undamped frequency in cycles per second, and 
Bf is the bandwidth in cycles per second (the common 2r term cancels). 
In Fig. 14-22(b) the distance from the ><*> axis to a pole location is 



tel 



d~ ?Cd„ 


( 6 ) 


Fig. 14-22. (a) New pole location for the equal ripple case; (b) s/pole 
enlarged to show distance to ju axis. 
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marked d. By Eq. 11-70 this real part of the complex pole has the value 
But by Eq. 14-100, the bandwidth is given as B ** From 
this it is seen that 

d = | (14-103) 

or that the distance d is the “half bandwidth.” 

We next make use of these last two identities to design the stagger- 
tuned amplifier corresponding to the computed pole configuration, 
under the assumption that the zeros have negligible effect. Assume 
that stage 1 will be made to correspond to the pole Si and its conjugate, 
stage 2 to St and its conjugate, and stage 3 to pole s*' and its conjugate. 

For stage 1 («*'), 

fn = 5.0 -j- ( 0.866 X 0.25) = 5.217 megacycles/sec 
Bf = 2 X 0.221 X 0.25 — 0.110 megacycie/sec 
Q = fn/B f - 47.2 
For stage 2 (st), 

f n = 5.0 megacycles/sec 
B f — 2 X 0.442 X 0.25 — 0.221 megacycle/sec 
Q = 22.6 
For stage 3 (s 3 '), 

/« = 5.0 — 0.866 X 0.25 = 4.783 megacycles/sec 
Bf — 2 X 0.221 X 0.25 = 0.110 megacycle/sec 
Q = 43.2 

The amplifier-network realization of the required equal-ripple char¬ 
acteristic is shown in Fig. 14-23. If required, the circuit parameters 



Stage 1 Stage 2 Stage 3 

5.217 5.00 4.783 

0.110 0.221 0.110 

47.2 22.6 43.2 


f n , mc/sec 
Bf, mc/sec 

Q 
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j ft, L, and C can be found, if one is assumed fixed. Figure 14-24 shows 
how the characteristics of the individual stages are combined by the 
tandem connection to give the equal-ripple frequency response. 



The frequencies marked f a and/& are frequencies corresponding to the 
end of the ripple band. In most of the preceding discussion this fre¬ 
quency has been normalized to unity. By the specifications of this 
problem, it was more convenient to work with the 3-db point frequen¬ 
cies (4.75 and 5.25 megacycles/sec). The frequencies f a and fb are 
given as 

0 9 ^ 

fb, f a = 500 ± cQg k g megacycles/sec (14-104) 

== 4.776 megacycles/sec, 5.224 megacycles/sec (14-105) 


One advantage of the equal-ripple case over the maximally flat case 
is that the gain is higher for the equal-ripple configuration. This 
follows because the poles are closer to the ja> axis in the equal-ripple 
case. Referring to Fig. 14-22(a), the gain at the mid-band frequency 
(5.00 megacycles/sec) may be found in terms of phasor lengths. The 
ratio of gains of the equal-ripple case to the maximally flat case is 
given as 


ratio of gains = 


|si| • |S 2 I • M • (other pole and zero 
distances) 

|sj'j • |s 2 '| • |s 3 '| • (the same pole and 

zero distances) 


(14-106) 


The distances to each of the other poles and zeros is approximately the 
same for both cases. The three significant distances may be found by 
converting the complex numbers of Eqs. 14-98 and 14-99 to polar 
form. For this particular problem 


equal ripple gain 
maximally flat gain 

at 5.00 megacycles/sec. 


(0.25)* 

(0.223) 2 X 0.1105 


(14-107) 
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Offsetting this gain advantage is the disadvantage that the phase 
angle of the output with respect to the input as a function of frequency 
is not so linear in the equal-ripple case as in the maximally flat case. 
This nonlinear characteristic restricts the application of equal-ripple 
designed amplifiers in such applications as television. 

FURTHER READING 

The best known treatment of stagger tuning is that in Valley and 
Wallman, Vacuum Tube Amplifiers, Vol. 18 of the Radiation Labora¬ 
tory Series (McGraw-Hill Book Co., Inc., New York, 1948) Chap. 4. 
This account is based on an MIT Radiation Laboratory report by 
Henry Wallman issued in 1944. Two earlier papers on stagger tuning 
are Butterworth, “On the theory of filter amplifiers,” Wireless Engi¬ 
neer, 7, 536 (1930) and V. D. Landon, “Cascade amplifiers with 
maximal flatness,” RCA Rev., 6 , 347 (1941). Further discussions of 
stagger-tuned amplifiers are to be found in T. L. Martin, Jr., Electronic 
Circuits (Prentice-Hall, Inc., New York, 1955), LePage and Seely, 
General Network Analysis (McGraw-Hill Book Co., Inc., New York, 
1952), pp. 238-256, and R. F. Baum, “Design of broad-band IF 
amplifiers,” Jour. Appl. Phys., 17, 519 and 721 (1946). An extensive 
bibliography on the subject is given by H. A. Wheeler, “The 
potential analog applied to the synthesis of stagger-tuned filters,” 
Proc. IRE, CT-2, 86 (1955). 

PROBLEMS 

14-1. For the amplifier network shown in the accompanying figure, 
find the voltage ratio transfer function. The vacuum tube has high 



plate resistance and can be considered a current source. Show a 
typical pole-zero configuration if the components have values to corre¬ 
spond to the oscillatory case. Networks of this type find application 
in cascade-connected amplifiers. 

14-2. The amplifier network shown in Fig. 14-3 is to be designed 
according to the following specifications. The tube used in a 6 AK 5 , 
for which a g m of 4500 fxmho may be assumed. The capacitance of the 
amplifier stage is the interstage capacitance only (including the tube, 


390 


AMPLIFIER NETWORKS 


Chap. 14 


socket, and wiring) which has a value of 12 mj.(. If the circuit Q has a 
value of 75 and the frequency at resonance is 12.00 megacycles/sec, 
determine: (a) the values of R and L, (b) the maximum gain of the 
amplifier stage, and (c) the bandwidth. Answer, (a) 14.7 ohms, 
14.7 M h, (b) 375, (c) 160 kc. 

14-3. The network is to be used as a voltage coupling network, 
(a) For the voltage ratio transfer function to have a maximally flat 



Prob. 14-3. 


frequency characteristic of the form, l/\/l + w 2 ", where w is in 
radians/sec, what must be the relationship between R and L? (b) 
Determine a value for R and for L such that the half-power frequency 
(of the maximally flat character istic) is 10 radians/sec. 

14-4. Plot the function 1/-\A + « 2n f° r 0 ^ co s£ 4 for n — 1, 2, 
and 3. 

14-6. The network shown in the figure is known as a second-order 
Butterworth filter . Find the magnitude of the transfer impedance 
defined as 


\ZAj*)\ - 


YjM 

h(jo>) 


and show that it has maximally flat frequency characteristics. Sketch 
the frequency response curve and identify significant points such as the 
half-power frequencies, etc. 

i - ~gmVg 



14-6. In this problem, the second-order Butterworth network of 
Prob. 14-5 is to be used in the amplifier network shown. It is desired 
that the frequency characteristic be maximally flat, but for this net¬ 
work two changes must be made: (1) the load resistance R must be 
50 ohms (purely resistive) and (2) the half-power frequency must be 
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250 kilocycles/sec. Determine the values of L and C to meet these 
requirements. Answer. L = 1.414 X 10 -4 henry, C = 0.113 nf. 

14-7. The network shown in the figure is a third-order Butterworth 
filter (that might be used in a pentode circuit as shown in the last 
problem). For this network, show that the magnitude of the transfer 
impedance, \Zu(j(j>) | has a maximally flat frequency characteristic and 
that the transfer impedance has the form 

Zl2(s) = j - r-j ---^7-\ 

(s - Si)(s - S 2 )(s - S3) 


where Si = — 1 , s 2 — —^ + j y/%/2, and s 3 = s 2 *. 



Prob. 14-7. Prob. 14-8. 


14-8. Show that the transfer impedance, Zn(s) — F 2 (s)//i(s), of 
the network shown in the figure differs from that given in Prob. 14-7 
only by a constant multiplier. Determine th e constant. 

14-9. Plot the function 1 /-\/1 -j- eC„ 2 (w) where C„(a>) is the nth 
order Chebyshev polynomial defined by Eq. 14-38 if e = 0.25 for 0 
0 ) 4 for n ~ 1 , 2, and 3. 

14-10. Write the 8 th order Chebyshev polynomial, C$( 10 ), in the 
form of a polynomial. 

14-11. Write the 9th order Chebyshev polynomial, C 9 (w), in the 
form of a polynomial. 

14-12. An equal-ripple frequency response of the form given by 
Eq. 14-49 has the following fixed parameters: n = 5 and e = 0.1. For 
this response, determine: (a) the maximum value of \G(ju)\, (b) the 
minimum value of \G(ja))\ in the pass band, (c) the ripple width 8 in 
decibels, (d) the half-power frequency. Answers, (a) 1 , (b) 0.953, (c) 
0.414 db, (d) 1.07. 

14-13. Repeat Prob. 14-12 for n — 4 and e = 0.2. Answers, (a) 1, 
(b) 0.913, (c) 0.79 db, (d) 1.076. 

14-14. It is required that a system having the frequency-response 
equation given by Eq. 14-49 have a half-power frequency at w = 1.10. 
If the ripple width is limited to 0.5 db, what is the minimum value n 
may have? 

14-16. The constant factor a in Eq. 14-54 is assumed fixed in value. 
Under this condition, derive a relationship between n and 8. Sketch 5 
and a function of n. 
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14-16. Refer to Fig. 14-16 plotted for n = 5. For this case, give 
the locations of the poles for the Chebyshev case if a — 

14-17. A maximally flat low-pass filter-amplifier with n = 3 has a 
half-power frequency of <o = 1.00. An equal ripple (Chebyshev) filter 
is to be designed with the same half-power frequency, the same value 
of n, and a ripple width of 0.5 db. Determine the upper and lower fre¬ 
quency limits of the pass band (the frequency at which the equal ripple 
ends). 

14-18. A filter-amplifier is to be designed on the Chebyshev basis. 
It is specified that the magnitude of the voltage transfer ratio must be 

|GM| 


0 1.0 1.1 « 

Prob. 14-18. 

inside the crosshatch sections. (No specifications are given for the 
range <*> = 1.0 to 1.1.) What is the required value of n? 

14-19. The network of Fig. 14-18 is to be used to give a maximally 
flat frequency characteristic for a low-pass filter amplifier. The ampli¬ 
fier is to have a bandwidth of 100 kilocycles/sec (measured from w = 0 
to the half-power frequency), (a) Design an amplifier to meet these 
requirements. Select a vacuum tube for each stage. Specify all com¬ 
ponent values, (b) Compute the maximum gain for the composite sys¬ 
tem. (c) Plot the frequency response (gain vs. «) for the first stage. 
Repeat for the second stage. Plot the frequency response for the com¬ 
posite system. 

14-20. A band-pass amplifier network is to be designed to the fol¬ 
lowing specifications: the mid-band frequency is 10.0 megacycles/sec, 
the bandwidth to the half-power frequencies is to be 500 kilocycles/sec 
the ripple is limited to 0.5 db. Based on gain requirements, a decision 
is made to use 3 stages. Stagger tune these three stages of amplifica¬ 
tion to give a Chebyshev equal ripple characteristic, using the basic 
network shown in Fig. 14-23. Determine /», B f , and Q for each stage. 
Determine the ratio of the maximally flat gain to the equal ripple gain 
at the mid-band frequency. 

14-21. Design a band-pass amplifier network having the mid-band 
frequency and bandwidth given in Prob. 14-20 but for the maximally 
flat case. 

14-22. In this problem, we will investigate the transient response of 
amplifier networks designed on the equal ripple and maximally flat 
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basis. For this problem, let n = 2 corresponding to two poles in the 
s plane of the form, 


%i 2 (s) 


_ YM = i 

/i(«) (8 - 8i)(8 - Si) 


where si and 82 have different values for the two cases (equal ripple 
and maximally flat). Two time-domain quantities of interest are the 



rise time and overshoot resulting from a step-function input. One def¬ 
inition of rise time is the time interval, measured in seconds between 
the times the response, that has 10% and 90% of the final (steady- 
state) value. The overshoot is defined as 


(maximum transient value) — (final value) 
(final value) 


X 100% 


If the driving-force current is a step function; that is, i(t) — u{t), 
determine the rise time and overshoot for (a) a maximally flat designed 
amplifier network, and (b) an equal-ripple design amplifier network. 
Compare these quantities for the two amplifier networks. Which 
amplifier seems to have superior transient response? (Check point: 
the overshoot for the maximally flat amplifier is about 4%.) 





CHAPTER 15 

BLOCK DIAGRAMS 


Block diagrams are widely used by engineers as a shorthand sym¬ 
bolism in describing a system. The block represents components: 
entirely, in part, or in combination. Lines given direction by arrows 
indicate the sequence of operations that take place in the system. Block 
diagrams, as we shall use them, are not pictorial representations of 
components. Several blocks may be used to represent a single compo¬ 
nent or one block may represent a complex mechanism such as a digital 
computer. Indeed, the blocks may represent the solution of a math¬ 
ematical equation with no direct physical significance. The block 
diagram provides a method for representing a system in such a way as 
to express a cause-and-effect relationship between the input and the 
output. Block diagrams are also referred to by the descriptive name 
signal flow diagrams, where we define the signal as any causal quantity 
intentionally introduced into a system (in contrast to noise). 

As we study block diagrams, we should keep in mind the underlying 
objectives in their use: 

(1) Block diagrams are easier to draw than detailed schematic 
diagrams. The block diagram is shorthand notation. 

(2) Block diagrams, together with the transfer function, indicate 
the dynamic behavior of the system. They tell the engineer not 
only “what it is” but “what it does.” 

(3) The construction of a block diagram is one step in system anal¬ 
ysis. Once constructed, the blocks may be manipulated by a 
system of algebra to find a simplified equivalent block diagram. 
This reduction in complexity is equivalent to algebraic reduction 
of system equations. 

15-1. Basic operations lor block diagrams 

Let the input to a system be designated as Vi and the output as v s 
(where v is any variable such as voltage, current, etc.). The relation¬ 
ship between the input and output 
may be expressed in terms of an 
operator <?, such that 

Fig. 15-1. Block diagram. y 2 = (15-1) 

We define the block diagram shown in Fig. 15-1 to be equivalent to 
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this equation. The function G may be any operator or any linear com¬ 
bination of operators. For example, suppose that G represents differen¬ 
tiation with respect to time. This means that the input v l (t) is differ¬ 
entiated as dvi(t)/dt to be equal to the output, v 2 (t). The block diagram 
equivalent to this statement is shown in Fig. 15-2(a). If the operation 
to be performed is multiplication of a transform function Fi(s) by a 
transfer function Kis, then the block diagram and algebraic equivalent 
are as shown in Fig. 15-2 (b). A linear combination of operations, 



(0 


v z (t)~ 


dt 


y 2 ( S )-it lS Vi(sl 


V z [s) - K x s 2 Vila) + JSTgVjis} 


Fig. 16-2. Block diagram and equation equivalents. 


• ft *>Q ——► v 3 ~v x ±v 2 
v 2 

Fig. 16-3, Summing point symbol. 



V 4 ~Vi + V2-V$ 


Fig. 16-4* Summing point. 


expressed as (?(s) = KiS 2 + K 2 , is shown in Fig. 15-2(c). Each term 
in the expression operates on Fi(s) independently as illustrated. 

Another basic symbol is shown in Fig. 15-3. The circle with arrows 
pointing into it is a summing point. Quantities entering the circle or 
summing point are either added or subtracted according to directions 
in the form of a -f sign or a — sign on the arrow. If the sign on the 
arrow marked Vi is omitted in a diagram, it is presumed to be positive. 
In constructing a block diagram, however, it is wise to use a sign for 
each input whenever there might be doubt. This is very necessary in 
the case when more than two inputs enter a summing point as illus¬ 
trated in Fig. 15-4. 
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When a single line on a block diagram separates into two or more 
lines leaving the same point, all lines carry the same unaltered variable. 
Such a point is called a pickoff point . A pickoff point in a system is 
illustrated in Fig. 15-5. 


• 

v l > 

G 

UVi 

Vi 




V 1 > 

H 

1 HV1 





(a) 



Fig. 16-6. Pickoff points. 



Fig. 16-6. Tandem system. 


Suppose that several blocks are connected in cascade (or tandem ) as 
shown in Fig. 15-6. The transfer function for each block is given on 
the figure, and is the ratio of the output to the input for each of the 
three cases. Since 


Vt v Fa Vt V* 
Vi F* V 3 Vi 


(15-2) 


the total (or over-all) transfer function is 


Gt — G\G^jt3 


(15-3) 


This equality depends on there being “no loading” between blocks, 
as will be discussed in a later section. Thus blocks connected in tandem 



Fig. 16-7. Expansion of blocks. 


may be combined into a single equivalent block by multiplying the 
transfer functions together for the equivalent transfer function. Like¬ 
wise a system may be expanded into several parts as illustrated in 
Fig. 15-7. 

15-2. Block diagrams for electrical elements 

Instantaneous value of voltage and current for the electrical ele¬ 
ments are related by the following equations. 
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resistance: * RiR(t) or i a (t) - Qvn(t), G *> l/R 

inductance: v L (t ) = L di L (t)/dt or n(0 ** 1 /L J v L (t) dt (16-4) 

capacitance: v c (t) = 1/C J t‘c(0 or ic(t) = C dv c (t)/dt 

These equations are equivalent to the block diagrams shown in Fig. 




Capacitance 

Fig. 15-8. Block diagrams for electrical elements. 

To construct a similar chart for the transform voltages and currents, 
the Laplace transformation of each expression in Eq. 15-4 will be taken 
with initial conditions ignored. The resulting equations are: 

resistance: F*(s) = RI r (s) or I B (s) = GV R (s), G - l/R 
inductance: 7i(s) = LsI l (s ) or h(s) = (1/Ls)7z,(s) (15-5) 

capacitance: Fc(s) — ( l/Cs)I c (s ) or I c (s) = Csl c (s ) 

The same equations apply for the sinusoidal steady state, with s 
replaced by (jco). Since the transform impedance is the ratio of the 
voltage to the current transform (and, similarly, the transform admit¬ 
tance is the ratio of the current to the voltage transform), a chart of 
block diagrams for electrical elements may be constructed as shown in 
Fig. 15-9 for transform impedance or admittance. The block diagrams 
and the expressions for impedance and admittance shown in Fig. 15-9 

Impedance Admittance 

Resistance 




Inductance 



Capacitance 



Fig. 15-9. Block diagrams and transfer functions for electrical 

elements. 
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reduce to the sinusoidal steady state with the substitution of (j«) 
for s. 

The use of this chart of block diagrams for the elements will be 
illustrated by an example. Consider the electric circuit of Fig. 15-10. 
The equation relating current and voltage is 

v(t) == L ^ + Ri(t) (15-6) 

or, in terms of voltage and current trans¬ 
forms, 

Fig. 15-10. RL circuit. V(s) = Lsl(s) + RI(s) (15-7) 

if fc'(0+) = 0. This last equation tells us that the applied voltage is 
equal to the voltage drop across the inductor added to the voltage drop 
across the resistor; that is, 

V(s) = V L (s) + V R (s) (15-8) 

Equations 15-7 and 15-8 may be written in the following form and 
order: 


V(s) - F„(s) = F,.(s) 

(15-9) 

£ 

-14 

ii 

V-■" 

(15-10) 

'’os' 

fi¬ 

ll 

'os' 

(15-11) 


There remains one task before we draw the block diagram equivalent 
of these equations. We must identify the input and output quantities. 
For this problem, let us identify the input as F(s) and the output as 
7(s), corresponding to the excitation and the response. Now, following 
the pattern suggested by Eq. 15-1 and the equivalent block of Fig. 15-1, 


Vis) 

1 -LU— 1 

Fig. 16-11. Block diagram of net- Fig. 15-12. Block diagram for RL 

work of Fig. 15-10. network. 

we arrive at the system of Fig. 15-11. Instead of this diagram with a 
block for each element in the network, a single block representation 
may be found by solving Eq. 15-7 for the ratio of output to input, that 
is, current to voltage. Thus 

I(s) 1 _ l/R 

V(s) Ls + R Ls/R + 1 





(15-12) 
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Thus an equivalent of the block diagram of Fig. 15-11, simplified in 
form, is shown in Fig. 15-12. The two diagrams for one network sug¬ 
gest that a method can be found for reducing one to the other. Rules 
for such manipulations will be given in a later section. 


15-3. Open-loop and closed-loop block diagram equivalents 

An open-loop system is represented in Fig. 15-13 with E(s) as the 
input (which will later be called the error input) and F 2 (s) as the out¬ 
put. This block diagram is equivalent to the algebraic equation 


F,(a) - G(s)E(s) (15-13) 

Suppose that a loop is closed around the system of Fig. 15-13 as shown 



Fig. 15-13. Open-loop system. Fig. 15-14. Closed-loop system. 


in Fig. 15-14, with a new input identified as Fi(s). The new system is 
described by two equations: 

E(s ) - Fi(s) ± F 2 (s) (15-14) 

F*(«) - G(s)E(s) (15-15) 

The quantity E(s) is now identified as the error transform. Eliminat¬ 
ing E(s) from the two equations gives 


F.00 

Fi(«) 


= L(s) 


G(s) 

1 + G(s) 


(15-16) 


In this equation G(s) is sometimes spoken of as the open-loop transfer 
function and L(s) as the closed-loop transfer function. The last equation 
relates the open-loop to the closed-loop transfer function. 


Viis) 


Bis) | 

G(s) 

V 2 isl 




A(6) 



His) 




r 


Fig. 16-16. Closed-loop system. 


In a more generalized representation of a closed-loop system, an 
element or combination of elements is included in the feedback loop 
having a transfer function H(s). Such a system is shown in Fig. 15-15. 
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The equations for this system are 

B(s) - V x (•) ± A(s) (15-17) 

Vx(s) = G(s)B(s) (15-18) 

A(s) = tf(s)F 2 (s) (15-19) 


If the two quantities A(s) and B(s) are eliminated from these equa¬ 
tions, there results 


F,(s) 

Fi(s) 


= L(s) 


(?(s) 

1 + G(s)H(s) 


(15-20) 


Thus, the two blocks of Fig. 15-16 are equivalent, and one may be 
substituted for the other. 



Fig. 15-16. Equivalent open- and closed-loop system. 


15-4. Block diagram transformations 

Manipulations of block diagrams in the last two sections can be 
generalized into a system of block diagram algebra. The objective in 
the use of this algebra is simplification; that is, reduction in the num¬ 
ber of blocks and the number of loops of a system. A large number of 
rules for manipulations are given in the literature;* a few of the most 
i m portant are tabulated below. 

Rule 1. Summation points may be interchanged without altering 
the system. As illustrated in the figure, 

V 4 = V x + Vx + Fa = Vx + V z + Vx 
(by the associative law of algebra). 



Rule l 


Rule 2. Blocks in tandem are multiplied. 



Rule 2 


♦ See references at the end of the chapter. 






Art. 15-4 


401 


BLOCK DIAGRAMS 
Rule 3. Blocks in parallel are added. 



Rule 3 


The following four rules indicate the procedure for shifting blocks 
past summing-points or take-off points. 

Rule 4- 



Rule 5. 



Rule 6 


Rule 7. 


Rule 7 

The following rules are applications of the rules given above. 
Rule 8. Removing a block in the feedback loop. 
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Rule 9. Transformation from open-loop to closed-loop. 


"M 

_J 

Ox 


Gi 

v 2 

J - 

1-0, 

“1 






Rule 9 


Rule 10. Transformation from closed-loop to open-loop. 



15-5. Limitations in the block diagram representation of physical systems 

Care must be exercised in dividing a system into parts to be repre¬ 
sented by block diagrams. This limitation may be illustrated by refer¬ 
ence to Fig. 15-17. Two systems are shown, characterized by transfer 
functions G and H. The two systems can be connected together in 



Fig. 16-17. Fig. 16-18. Two-terminal-pair net¬ 

work. 


tandem, making V% — F 3 , only if in making this connection Vi is 
unaffected. This is the assumption of negligible loading of one system 
by another. In terms of the electrical network shown in Fig. 15-18, 
the assumption of negligible loading means that the output current 
1 2 must equal zero or be so small that it may be neglected. If this is 
not the case, the interaction must be considered in writing the dynamic 
equations to describe the system. In other words, a section of a 
dynamic system cannot be separated from the system for analysis 
without considering the interaction of this section of the system with 
the rest of the system. 

To illustrate, consider the double RC network of Fig. 15-19, shown 
separated into two separate RC networks. The transfer function for 
the entire system cannot be found by multiplying the transfer func¬ 
tions of the parts of the system, since the second network loads the 
first; that is, it causes a current to flow in the output of the first RC 
network. This will be discussed in Example 5 of this section. However, 
if some isolating device, such as an amplifier, is connected between the 
two networks, then 


G t = G 1 G& f 


(15-21) 
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where G t is the over-all transfer function, G\ is the transfer function of 
the first RC section, G% is the transfer function of the second RC sec¬ 
tion, and G C f is the transfer function of the cathode follower amplifier 




(b) 

Fig. 15-19. (a) Double RC network; (b) modification of (a). 


(considered a constant). This follows because the cathode follower 
has high input impedance and draws negligible current at its input. 

Several examples will be given to illustrate the concept of the trans¬ 
fer function, of block diagram representation of physical systems, and 
of the restrictions on tandem connection 
of blocks. 

Example 1 

The electrical network shown in Fig. 

15-20 is known as a lag network. It finds 
application as a compensating network in Fig< 16 „ 20 , Lag network . 
servomechanisms. The relationships be¬ 
tween the instantaneous voltages and currents are given by Kirch- 
hoff’s law as 



(Ri + Rt)i -F ~ j i 



i dt -j- R$i 


(15-22) 

(15-23) 


From these equations, the transfer function is found to be 


VAs) __ =_ RiCs -f- 1 /g 2 (s + 1 /RiC) 

vas) (rttrac^t i = Wi + fi;[rn7(fii + rW\ 


(15-24) 
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The block diagram equivalent of the lag network of Fig. 15-20 is shown 

in Fig. 15-21 where T\ — R 2 C and 
T 2 = (Ri + R 2 )C. 


* „ 

r ,.+i 



r,s+i 



Example 2 

Fig. 16-21. Lag network block An electronic amplifier is shown 
diagram. i n pjg i5_22. From the equivalent 

circuit, the transfer function is found to be 

hRl 


V 2 

Vl 


Tp + Rl 


(15-25) 



Fig. 15-22. Vacuum tube amplifier: (a) schematic; (b) equivalent 

circuit. 

Example S 

A cathode follower schematic and the equivalent circuit are shown 
in Fig. 15-23. The transfer function can be determined from the 



Fig. 16-23. Cathode follower: (a) schematic; (b) equivalent circuit. 


equivalent circuit to be 

V* = (m/I + fQfiic 
Vi r p /{ 1 + m) + Rk 


(15-26) 


The value of the transfer function is a constant equal to the gain of the 
electronic circuit. 
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Example 4 

The network for this example is shown in Fig. 15-24. The resistance 
Rg has a very high value such that the current flowing through it is 
negligible compared with that through R 2 (in other words, R g does not 



Fig. 16-24. Amplifier network. 



Fig. 16-26. Block diagram equivalent of Fig. 15-24. 


load, the remainder of the network). Also, it may be assumed that the 
grid draws negligible current. With these assumptions, it is seen that 
the network is actually composed of a lag network, shown in Fig. 15-20, 
and a cathode follower, shown in Fig. 

15-23. The block diagram representa¬ 
tion of the system is shown in Fig- 
15-25. 

Example 5 

„ Fig. 16-26. Double RC network. 

For this example, consider the double 

RC network shown in Fig. 15-26. The two currents are marked it and 

i 2 . By Kirchhoff’s law, the system equations are 



v 2 = Riit 4* J (ti — it) dt 
0 ~ f — *0 dt d* Rtit + gp J it dt (15-27) 



The corresponding transform equations are, if the capacitors are 
initially uncharged, 
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ViM = *./.(») + ^ [f.0>) - /.(«)] 

° = ^ [/.(«) - /,(«)] + R,h(s) + g- /.(«) (15-28) 

F,W = £ /*) 

Considering V\ as the input and Vz as the output, the block diagram 
of Fig. 15-27 is constructed from the algebraic equations of Eq. 15-28. 
The block diagram reduction procedure, following the rules stated in 



Fig. 15 -27. Double RC network block diagram. 


Combined 



2 tel 


Fi 

1 


w 




lb) 

Fig. 15-28. Block diagram reduction. 


Art. 15-4, is outlined by the sequence of blocks in Fig. 15-28(a). The 
simplified block diagram and composite transfer function are shown in 
Fig. 15-28(b). The same result could be found by algebraic manipula¬ 
tion of the equations of Eq. 15-28 instead of the manipulation of blocks. 

FURTHER READING 

Excellent discussions of the use of block diagrams are found in the 
literature by T. M. Stout, “A block diagram approach to network 
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analysis/’ Trans. AIEE (Applications and Industry ), 3, 255 (1952) 
and “Block-diagram solutions for vacuum-tube circuits,” Trans 
AIEE ( Communication and Electronics), 9, 561 (1953), and by T. D 
Graybeal, “Block diagram network transformation,” Elec. Eng., 7o 
985 (1951). For a different approach to the same subject, the paper 
by S. J. Mason, “Feedback theory—some properties of signal flow 
graphs,” Proc. IRE, 41, 1144 (1953) is especially recommended. 

PROBLEMS 

16-1. For the network shown in the accompanying figure, (a) draw 
a block diagram with one block for each element, considering V t (s) to 
be the excitation (or input) and /(s) the response (or output), (b) 
Repeat part (a) with Vi(s) as the excitation but F s («) as the response. 



Prob. 15-1. Prob. 15-2. 


15-2. Repeat Prob. 15-1 for the network shown in the figure. 
15-3. Repeat Prob. 15-1 for the network shown in the figure. 



Prob. 15-8. Prob. 15-4. 


15-4. Repeat Prob. 15-1 for the network shown in the figure. 

15-5. The schematic shown in the figure is the equivalent circuit of 
a vacuum tube amplifier. The accompanying block diagram represen¬ 
tation shows a number of blocks and arrows labeled a, b, ..., g for 
identification. Give the transfer function for each block and identify 
the quantity associated with all marked arrows. 



Prob. 16-6. 




15-6. Simplify the block diagram shown as (a) to the form of (b). 
Give the value of G t in terms of G h G%, G%, and G A . 



( 6 ) 

Prob. 15-6. 


16-7. Reduce the block diagram shown in (a) to the form shown in 
(b), giving the value for A and B in the feed-forward and feedback 
loops. 



(a) (6) 

Prob. 16-7. 

15-8. Repeat Prob. 15-7 for the block diagram shown in the accom¬ 
panying figure. 



Prob. 16-8. 


16-9. T. M. Stout* has shown that many networks containing one 
nonlinear element can be represented by a block diagram having the 
form shown below in (a). The nonlinear element in the circuit of (b) 
is a diode described by a conductance function, it = 9( v i ~ v *)- The 
equivalent block diagram for the system is shown in (c). Do not attempt 

*T. M. Stout, “Block diagram simplification of some nonlinear circuits,” 
Report No. 9, E. E. Dept., University of Washington, 1952. 
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to combine the nonlinear block with other blocks (this is not permitted 
since superposition does not hold). By manipulation and combination 
of the blocks, reduce the block diagram of (c) to the standard form 
shown in (a). Give the values for Gi(s), Gt(s), and H(s). 




(c) 

Prob. 16-9. 


16-10. The accompanying figure shows a general ladder network 
with alternating series and shunt elements or combinations of elements. 
Show by discussion and equations that the ladder network can be 
represented by the block diagram of the figure. 




Prob. 16-10. 




















CHAPTER 16 


STABILITY IN FEEDBACK SYSTEMS 


16-1. Feedback systems 

Many electric and electromechanical systems incorporate a so-called 
feedback path by means of which a part of the output is reintroduced 
at the input. For example, Fig. 16-1 (a) shows a plate-tuned oscillator. 



(a) 




(0 


Fig. 16-1. Examples of feedback systems: (a) plate-tuned oscillator; 

(b) temperature regulating system; (c) feedback system representation. 

Feedback, which is essential to the operation of an oscillator, is accom¬ 
plished by means of the coupled coils returning the output from the 
plate to the grid. Figure 16-1 (b) shows an electromechanical tempera¬ 
ture-regulating system. Feedback is accomplished in this system by 
means of the thermocouple, which produces a voltage proportional to 
the temperature in the vat. This feedback is compared with the stand- 
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ard to produce an “error voltage” which in turn controls the amount 
of steam introduced into the system. 

By means of block diagram algebra, discussed in the last chapter, 
such systems as the oscillator and the temperature control system can 
be reduced to a standard form of a feedback system shown in Fig. 
16-1(c). 

Feedback systems afford many advantages such as accurate control 
and improved time of response. These advantages are partially offset 
by such systems being capable of instability. 

A system is said to be stable if, for small values of input, the output 
remains small or does not increase with time. We do not ordinarily 
think of a linear system as being capable of instability by this defini¬ 
tion. If the system is made up entirely of passive linear elements, 
there is no energy source to supply an output which increases with time 
and thus without limit. There will be a distinct relationship between 
input and output as expressed by the transfer function. Linear ele¬ 
ments can at most modify the form or the power level of the input. 

If the output is to increase without limit, energy must be supplied to 
the system. This supply must be within the system closed by the feed¬ 
back loop for the output to increase with the input remaining small. 
The feedback path is required for an unstable system to introduce 
a new input into the system from the output to override the initial 
small input. 

Thus there are two essential features of a system capable of being 
unstable: (1) there must be a source of energy within the system, and (2) 
there must be at least one feedback path. 

These are necessary but not sufficient conditions for instability. 
That is to say, feedback systems are, with proper design, not only 
stable but superior in many respects to systems without feedback. An 
important problem for the engineer is to meet specifications and yet 
avoid instability. This can be done from transfer functions by a math¬ 
ematical or a graphical procedure. It is these procedures we will con¬ 
sider in this chapter. 

16-2. System stability in terms of the characteristic equation 

The question of stability is, by the definition just given, fundamen¬ 
tally transient in nature, and is related to the transient response of the 
closed-loop system. The transfer function of the closed loop written 
in terms of the open-loop transfer function was studied in Chapter 15, 
and is * 


V*(8) T ,, 0(8) 

Fi (s) MS) 1 + G(s)H(s) 


( 16 - 1 ) 
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where (?(s) and H(s) are defined in Fig. 15-15; F 2 (s) and F 2 (s) are the 
output and input, respectively. This transfer function has the form 
of a quotient of polynomials in s. Expanding the denominator polyno¬ 
mial, we write 

F»(«) = _ G(s) _ 

7i(s) a 0 s n + ai s n ~ l + . . . -j- dn-is + a„ 

or (aos" + ais"- 1 -f ... + a»)F 2 (s) = <?(s)Fi($) (16-3) 

Written in this form, the denominator polynomial, that is [1 -f 
G(s)H(s)], when set equal to zero is recognized as the characteristic 
equation of the system.* If the characteristic equation is factored into 
its n roots, Eq. 16-2 can be written 


F 2 (s) = _ G(s) _ 

Fi(s) a 0 (s - s„)(s - $ b ).. . (s — s„) 



(16-5) 


In solving for the time-domain solution of this equation with Vi(t) 
specified, the usual procedure is to expand this equation by partial 
fractions, thus evaluating the arbitrary constants of the transient 
portion of the solution. (In using the transfer function, we assume that 
all initial conditions are zero in this particular time domain solution.) 
If there are no repeated roots in the characteristic equation, the expres¬ 
sion for v 2 (t) will be 

n 

v,(t) - y 2 „ + ^ Kje'“ (16-6) 

In other words, the transient portion of the time-domain solution is 
determined in form by the roots of the characteristic equation. For 
the general case, the roots of the equation are complex and written as 


s = <r + jo) 


(16-7) 


The form of the time domain solution corresponding to each root 
depends on the magnitude and signs of <r and w. Several cases are of 
interest: 

Case 1. <r negative for a finite o>. For this case, the solution will be 
(for the combined terms of the conjugate pair <r ± j<a), 

Ke~** sin («f + <f>) 

* Compare this equation with Eq. 6-88 and Eqs. 7-37 and 7-38. 


(16-8) 
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This expression is termed a damped sinusoid; the magnitude reduces 
to zero as time t becomes large. 

Case 2. cr — 0 and finite a. For the conjugate pair of roots ±jco, 
the solution will be similar in form to Eq. 16-8 with <r — 0; that is, 

K sin («* + <)>) (16-9) 

This function oscillates at constant amplitude as a function of time. 

Case S. <x positive and a finite «. Again, the solution is similar to 
Eq. 16-8 and is 

Ke +9t sin (at + <t >) (16-10) 

In this case, the magnitude of oscillations increases exponentially and 
without limit for large values of time t. 

Case 4- — 0 and a — 0. For this limiting case, the solution is a 

constant and does not change with time. 



Fig. 16-2. Comparison of the time response of a system (Fo) with 
pole position in the complex s plane. 


Case 5. a either positive or negative, but « = 0. The solution for 
this case (for a simple root) has the form 

Ke±«‘ (16-11) 

For negative values of tr, the magnitude of the term diminishes with 
time. For positive er, the term increases exponentially. These several 
cases are illustrated in Fig. 16-2. From the figure, the effect of the 
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sign of a and the role of a> can be seen. A finite nonzero value of « 
corresponds to oscillation. For negative values of <r, the response 
decreases with time, but for positive values of <r, the response increases 
without limit with time. Our concept of stability evidently ties in 
directly with the sign of the real part of the roots of the characteristic 
equation. 

By our definition of stability, that the output should remain small 
or not increase with time, the responses of parts (c) and (f) of Fig. 16-2 
are identified with unstable systems. These both correspond to positive 
values of a. The transition case shown as part (e) of Fig. 16-2 is, 
strictly speaking, a stable case. The output does not increase without 
limit. It corresponds to sustained oscillations as, for example, in an 
electronic oscillator. With negative values of a, there is damping, and 
the system is stable. Just as stability is related directly to the sign 
of the real part of the roots of the characteristic equation, so the basic 
problem in determining stability is finding an answer to this question: 
Does the characteristic equation, / 4* <?(«)//(«) = 0, have any roots with 
positive real partst This is the basis of all stability studies. 

The problem of determining stability is thus one of finding the roots 
of the equation 

l + G(s)H(s) = aos" + aiS— 1 + a**" -2 4- ... -f -f- a„ = 0 

(16-12) 

or some equivalent to finding the roots. For first- and second-order 
equations, n — 1 and n = 2, this is a simple matter: merely factor the 
equation and so find the roots. But as the order of the equation 
increases, the task of finding the roots becomes very tedious and time 
consuming (unless computing machines are available), and alternate 
methods are used. 

Suppose that the characteristic equation is of first order, 

cios —f— ct i = 0 (16-13) 

The root of this equation is 

* = - (16-14) 

Uo 

The real part of this root is negative as long as ai and a 0 are positive 
and real; this requirement is met for all physical systems. Likewise 
a second-order characteristic equation, 

ao$ 2 4* a\S + 838 0 (16-15) 

will have two roots given by the equation 


«i, *i* = 


ox , l aj* _ at 

2o 0 3: \4a 0 2 ao 


(16-16) 
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The two roots Si and $ 1 *, will have negative real parts only as long as 
the coefficients a 0 , ai, and a 2 are positive. 

For both the first- and second-order system, a requirement that the 
sign of all coefficients be positive is sufficient to guarantee that the 
real part of the roots will be negative. But for higher-ordered systems, 
this rule is not sufficient. To illustrate, consider the third-order poly¬ 
nomial formed as follows. 

(s + 4)(s 2 - 2s -I- 10) = s 8 + 2s 2 + 2s + 40 (16-17) 

In this example, the coefficients of the third-order polynomial are al 
positive even though there are clearly two roots with positive real 
parts. There are further requirements that must be satisfied in addi¬ 
tion to the positive coefficient requirement. The requirements take 
the form of relationships of the magnitudes of the coefficients of the 
polynomial given by Routh’s criterion. Before turning to a study of 
this criterion, let us summarize our findings thus far: 

(1) In order that there be no roots of a polynomial with positive 
real parts, it is necessary but not sufficient that the coefficients 
of the polynomial be positive. 

(2) If a coefficient of a polynomial is negative, the polynomial has 
at least one positive real root (since that is the only way the 
coefficient could be made negative). 

16-3. The Routh criterion or Routh rule* 

The Routh rule gives a procedure for determining the number of 
roots of a polynomial with positive real parts without actually finding 
the roots. Consider the polynomial 

<Jo s n -f- a,iS n ~ l -f* s n—2 -{-... "f" is -{- ct n ~ 0 (16-18) 

As the first step in the application of the rule, form two rows made up 
of alternate coefficients of the equation; that is, from the first, third, 
fifth, etc. coefficient form one row, and from the second, fourth, sixth, 
etc. coefficients form a second row as follows: 

row 1 


aoS n + ais n ~ l + a 2 S" -2 + cm" - 3 + a 4 s n ~ 4 + a 6 s n ~ 6 + ass” -6 + ... 


row 2 

(16-19) 

* E. J. Routh, Advanced Part of Dynamics of a System of Rigid Bodies, Vol. II 
^6th ed.), (Macmillan & Co. Ltd., London, 1930), 
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Oo o 2 a 4 Oe Os ... (16-20) 

d\ &Z <2fi €Ll CLg . . • 

As the next step, complete the following array of numbers (shown for 
a sixth-order system): 


use 


Of) 

<22 <24 

at 

dz d& 

bi 

bz &6 

Cl 

c 3 

di 

d 3 

Cl 



L4 


d $ 


where the b, c, d, e, /, and g coefficients are defined in terms of the a 
coefficients by the following pattern: 


bi 

Cl 


do^^yfd2 did% — do dz m 

ai'*a% <ii * 

flis. vv> f08_bids — bsOi 

Fi ; 


T dO^ jfd 4 

b> = 0i x 


0 6 


etc. 


0104 ~ QqOs 
Oi 


In general, any new element is found from the two elements above 
the element in the same column and the two elements above but in 
the column to the right. These elements form a determinant-like 
structure. The elements joined by a line with positive slope have a 
positive sign, while the elements joined by a line with negative slope 
have a negative sign (just the opposite of the rule for determinants). 
We subtract these two products and divide this difference by the 
element on the lower left-hand corner of the array. This process is 
continued to give the Routh array. 

The number of changes in sign in elements of the first column 
(marked use) indicates the number of roots of the equation with posi¬ 
tive real parts. For there to be no roots with positive real parts, all 
elements of the first column must have the same sign. 

For the rule as given to hold, it is necessary that no powers of s in 
the equation be missing. However, if any such terms are missing, the 
equation has at least one root with a positive real part and so fails the 
test by inspection. An exception occurs when the equation contains 
terms which are all even powers or ail odd powers, indicating that all 
roots are purely imaginary. 
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Example 1 

Consider the identity 

{« + l)(s -f 2)(s 4 3)(s + 4) - s 4 4 10s 3 4 35s 2 4 50s 4 24 

(16-21) 

The Routh array is formed to give the following: 

1 35 24 

10 50 

30 24 

42 
24 

From the first column, it is seen that there are no roots with positive 
real parts (agreeing with the known roots). 

Example 2 

As a second example, consider Eq. 16-17. 

s 3 4 2s 2 4 2s 4 40 = 0 (16-22) 

which is known to have two roots with positive real parts. 

1 2 

2 40 

-18 
40 

There are two changes of sign (2 to —18 and —18 to 40) as required. 
Example 3 

Consider a third-order equation, 

< 2 qs 3 4 axs 2 4 a 2 s 4 a 3 = 0 (16-23) 

The Routh array for this equation is 

<*0 02 

ax a 3 

0x02 — 0o03 

ax 

a 3 

From the array we conclude that it is necessary that all coefficients in 
the equation be positive and, in addition, that axa 2 > a 0 a 3 in order 
that there be no roots with positive real parts in a third-order equation. 



16 - 4 . The Hurwitz criterion 

A Hurwitz polynomial is a polynomial having roots with negative 
•eal parts only. Polynomials representing the characteristic equations 
jf stable systems are therefore Hurwitz polynomials. To apply the 
Hurwitz criterion to a polynomial, carry out the following steps: 


(1) Separate the polynomial into even and odd parts (that is, parts 
with even powers in s and with odd powers in s). Form a quo¬ 
tient of these two polynomials with the part of higher degree 
as the numerator polynomial. 

(2) Expand the quotient of polynomials as a Stieltjes continued frac- 
ion; thus 


P(s) 

Q(s) 


— ais 4* 


a*s + 


ajS + 


a t s -f 


«sS + 


oteS + 


(16-24) 


For the polynomial to be Hurwitz, it is necessary that all of the 
a-coefficients be positive.* However, the test we have described does 
not rule out the possibility of roots without real parts (i.e., on the jo> 
axis of the s plane) in the polynomial under test. Such roots correspond 
to (s* -f «]*) factors in the polynomial which are incorporated in both 
the even and odd parts of the polynomial. Thus 

(s* 4- «i*)&P(«) 4- Q(s) ] 

= (s* + «i*)P(«) 4- («* 4- «i a )Q(s) - P^s) 4- Qi(s) (16-25) 

Hence, terms of the type (s* 4- cancel when the quotient Pi(s)/ 
Qi(s) is formed in applying the test. The test does assure that the poly¬ 
nomial is either Hurwitz or a Hurwitz polynomial multiplied by fac¬ 
tors of the form, (s* 4- &U*). 

Formation of the continued fraction is most easily accomplished 
by an “ invert-and-divide ” procedure. After completion of step (1) 
listed above, divide the part of lower degree into the other part and 
complete one step only. Invert the remainder and continue the process 
until it comes to an end (as it must). This is best illustrated by an 
example. Consider the polynomial 

4s 4 4- 2s* 4- 8s* 4- 3s 4- 1.5 ~ 0 (16-26) 

* A derivation of this criterion is given by Guiliemin; see reference at end of 
chapter. 
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Dividing one step gives 


4s 4 + 8s 2 + 1.5 
2s 8 + 3s 


2s 3 + 3s) 4s 4 + 8s 2 + 1.5 (2s 

4s 4 + 6s 2 

2s 2 + 1.5 

Again, we invert and divide as 

2s 2 + 1.5) 2s 3 + 3s (s 

2s 3 + 1.5s 
1.5s 


and again, 


1.5s) 2s 2 + 1.5 (|s 

2s 2 

1.5 


and finally, 1.5) 1.5s (Is 

Hence the continued fraction expansion is 


4s 4 + 8s 2 + 1-5 
2s 3 + 3s 


2s -f" 


s + 


|s + 


(16-27) 


(16-28) 


Since all the a-coefficients are positive, the polynomial is Hurwitz. 
The operations shown in four steps above are conveniently carried 
out as a continued operation as illustrated below. 

2s 8 -f 3s) 4s 4 + 8s 2 + 1.5 (2s 

4s 4 + 6s 2 

2s 2 + 1.5) 2s 3 + 3s (s 

2s 3 + 1.5s 

1.5s) 2s 2 + 1.5 (|s 

2s 2 

1.5) 1.5s (s 

1.5s 

0 

16-5. The Nyquist criterion 

The stability criterion we will study next was developed by Nyquist* 
of the Bell Telephone Laboratories in 1932. While the objective of this 
criterion is the same as the Routh criterion and the Hurwitz criterion, 
the approach differs in several respects. 

*H. Nyquist, “Regeneration theory,” Bell System Tech. J., 11, 126 (1932). 
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(1) Analysis is made in terms of the open-loop transfer function 
rather than the closed-loop characteristic equation. 

(2) The method is partially graphical and, as will be shown, inspec¬ 
tion of the graphical plot gives more than the “yes or no” 
answer of the Routh and Hurwitz criteria. 

(3) Analysis is made in terms of the sinusoidal steady state where the 
concepts of phase and magnitude ratio are readily related to 
experiments. 

The basic operation in applying the Nyquist criterion is a mapping 
from the s plane to the F(s) plane. By the term mapping, we mean 
that a set of values of s (for example, s h s 2 , and s 3 ) have, for a given 
F(s), a corresponding set of values of F(s), [namely, F(si), F(s 2 ), and 
F(s 3 )]. These three—and an infinite number of other—points are shown 
in Fig. 16-3. Here an arbitrary contour in the $ plane is “ mapped ” into 




Fig. 16-3. Mapping illustration. 


s-plane 

JU 

M 2 


FisJ-plane 

jlmFls) 


i 

<r 

00 

Re F{s) 




~zr 








Fig. 16-4. Mapping example for F(s) = l/s(sT -f 1). 


a corresponding contour in the F(s) plane. A specific example is shown 
in Fig. 16-4. The mapping is made for imaginary values of s; that is, 
s — ju for co 0. The specific function is 

- ^Vr> ^ 

As another example of a mapping operation, not so difficult as the 
one given above, suppose that two function are related by the equation 


F(s) = P(s) -f- 1 


(16-30) 
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that is, the function P(s) plus a constant (unity) is equal to the func¬ 
tion F(s). A typical plot in the two planes is shown in Fig. 16-5. The 
transformation evidently moves the plot one unit to the left. 


F-plane 



ReF 

Pplane 

P) 

j ImP 

ReP 






Fig. 16-6. Mapping of F(s) - P(s) + 1. 


Next, suppose that F(s) is factored to find its poles and zeros which 
are given in the equation 


F(«) - K ~ -!=) 

(s — S«)(8 ~ s b ) . . . (s - S m ) 


(16-31) 


where «i, s 2 , ..., s„ are the zeros and s a , s b , ..s m are the poles. These 
poles and zeros are displayed on a plot of the s plane shown in Fig. 
16-6(a) (an arbitrary array for purposes of illustration). A single zero, 



$i, is isolated in Fig. 16-6(b). This zero comes from the term (s — $i) 
in Eq. 16-31. At some particular frequency s a , this term has a value 
(s a — s i) which may be expressed in polar form as 

(a« - Si) - Mie*' (16-32) 


where M\ is the magnitude and <pi is the phase angle of the phasor 
(s« — Si). This magnitude and phase are shown on the s plane in 
Fig. 16-6(b). Any other term in Eq. 16-31 can be similarly expressed; 
for example, 

(*«, - Sb) = M b e’*> (16-33) 

When all terms are so expressed, Eq. 16-31 takes the form 


Mte 


jF(s)|e ,Angi! ’<* ) 


KM 1 M i M s M i ... iAi 

MaMbMcMd-.. 6 ‘ 


(16-34) 
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(16-35) 


<j>t = <f> 1 + 02 + ... — 4>a — <t>b ~ 


This last equation tells us that the total phase at some frequency s a 
for the function F(s) may be found by adding the phase of the “zero 
phasors” and subtracting the phase of the “pole phasors”; in other 
words, 


Ang F(s) = Ang (s — s{) + Ang (s — s 2 ) + ... — Ang (s — s a ) — ... 

(16-36) 

for any value of s. 

Figure 16-7 shows the s plane with two zeros, Si and s 2 , and a map¬ 
ping contour C {s a is a point on 
the contour). Consider the effect of 
Si (ignoring s 2 ) as s a moves along C 
in a clockwise direction. After one 
complete traversing of the closed 
contour C, the phase of the phasor 
term (s — si) has increased by —2 ic 
radians. Next, consider the effect of 
s 2 on the factor (s — s 2 ), this time 
ignoring Si, as the same closed contour C is traversed in the same clock¬ 
wise direction. There is no net gain in phase of the phasor term (s — s 2 ). 
In summary, if the closed contour encircles a zero in traversing a closed 
path in the clockwise direction, the function changes in phase by ~2r 
radians; if no zero is encircled, there is no change in phase. 

Exactly the same conclusion may be reached in the case of a pole 
except that the phase is changed by +2t radians. 

Suppose next that a contour is selected in the s plane of Fig. 16-6(a) 
such that P poles and Z zeros are encircled as the contour is traversed 
in a clockwise direction. The net change in the phase of the function 
F(s) will be given by the equation 



A Ang F(s) - 2t(P - Z) radians (16-37) 

Return next to the mapping of the s plane into the F(s) plane. Let 
us examine the behavior of the F(s) plot in the complex plane as the 
closed contour in the $ plane is traversed. An increase in the phase of 
F(s) manifests itself in the F(s) plane by an encirclement of the origin 
for every 2ir radian increase. Further, every zero encircled will cause 
one counterclockwise encirclement of the origin just as every pole will 
cause a clockwise encirclement. Should the contour not encircle any 
poles or zeros—or if it encircles equal numbers of poles and zeros—the 
contour in the F(s) plane will not encircle the origin. In summary, if 
the closed contour C in the s plane encircles in a clockwise (or negative) 
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direction P poles and Z zeros, the corresponding contour in the F(s) 
plane encircles the origin (P — Z) times in a counterclockwise (or 




positive) direction. Two examples are given in Fig. 16-8 to illustrate 
this conclusion. 


16-6. Application to a closed-loop system 

The concepts reviewed in the last section will next be applied to a 
closed-loop system having a feed-forward transfer function G(s) and 
a feedback transfer function H(s), shown in Fig. 16-9. The input and 
output are related by the closed-loop 
transfer function, written in terms of 
G(s) and H(s ) by the equation 

V 2 (s) _ 


Vi 




0 ( 8 ) 

Fx( S ) 1 + G(8)H(8) 


(16-38) 




■ 

■ 


■ ■ 

m 


V 0 


Fig. 16-9. Closed-loop system. 

The poles and zeros of the two func¬ 
tions (1 -f GH) and (GH) must be considered in the derivation of the 
Nyquist criterion. Let 


m 

Q(*) 


1 + G(8)H(8) 

G(s)H(s) 


_ K ( s 

- Si)(s - 

~ Si) . . 

• (* 

-«.) 

(16-39) 
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(16-40) 

- A 7— 

(s 

So) ($ "" 

- S b ).. 

.(* 

- S m ) 


The two functions have the same poles. In Eq. 16-39, the order of the 
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polynomial P(s) is n, and the order of Q(s) is m. In deriving the 
Nyquist criterion, the orders are restricted to the case n < m, such 
that 

lim G(s)H(s) =0 or a constant (16-41) 

* oo 

It is important to distinguish the various poles and zeros. They are 
tabulated as follows: 

Si, « 2 -.. 8 n are zeros of [1 + G(s)H(s)]. 
s a , s b .. .s m are poles of [1 + (r(s)//(s)]. 

So, s 6 .. .s m are also the poles of G(s)H(s). 
s a , Sf). . .Su are the zeros of G(s)H(s). 

The si, « 2 , ..., s n roots are of vital concern to us because these zeros are 
zeros of the equation 1 4* GH — 0, which is the characteristic equation 
of the closed-loop system. These roots must not have positive real 
parts for the system they represent to be stable. Note that the zeros 
of (1 + GH) are, by Eq. 16-38, the poles of (V*/Vi). 

In studying stability, our specific interest is the zeros of the polyno¬ 
mial (1 4- GH) with positive real parts. This suggests that we choose 
a contour in the s plane to include the entire right half plane as shown 

in Fig. 16-10. This contour will enclose 
all the zeros of interest. The contour is 
traced in the direction 1-2-3-4-1, start¬ 
ing at s = —j<x> } avoiding the origin 
(s = 0) for the time being, and con¬ 
tinuing to $ = +j co, thence on a circle 
of infinite radius to the point of begin¬ 
ning. This contour is traversed in a 
clockwise (or negative) direction. The 
contour in the s plane can be mapped 
in either the (1 + GH) plane or the 
GH plane (the simple relationship between these mappings was con¬ 
sidered in Eq. 16-30). If any poles or zeros of (1 4~ GH) are encir¬ 
cled in the right half of the s plane, then (1) the locus in the (1 + GH) 
plane will encircle the origin, or (2) the locus in the GH plane will 
encircle the point (—1 + jO). 

Let Z — the zeros of (1 - 1 - GH) with positive real parts, P — the 
poles of (1 + GH) with positive real parts (also the poles of (GH) with 
positive real parts), R — the net counterclockwise encirclements of 
the point (- 14 - jO) in the (GH) plane or the origin in the (1 + GH) 
plane. Then 



plane. 


R~ P - Z 


(16-42) 
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Since Z, the zeros of (1 4* OH) and the poles of V%/V\ with positive 
real parts, must be equal to zero for the system to be stable, the system 
with the characteristic equation (1 + GH) = 0 is stable if and only if 

R - P (16-43) 

In most cases P — 0, and the criterion reduces to the requirement that 
R = 0 for stability. 

To apply the Nyquist criterion, plot the G(s)H(s) locus for the range 
of frequencies, — « <«<«>. If R is the net counterclockwise 
encirclements* of the point (—1 + ji0) and P is the number of poles 
of G(s)H(s) with positive real parts (and so in the right half plane), 
the system is stable if and only if R — P. 

We have thus far avoided any problems that might arise because of 
a pole of G(s)H(s ) at the origin or several poles at the origin. Actually, 
there is a practical matter involved in taking into account these poles 
at the origin deserving of special attention. To illustrate the problem, 
consider a transfer function, 

= «r+n < 1M4 > 

which is plotted in Fig. 16-11 for frequencies in the range — «> < u> 
< -f oo. The plot is complete except 
for one detail. The points (+0) and 
(—0) should be joined together (as 
the same point). If the locus closes 
through the right half plane, the sys¬ 
tem is stable, since R = 0; however, 
if the locus closes the other direction 
in the left half plane, then R = 1 and 
the system is unstable. This is, as we Fig. ig-n. Plot of 
see, a vital point. 

As $ becomes small, only the pole at the origin has an effect on the 
transfer function G(s)H(s). Thus for small s, the transfer function can 
be written 

G(s)H(s) = ~ (16-45) 

s 

where n is the order (or multiplicity) of the poles at the origin. For 

* To find the value of R, imagine a phasor with one end securely tied to the point 
( — 1 + jO) pointing away from this point. Let the end of this phasor trace the 
locus starting at — » through —0 and +0 finally ending at + <». Count the net 
number of counterclockwise rotations of this phasor. This is the value of R. A 
clockwise rotation is designated by a negative number for R. 
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the semicircular path shown in Fig. 16-12, the equation of the s plane 
phasor locus is 

(s - 0) = he* 6 (16-46) 

where 8 is the radius of the semicircle and 6 is the angle of the phasor 
(s — 0) directed from the origin to a point on the circle. As 8 —> 0, 
the transfer function has the limiting value 

lim G(s)H(s) = lim ~ e~ inB = so e~^ n8 (16-47) 

S~*0 5—>0 o" 

Hence as 0 shown in Fig. 16-12 varies from —ir/2 to +x/2, the phase 
of G(s)H(s) ranges from mr/2 to —mr/2. In summary, the n poles at 
the origin in the transfer function G(s)H (s) cause (n/2) clockwise rota¬ 
tions at infinite radius of the phasor locus of G{jco)H(joi). 



Pig. 16-12. Path at origin. Fig. 16-13. Nyquist plot completed. 


Applying this rule to the example of Eq. 16-44, we see that n — 1 
causes £ clockwise rotation of the phasor locus of G{ju>)H{ju)) in going 
from s = -0 to s = +0. Figure 16-11 is completed in Fig. 16-13. 

In making the Nyquist plot, only positive values for to need be con¬ 
sidered. Because the real part of G{jo>)H(j<a) is even and the imaginary 
part odd, it follows that 

Im G(-ju)H(-ju) = -ImG(+j<a)H(+ju) (16-48) 
Re G{— jco)H(— jo>) — +Re 

The plot for negative values of « can be made by reflecting the plot 
for positive frequency upon the real axis of the GH plane. 

If the transfer function G(s)H(s) has no poles in the right half plane 
(and the Routh or Hurwitz criteria can be used to advantage in making 
this determination) such that P — 0 in Eq. 16-43, a rule of thumb may 
be used to advantage. Trace (“walk”) from « = 0 to « = + 00 on 
the Nyquist plot. If the point (—1 4- jO) is on the right at the point 
(«) of nearest approach of G(ja))H(j<a) to (—1 -(- jO), the system is 
unstable; if on the left the system is stable (P = 0 only). 



Art, 16-6 STABILITY IN FEEDBACK SYSTEMS 427 

Several examples will next be considered to illustrate the application 
of the Nyquist criterion to the studies of system stability. 

Example 4 

For this example, consider the transfer function 

ou*)hu*>) = pr+j d®- 49 ) 

The Nyquist plot is shown in Fig. 16-14, where K is the diameter of the 
circle. No matter how large K becomes, the locus cannot encircle the 
point —1. Hence the transfer function represents an unconditionally 
stable system. 



Fig. 16-14. GH - K/{sT + 1) plotted. Fig. 16-16. Nyquist plot of Eq. 16-50. 


Example 5 

Let the locus plotted as Fig. 16-13 serve as a second example. Again, 
it is impossible for the locus to encircle the point —1 for any positive 
value of gain except infinite gain. 

Example 6 

The transfer function 

G(jo>)H(jo>) = i + 1) (16 " 50) 

is shown in Fig. 16-15 for two values of the constant K. For a value of 
K such that curve B results, the system is stable, since R — 0. How¬ 
ever, if the value of K is increased to give the curve marked A, then 
R = — 2, and since P — 0 by inspection of Eq. 16-50, the system is 
unstable. Such a system is described as a conditionally stable system. 

Example 7 

The exact nature of the transfer function for the plots shown in Fig. 
1.6-16 is not given, but it is known that P = 0 for both cases. The 
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locus of Fig. 16-16(a) represents a conditionally stable system. The 
locus shown in Fig. 16-16(b) is similar to that of (a) except the shape 
of part of the locus has been altered. Since there are no net rotations 



to) (6) 

Fig. 16-16. Loci for conditionally stable systems: (a) and (b) 

p . R • Z - 0. 

about the point — 1, the system is stable. However, if the gain either 
increases or decreases corresponding to a shift of the —1 point into 
one of the two other loops, the system becomes unstable. This locus 
represents a system that is conditionally stable. 

Example 8 

Figure 16-17(a) shows a system having a transfer function 


««»(*) = a rr-T) (16 - 51) 



to) (6) 


Kg. 16-17. Loci for transfer functions having poles with positive 
real parts: (a) P ** 1 , R == — 1 , Z = 2; (b) P — 1 , R = 1 , Z = 0. 

are two zeros of (1 4- GH) with positive real parts and the system will 
be unstable for any value of gain. Such a system can be designated as 
unconditionally unstable. 
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Example 9 

The locus plotted in Fig. 16-17(b) comes from a transfer function 
with one pole with a positive real part. For this particular system, 
however, the locus encircles the point — 1 once in a counterclockwise 
direction such that Z = 0, and the system is stable. With the loop 
closed, this system is stable. However, with the loop open, the system 
is unstable. This open-loop instability is, of course, caused by another 
feedback path within the “open-loop” (as discussed at the beginning 
of the chapter). 

FURTHER READING 

For an interesting comparison of the various stability criteria, see 
F. E. Bothweli’s article “Nyquist diagrams and the Routh-Hurwitz 
stability criterion,” Proc. IRE, 38, 1345 (1950). Bothwell points out 
that Nyquist, Routh, and Hurwitz all employed essentially the same 
procedures in their original writings. The articles of these three 
authors are: E. J. Routh, Dynamics of a System of Rigid Bodies 
(Macmillan & Co., Ltd., London, Part II, 1905), Chap. 6; H. Nyquist, 
“Regeneration theory,” Bell System Tech. J ., 11, 126 (1932); and 
A. Hurwitz, “Ueber die Bedingungen unter welchen eine Gleichung 
nur Wurzeln mit negativen reelen Teilen besitzt,” Math. Ann., 46, 
273 (1895). For additional reading on the Routh-Hurwitz criterion, 
see Guillemin, The Mathematics of Circuit Analysis (John Wiley & 
Sons, Inc., New York, 1949), pp. 395-409, or Tuttle, Network Syn¬ 
thesis, 2 vols. (John Wiley & Sons, Inc., New York, in preparation). 
In addition, see Chesnut and Mayer, Servomechanisms and Regulating 
System Design (John Wiley & Sons, Inc., New York, 1951), pp. 
124-156. 

For an interesting explanation of the process of organic evolution 
in terms of feedback system concepts and language, see p. 126 of 
Homer Jacobson, “Information, reproduction and the origin of life,” 
American Scientist, 43, 119-127 (1955). 

PROBLEMS 

16-1. Determine by means of Routh’s stability criterion whether 
the systems having the following characteristic equations are stable or 
not. (a) 4s 3 + 7s 2 -f 7s + 2 = 0. (b) 2s 3 + s 2 — 5s + 2 = 0. (c) s 3 

+ 3s 2 + 4s + 1 =0. (d) 5s 3 + s 2 + 6s -f- 2 = 0. Answers, (a) stable, 

(d) not stable. 

16-2. Repeat Prob. 16-1 for the characteristic equations: (a) 5s 4 + 
6s 3 + 4s 2 + 2s + 3 = 0. (b) s 4 + 3s 3 + 2s 2 + s + 1 - 0. (c) 2s 4 + 

3s 3 + 6s 2 + 7s + 2 = 0. Answer, (a) not stable. 
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16-3. Repeat Prob. 16-1 for the characteristic equations: (a) 720s B 
+ 144s 4 + 214s 3 + 38s 2 + 10s + 1 = 0. (b) 25s 8 + 105s 4 + 120s 3 + 
120s 2 + 20s + 1=0. Answer, (a) stable. 

16-4. A system has the characteristic equation, 

s 3 + 5s 2 + Ks + 1 = 0 

(a) Using the Routh criterion, determine the range of the values of 
K that will make the system stable, (b) Investigate system stability 
when K — + Discuss your results. 

16-6. The feedback system shown in the accompanying figure has 
been analyzed by J. F. Koenig in his paper “Stability diagrams for 



Prob. 16-6. 


feedback systems,” AIEE Conference Paper, Baltimore, Oct., 1950. 
(a) Using Routh’s criterion, find the relationship that must exist 
between R h JB 2 , and K for the system to be stable, (b) For the system 
to oscillate without damping, what must be the relationship between 
Ri , # 2 , and K ? From this equation, plot K as a function of R 1 /R 2 . 
On the same plot, show regions of stability and instability. 

16-6. For a fourth-order characteristic equation, 

UoS 4 + flj.S 3 + O 2 S 2 + (I 3 S + fl 4 — 0 

find a set of rules, similar to those given in Example 3, by Routh’s 
criterion, that will insure that all roots of the characteristic equation 
have negative real parts such that the equation will represent a stable 
system. Assume that all coefficients must be positive. 

16-7. Repeat Prob. 16-6 for a fifth-order characteristic equation. 

16-8. Classify the polynomials given in Prob. 16-1 as Hurwitz 
(having all roots in the left half plane) or not. 

16-9. Apply the Hurwitz test to the polynomials given in Prob. 16-2. 

16-10. Test the polynomials given in Prob. 16-3 using the Hurwitz 
criterion. 

16-11. Rework Prob. 16-4 making use of the Hurwitz criterion. 
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16-12. The figure below shows an equivalent circuit of a phase-shift 
oscillator first described by Ginzton and Hollingsworth in Proc. IRE, 
29, 43 (1941). Show that the necessary condition for oscillation is 
g m R L S 29. (b) Show that the frequency of oscillation when QmRl — 29 
is wo — V \/fi EC. 



16-13. The tuned-plate oscillator shown in Fig. 16-1 of the text 
may be represented by the equivalent circuit shown in the accompany¬ 
ing schematic. Show that the smallest value that the tube constant 
g m can have if oscillations are to start is g m — L P /MR and t hat the 
frequency of oscillation under this condition is w 0 — l/\^L p C. 

16-14. Consider the following transfer functions: 

(a) <?(.)«(.) = K ~ 

(b) (?(.)«(«) - K 

(0 mm.) = ijn&jgg 

For each of these functions: (a) plot G(jw)H(ju>) in the complex 
GH-plane from w = 0 to w = <*> with K = 1. (b) Determine the range 
of values of K that will result in a stable system by means of the 
Nyquist criterion. 

16-16. (a) The locus of G(ja>)H(j<*>) shown in the figure is for a sys¬ 
tem with two poles of G(s)H(s) with positive real parts. Apply the 
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Nyquist criterion to determine if the system is stable with the loop 
closed, (b) The G(jo})H(ja}) locus shown in (b) is known to represent 
a system with no poles of G(s)H(s) in the right half plane. Will the 
system be stable with the loop closed? 

16-16. The following transfer functions relate to two servomech¬ 
anisms: 


(a) G(s)H(s) = 

(b) G(s)H(s) = 


3000 

s 2 (l + 0.004s) 

1500(1 + 0.04s) 
s 2 (l + 0.004s) 2 


Investigate the closed-loop stability of system 1 and system 2 by 
means of the Nyquist criterion. Answer. System (a) is unstable. 

16-17. In the network of Prob. 16-12, let 22 = 1 ohm and C — 1 
farad (these are normalized values). Plot the Nyquist diagram for 
(a) g m R L — 10 and (b) g m R L = 40. Which of the two conditions will 
represent a stable (nonoscillating) system? 

16-18. A certain closed-loop system is described by the transfer 
functions 

G(s) = s ( riS + fjifVs + i) and H ^ ~ 1 

Determine the maximum value of K that may be used without making 
the system unstable. 

16-19. (a) Consider two functions: 


0(8) 

s 2 

- s(s - 3)’ 

H(s) 

0(8) 

s - 

- 2 

H(s) 

s(s - 

-3)’ 


Plot these two functions for values of s along the contour shown for 
the s plane in (a) of the figure. Discuss how your results relate to the 
Nyquist criterion. 



Prob. 16-19. 
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(b) Consider two functions: 


G(s) - 


G(8) - 


1 

s 2 + 2s + 5’ 
1 

s 2 4* 4s + 5 


H(a) - 1 
//(«) = 1 


Plot these functions for values of 8 along the contour shown in (b) of 
the figure. Does this suggest how the Nyquist criterion might be gen¬ 
eralized as a criterion for other than poles in the right half plane? 
Discuss. 
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capacitor, 200 
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parallel combinations, 200 
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transfer, 217 
Ampere’s law, 11 
Amplifier networks, 363 
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band-pass, 382 
double-tuned, 270 
low-pass, 380 
overstaggered, 372 
shunt peaked, 363 
stagger-tuned, 365 
Angular phase difference, 228 
Antiresonant frequencies, 280 
Approximation, 18 

Asymptotic change of magnitude, 260 
Attenuation, 315, 328 
Auxiliary equation, 98 

Band-pass filter, 335 
Bandwidth, 259, 384 
related to Q, 386 
Bartlett’s bisection theorem, 353 
Bilateral elements, 21 
Bisection theorem, 353 
Block diagrams: 
closed-loop, 399 
definitions, 394 
electrical elements, 397 
limitations in representing systems, 
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open-loop, 399 
reduction procedure, 406 
transformations (table), 400 
Branch, 30 
Bridge network, 263 
Butterworth amplifiers, 368 
Butterworth filters, 391 


Capacitance, 6 
definition, 7 
energy stored in, 22 
Capacitor, 22 
nonlinear, 24 
voltage divider, 91 
Cascade connection, 365 
Cathode follower, 403 
Cauer form of networks, 296 
Characteristic equation, 98, 411 
Charge, 2 
electron, 2 

RLC series circuit, 118 
Chart, 55 

Chebyshev polynomials, 372 
Circle diagram, 249, 251 
Circuit, 30 
Circuit elements, 30 
Classical solution, 97 
Cofactors, 59 

Complementary function, 75, 113 
Complete solution, 75, 113 
Complex Fourier series, 179 
Complex frequency, 194 
Complex inversion integral, 127 
Complex plane, 220 
Composite filter, 337, 346 
Conceptual scheme, 1 
Conductance, 18 
Conductivity, 17 
Conductors, 3 
Conjugate, 135 
Conservation laws, 15 
Constant-K filters, 331 
Constant flux linkages, principle of, 14 
Continued fractions, 232, 296, 418 
Continuous frequency spectrum, 183, 
185 

pulse, 186 

recurrent pulse, 183 
Convolution integral, 167 
Coulomb’s law, 6 
Coupled coils, 44 
Coupling, magnetic, 15, 33, 44 
Cramer’s rule, 60 
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Critical frequencies, 220 
external, 287 
internal, 287 
Critical resistance, 103 
Critically damped solution, 108 
Current, 2 
branch, 41 
conventional, 28 
definition, 2 
electron, 28 
loop, 41 

positive direction, 42 
Current density, 17 
Current ratio in networks, 315 
Current source, 27 
Current source equivalent, 48 
Cutoff frequency, 320, 367 

Damped sinusoid, 196 
Damping factor, 108 
Damping ratio, 103 
Datum node, 29, 31 
Decade, 262 
Decibel, 261, 315 
Decibel change per octave, 261 
Delta networks, 358 
Delta-Y transformation, 358 
Dependent variable, 72 
Determinants, 58 
resistive network, 62 
symmetry, 62 
system, 60 

Differential equation, definitions, 72 
Dirichlet conditions, 173 
Dot convention, 331 
Doublet, 159 
Driving-point, 214 
Driving-point impedances, 194, 274 
resistrictions on poles and zeros, 222 
Dual quantities, 52 
Duals, graphical construction, 52 
Duality, 51 

Elabtance, 7 
Electric field, 6 
Elements: 
active, 27 
extraneous, 51 
passive, 30 

Elements of determinant, 58 
Energy, 22 
Energy sources, 3 


Envelope, 110 

Equal ripple characteristics, 372 
Equilibrium equations, 40 
Equivalent circuits, 275 
current source, 48 
delta-Y, 358 
Norton's theorem, 207 
parallel, 202 
series, 200 

ThSvenin’s theorem, 205 
vacuum tubes, 407 
Error transform, 399 
Euler's equation, 101, 107, 179 
Even function, 174 
Even polynomial, 277 
Even symmetry, 174 
Exponential representation of phasors, 
241 

Exterior branch, 70 

Faraday’s law, 12 
Feedback systems, 410 
Filters (see also Amplifier filters), 310 
attenuation band, 319 
band-elimination, 327 
band-pass, 327 
composite, 337, 346 
constant-if, 331 
experimental study, 327 
high-pass, 325 
image impedance of, 312 
image transfer function of, 314 
lattice, 353 
low-pass, 234, 324 
m-derived, 338 
m-derived T section, 339 
m-derived x section, 340 
Final value theorem, 145 
Flux linkages, 11, 14, 131 
principle of constant, 14 
Forced response, 79 
Forced oscillations, 222 
Forcing function, 72 
Foster form of networks, 288, 336 
Foster’s reactance theorem, 288 
Fourier analysis, 171 
Fourier integral, 183 
Fourier series, 170 
coefficients, 173 
complex exponential form, 179 
graphical evaluation, 177 
square wave, 175 
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Fourier series, sweep voltage function. 
180 

symmetry, 173 
symmetry rules, 175 
triangular wave, 177 
Fourier transformation, 187 
unilateral, 188 
Fourier transform pairs, 186 
related to Laplace transforms, 180 
Frequency: 
cutoff, 320, 367 
forced, 211 
free, 211 

half-power, 268, 368, 370 
infinite, 224 

infinite attenuation, 340 
mid-band, 383 
negative, 181, 242 
neper, 105 
normalization, 304 
pass, 320 
radian, 194, 241 
resonant, 267 
stop, 320 

undamped natural, 226 
Free response, 79 
Free oscillations, 222 
Frequency domain, 126, 177 
Frequency spectra, 181 
Frequency scaling, 304 
Frequency plane, 220 
Frequency response, graphical interpre¬ 
tation, 256 

Gain, 364 

General solution, 76, 113 
Geometrical interpretation of deriva¬ 
tives, 86 

Geometry of networks, 29 
Graph, 29 

Graphical construction of duals, 52 
Graphical evaluation of Fourier series 
coefficients, 177 

Half-power frequencies, 268 
Half sections, impedance properties, 
314, 344 

Harmonics, 171, 182 
Heaviside, Oliver, 125 
Heaviside’s expansion theorem, 138,142 
real roots, 139 

repeated (multiple) roots, 140 


High-pass filters, 325, 333 
Homogeneous differential equations, 72, 
111 

Hurwitz criterion, 418 
Hurwitz polynomials, 418 
Hyperbolic functions, 106 

Imaob impedance, 312 
L section, 314 
m-derived L sections, 344 
x section, 313 
T section, 313 

variation with frequency, 323 
Image match, 312, 338 
Image transfer function, 314 
Imaginary numbers, 101 
Imaginary part of function, 246 
Immittance, 215 
driving-point, 215, 230 
equivalent, 275 
transfer, 217, 232, 391 
Impedance, 197 
capacitor, 200 
driving-point, 215, 230 
inductor, 198 
parallel combinations, 200 
poles and zeros of, 222 
resistor, 198 

series combinations, 200 
transfer, 217, 232, 391 
Impulse function, 157 
unit, 158 

Independent loops, 30 
Independent variable, 72 
Inductance parameter, 10 
self, 13 
mutual, 13 
Inductor, 22 
Initial conditions, 84 
evaluation procedure, 87 
Initial value theorem, 145 
Insertion loss, 352 
Instability conditions, 411 
Insulators, 3 

Integrating factor, 74, 81 
Integration, numerical, 178 
Integrodifferential equations, 43 
Inverse transformation, 126 

J, defined, 101 
Junction (see Node) 
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Kirchhoff-law equations, 40 
Kirchhoff’s laws: 
current law, 57 
voltage law, 55 

L Section network, 311 
Ladder network, 65, 232, 310 
method of analysis for, 230 
Lag network, 403 
Lagging phase angle, 250 
Laplace transform pairs, 127 
tables , 129, 164 
Laplace transformation, 125 

related to Fourier transformation, 186 
Laplace transformation theorems, 129 
differentiation, 129 
final value, 145 
initial value, 145 
integration, 130 
linearity, 129 

Lattice equivalent of networks, 356 
Lattice filter, 353 
Lattice network, 66, 231, 353 
Lead network, 219 
Leading phase angle, 250 
Lenz’s law, 35 
Line spectrum, 183 
Linear elements, 21 
Locus of complex frequencies, 105 
Logarithm, 125 
Loop analysis, 43 
coupled systems, 44 
Loop currents, 41 
Loops, 30 

related to the number of nodes, 
branches and separate parts, 31 
Loops, independent, 30 
Loss, insertion, 352 
Low-pass filter, 324, 333 
Lumped system, 22 

to-derived filter, 338 
Magnetic field, 10 
Magnetic flux, 11 
Magnetically coupled systems, 15 
dot convention, 33 
loop analysis of, 44 
Magnitude of phasor, 228 
Mapping, 420 

Maximally flat characteristics, 368 
Mesh (also see Loop), 30 
Minimum-phase functions, 225 


Minors, 58 

Multiplication of phasors, 228, 421 
Mutual inductance, 45, 66 

Naturae frequencies: 

damped and undamped, 108, 225 
open- and short-circuit, 321 
Negative frequency, 181, 242 
Neper frequency, 195 
Neper unit, 315 
Network, 30 

one terminal pair, 214, 374 
two terminal-pair, 310 
Network analysis, resistive, 61 
Network equations, general, 53 
Network functions, 214 

change of magnitude at high fre¬ 
quency, 260 

computation procedure, 230 
high-frequency asymptotes, 246 
low-frequency asymptotes, 247 
magnitude, 245 
magnitude interpretation, 220 
phase, 245 
phasor locus, 248 
Network theorems: 
bisection, 353 

delta-Y transformation, 358 
Foster’s reactance, 288 
Norton’s, 205 
source interchange, 48 
superposition, 79 
Thevenin’s, 205 
Node, 30 
Node analysis, 47 
Node, datum, 29 
Node pair, 30 

Nonhomogeneous differential equations, 
113 

Nonlinear elements, 21 
Nonsinusoidal wave analysis, 170 
Normalized frequency, 304 
Norton’s theorem, 205 
Numerical integration, 178 
Nyquist criteria, 419 
poles at origin, 426 

Odd function, 174 
Odd polynomial, 277 
Ohm's law, 17, 84 

Open-circuit impedance function, 313 
Operational calculus, 125 
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Oscillator: 

phase-shift, 431 
tuned-plate, 431 

Oscillatory transient response, 108 
Overdamped response, 108 
Overshoot, 393 

Parallel combination of admittances, 
200 

Parasitic effects, 20 
Partial fraction expansion, 134 
for complex conjugate roots, 142 
Particular integral, 75, 113 
Pass band, 320, 332, 354 
Periodic function, 171 
Phase angle of phasor, 228 
Phase shift, 328 
image transfer function, 315 
Phasor, 195 
unit rotating, 241 
Phasor addition, 228, 254, 421 
ir network, 231, 311 
Piekoff point, 396 
Polarity, 28 
Polarity markings, 44 
Poles, 219 

restriction on locations, 222 
Positive current direction, 42 
Potential, 3 
Power, 5, 22 
Principal diagonal, 58 
Prototype, 346 
Pulse, 154, 162 

Q, 255, 363 

related to bandwidth, 386 
Quad, 266 

Quadratic equation, 112, 414 
Quasi-stationary state, 21 

Radian frequency, 194 
Radiation loss, 20 
Ramp function, 157 
Rational function, 215 
Reactive networks, 274 
Cauer form, 296 
comparison of features, 302 
Foster form, 288 
Reactance functions 
cases, 284 
specifications, 287 
Reactance plots, 284 


Repeated (multiple) roots, 100 
Resistance, 18 
critical, 103 
definition, 18 
parameter, 17 
Resistor, 22 
Resonance, 255 
Resonant frequencies, 280 
Response, 72 
sinusoidal, 252 

transient, from pole-zero locations, 
225 

Rijght-hand rule, 34 
Rise time, 393 

Roots of equations, possible forms, 112 
Rotating phasor, 242 
Routh criterion, 415 

8-PLANE, 220 

constant contours, 226 
Sawtooth waveform, 177 
Scale factor, 219, 287 
Schedule, 55 
Selectors, 258 
Self-inductance, 13 
Separate parts, 30 

Separation property of poles and zeros, 
279, 295 

Series combination of impedances, 200 
Series resonance, 255 
Series RLC network, 255 
Short-circuit impedance function, 313 
Signal flow diagrams, 394 
Singular functions, 159 
transforms (table), 166 
Sinusoid, damped, 196 
Solution, general, 72 
Solution, particular, 72 
Sources, 27 

transformation of, 48 
Spectrum: 

continuous, 183 
line, 181 

Square wave, 155, 164 
Stability, 410 
Stability criteria: 

Hurwitz, 418 
Nyquist, 419 
Routh, 415 

Stagger-tuned amplifiers, 365 
Staircase waveform, 191 
Standard form of solution, 102 
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Steady-state, 75 
Step function, 128, 170 
Stop band, 320, 332, 354 
Subscript convention for mutual induc¬ 
tance, 16 

Summing point, 395 
Superposition, principle of, 79 
Susceptance, 279 
Sustained oscillations, 110 
Symmetrical lattice network, 231, 263 
Symmetrical v network, 231 
Symmetrical T network, 231 
Symmetry rules for Fourier series, 175 
System determinant, 60 

T network, 231, 311 
Tandem connection, 365 
Tchebycheff (see Chebyshev), 373 
Terminal pair, 214 
Terminals, 214 
Termination problem, 351 
Theorems (see Network theorems) 
Th&venin’s theorem, 205 
Time constants, 77 
Time domain, 126 
Topology of networks, 29 
Transfer functions, 216 
minimum phase, 225 
restrictions on poles and zeros, 224 
Transform: 

Fourier, 188 
Laplace, 127 


Transform pairs {table), 129, 164 
periodic function, 165 
Transient response, oscillatory, 108 
from pole-zero locations, 225 
Triangular waveform, 177 
Trigonometric functions in terms of 
exponentials, 241 

Undamped natural angular frequency, 
103 

Undetermined coefficients method, 113 
Unilateral systems, 21 
Unit doublet, 21 
transform, 166 
Unit impulse, 158 
applied to capacitor, 160 
applied to inductor, 159 
response, 168 
transform, 165 
Unit step function, 128 
definition, 153 
shifted transform, 161 

Vector (phasor), 195 
Voltage conventions, 28 
Voltage divider, 218 
Voltage source, 27 
von Helmholtz rule, 31 

Y networks, 358 
Y-delta transformation, 358 

Zeros, 219 



